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BMTmib �M/ 2tTQ`i T2`7Q`K�M+2 mbBM; � MQp2H /�i�b2i 7`QK �`;2MiBM� r?B+? B/2MiB@
}2b /QK2biB+ }`KbǶ M2irQ`F Q7 7Q`2B;M bmTTHB2`bX hQ ;mB/2 Kv 2KTB`B+�H bi`�i2;v- A
+QMbi`m+i � ?2i2`Q;2M2Qmb }`K KQ/2H bm#D2+i iQ [m�HBiv +?QB+2 �M/ +QbiHv iQ �/Dmbi
HBMF�;2b rBi? 7Q`2B;M bmTTHB2`bX h?2 KQ/2H T`2/B+ib i?2 BKT�+i Q7 �M BM+`2�b2 BM i?2
+Qbi Q7 BKTQ`i2/ BMTmib iQ #2 BM+`2�bBM; BM i?2 �/DmbiK2Mib +Qbi Q7 bmTTHB2` HBMF�;2b
�M/ BM i?2 [m�HBiv Q7 i?2 T`Q/m+i 2tTQ`i2/X A i�F2 i?2 KQ/2H iQ i?2 /�i� #v +QM@
bi`m+iBM; }`K@bT2+B}+ b?Q+Fb mbBM; � b?B7i@b?�`2 �M�HvbBb r?B+? 2tTHQBib }`KbǶ H�;;2/
2tTQbm`2 iQ 7Q`2B;M bmTTHB2`b �M/ }M2Hv /2}M2/ BKTQ`i T`B+2 b?B7ibX 1pB/2M+2 bm;@
;2bib i?2 T`2b2M+2 Q7 bB;MB}+�Mi �/DmbiK2Mi +Qbi BM }`KbǶ 7Q`2B;M HBMF�;2b �M/ bi`QM;
+QKTH2K2Mi�`BiB2b #2ir22M BKTQ`i2/ BMTmib �M/ 2tTQ`i T2`7Q`K�M+2- T�`iB+mH�`Hv Q7
?B;?@[m�HBiv T`Q/m+ibX
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R AMi`Q/m+iBQM

1K2`;BM; J�`F2i 2+QMQKB2b `2Hv ?2�pBHv BM BKTQ`i2/ BMi2`K2/B�i2 BMTmib �M/ +�TBi�H ;QQ/b
Ub22 1�iQM �M/ EQ`imK (kyyR) 7Q` 2t�KTH2VX AM i?2b2 +QmMi`B2b- 2tTQ`iBM; }`Kb b?Qr �
T�`iB+mH�`Hv /2T2M/2M+2 Q7 BKTQ`ib �b i?2v `2T`2b2Mib � bB;MB}+�Mi K�BM b?�`2 Q7 i?2B` T`Q@
/m+iBQM BMTmib Ub22 Em;H2` �M/ o2`?QQ;2M (kyyN)- "`�K#BHH� 2i �HX (kyRk)VX h?2 Tm`+?�b2 Q7
7Q`2B;M BMTmib #v /QK2biB+ }`Kb BKTHB2b 2bi�#HBb?BM; �M/ K�BMi�BMBM; }`K@iQ@}`K HBMF�;2b
rBi? 7Q`2B;M }`KbX h?2 BM?2`2Mi 7`B+iBQMb T2`p�bBp2 iQ i?2 K�`F2i 7Q` BMi2`K2/B�i2 BMTmi
bmTTHB2`b BM /QK2biB+ K�`F2ib Ub22 :BmHB2iiB 2i �HX (kyR9) 7Q` 2M2`;v bmTTHB2`b �M/ JQ`i2Mb2M
�M/ SBbb�`B/2b (RNNN) 7Q` H�#Q` bmTTHvV �`2 2t�+2`#�i2/ BM BMi2`M�iBQM�H K�`F2ib Ub22 ai�`ix
(kyRe)VX LQi QMHv i?2 [m�HBiv Q7 }`K@iQ@}`K K�i+?2b Bb bHQrHv `2p2�H2/- #mi `2T2�i2/ BMi2`@
�+iBQMb rBi? bmTTHB2`b mbm�HHv BMpQHp2 bB;MB}+�Mi BM7Q`K�iBQM�H 7`B+iBQMb Ub22 J�+G2Q/ (kyyd)
�M/ �Mi`�b �M/ 6QH2v (kyR8)VX h?2 T`2b2M+2 Q7 i?2b2 7`B+iBQMb BKTHv i?�i HBMF�;2b rBi? 7Q`2B;M
bmTTHB2`b �`2 +QbiHv iQ �/Dmbi �M/ MQi [mB+FHv bm#biBimi�#H2 Ub22 >mM22mb (kyR3) �M/ .?vM2
2i �HX (kykR)VX h?Bb T�T2` b22Fb iQ [m�MiB7v /QK2biB+ }`KbǶ 7Q`2B;M HBMF�;2bǶ �/DmbiK2Mi +Qbib
�M/ i?2 /2;`22 Q7 +QKTH2K2Mi�`BiB2b #2ir22M 7Q`2B;M BMTmib �M/ 2tTQ`i T2`7Q`K�M+2X

h?2 BKT�+i Q7 �M BM+`2�b2 BM i?2 +Qbi Q7 BKTQ`i2/ BMTmib QM 2tTQ`i T2`7Q`K�M+2 Bb
� +H�bbB+ [m2biBQM BM i?2 BMi2`M�iBQM�H i`�/2 HBi2`�im`2X 6Q` BMbi�M+2- E�b�?�`� �M/ G�T?�K
(kyRj) b?Qr2/ i?�i KQ`2 T`Q/m+iBp2 }`Kb i2M/ iQ BKTQ`i �M/ 2tTQ`i KQ`2- �M/ �`;m2/ i?�i
/m2 iQ BKTQ`i �M/ 2tTQ`i +QKTH2K2Mi�`BiB2b- b?Q+Fb r?B+? BM+`2�b2 i?2 +Qbi Q7 7Q`2B;M BM@
i2`K2/B�i2b +�M ?�p2 � H�`;2 �/p2`b2 2z2+i QM i?2 2tTQ`ib Q7 }M�H ;QQ/bX h?2 HBi2`�im`2
QM BMi2`M�iBQM�H i`�/2 ?�b �HbQ 2KT?�bBx2/ i?�i i?2 BKTQ`i�M+2 Q7 BKTQ`i2/ BMTmib 7Q` i?2
T`Q/m+iBQM Q7 ?B;?@[m�HBiv ;QQ/b Ub22 6�M 2i �HX (kyR8) �M/ "�b �M/ ai`�mbb@E�?M (kyR8)VX
"�biQb 2i �HX (kyR3) b?Qr i?�i }`Kb r?B+? bQm`+2 ?B;?2`@[m�HBiv BKTQ`i2/ BMTmib i2M/ iQ
2tTQ`i ?B;?2` [m�HBiv T`Q/m+ib iQ `B+?2` �M/ KQ`2 b2H2+iBp2 +QmMi`B2bX aim/vBM; i?2 +QK@
TH2K2Mi�`Biv #2ir22M BKTQ`i2/ BMTmib �M/ 2tTQ`ib Bb Q7 T�`iB+mH�` BKTQ`i�M+2 7Q` 1K2`;BM;
J�`F2i 2+QMQKB2b- HBF2 �`;2MiBM�X h?2b2 2+QMQKB2b ;2M2`�HHv H�+F bQT?BbiB+�i2/ /QK2biB+
M2irQ`F Q7 ?B;?@[m�HBiv BMi2`K2/B�i2 BMTmib Ub22 Em;H2` �M/ o2`?QQ;2M (kyyN)V �M/ mbm@
�HHv ?�p2 2tTQ`i #mM/H2b r?B+? `2Hv ?2�pBHv BM HQr@p�Hm2@�//2/ +QKKQ/Biv ;QQ/b Ub22 lL
(kyRN)VX h?mb- iQ �+?B2p2 ?B;? H2p2Hb Q7 BM+QK2- Bi Bb +`m+B�H 7Q` i?2b2 +QmMi`B2b iQ T`Q/m+2
�M/ 2tTQ`i ?B;?@[m�HBiv �M/ ?B;?@p�Hm2@�//2/ ;QQ/b Ub22 .2 SBƢ2`2b �M/ 62``�MiBMQ (RNNd)V
�M/ :QMx�H2x 2i �HX (kyRk)VX

hQ [m�MiB7v i?Bb +QKTH2K2Mi�`Biv �M/ i?2 �/DmbiK2Mi +Qbib Q7 }`KbǶ HBMF�;2b rBi?
7Q`2B;M bmTTHB2`b A mb2 � mMB[m2 /�i� b2i Q7 �`;2MiBM2�M }`Kb i?�i B/2MiB}2b #Qi? i?2 /QK2b@
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iB+ BKTQ`iBM; }`K �M/ i?2 7Q`2B;M 2tTQ`iBM; bmTTHB2`XR h?Bb /�i�b2i �HHQrb K2 iQ Q#b2`p2
/QK2biB+ }`KbǶ M2irQ`F Q7 7Q`2B;M bmTTHB2`b �M/ i?2B` BKTQ`i2/@BMTmi bQm`+BM; bi`�i2;vXk
AM T�`iB+mH�`- A +�M Q#b2`p2 i`�/2 ~Qrb �i i?2 ǳ/QK2biB+ }`KǴ@ǳ7Q`2B;M bmTTHB2`Ǵ@ǳT`Q/m+iǴ@
ǴbQm`+2 +QmMi`vǴ H2p2H r?B+? �HHQrb K2 B/2MiB7v BM /2i�BH /QK2biB+ }`KbǶ 2tTQbm`2 iQ BKTQ`i2/
+Qbi b?Q+FbX

hQ Q`;�MBx2 Kv 2KTB`B+�H rQ`F- A +QMbi`m+i � ?2i2`Q;2M2Qmb }`K KQ/2H bm#D2+i
iQ [m�HBiv +?QB+2 �M/ 7Q`2B;M K�`F2ib rBi? /Bz2`2Mi /2K�M/b 7Q` [m�HBivX .QK2biB+ }`Kb
�`2 ?2i2`Q;2M2Qmb #Qi? BM i?2B` �#BHBiv iQ T`Q/m+2 �i mbBM; � HQr2` �KQmMi Q7 BMTmib �M/
BM i?2B` �#BHBiv iQ T`Q/m+2 ?B;?@[m�HBiv T`Q/m+ib �i HQr +Qbib Ub22 >�HH�F �M/ aBp�/�b�M
(kyRj)VX *`m+B�HHv- /QK2biB+ }`Kb 7�+2 b2�`+? �M/ K�i+?BM; 7`B+iBQMb BM i?2 K�`F2i 7Q` 7Q`2B;M
bmTTHB2`b r?B+? /Bz2` BM i?2B` 2{+B2M+v iQ bmTTHv BMTmib �i � HQr +QbiX �Hi?Qm;? }`Kb ?�p2
BM+2MiBp2b iQ K�i+? rBi? i?2 KQbi 2{+B2Mi bmTTHB2`- b2�`+?BM; BMpQHp2b i?2 T�vK2Mi Q7 � }t2/
+QbiX h?2b2 72�im`2b T`Q/m+2 � 7`�K2rQ`F BM r?B+? }`KbǶ 2tTQ`i b+QT2 �M/ T2`7Q`K�M+2 Bb
�TT`2+B�#Hv ?2i2`Q;2M2Qmb #mi biBHH /2HBp2`b irQ b?�`T T`2/B+iBQMbX 6B`bi- i?2 BKT�+i Q7 �M
BKTQ`i2/ +Qbi b?Q+F Bb BM+`2�bBM; BM i?2 b2p2`Biv Q7 b2�`+? �M/ K�i+?BM; 7`B+iBQMb BM i?2
K�`F2i 7Q` 7Q`2B;M bmTTHB2`bX a2+QM/- i?2 BKT�+i Q7 �M BKTQ`i2/ +Qbi b?Q+F QM 2tTQ`ib Bb
BM+`2�bBM; BM i?2 `QH2 Q7 BKTQ`i2/ BM T`Q/m+iBQM �M/ BM i?2 /2biBM�iBQM K�`F2iǶb /2K�M/ 7Q`
[m�HBivX

q?BH2 i?2 T`2/B+iBQM i?�i �M BM+`2�b2 BM BKTQ`i2/ BMTmib M2;�iBp2Hv �z2+ib 2tTQ`i
T2`7Q`K�M+2 Bb bi`�B;?i7Q`r�`/- i�FBM; Bi iQ i?2 /�i� T`2b2Mib � +?�HH2M;2X 6B`bi- }`Kb
2M/Q;2MQmbHv +?QQb2 i?2B` M2irQ`F Q7 7Q`2B;M bmTTHB2` Ub22 BMbi�M+2 .?vM2 2i �HX (kykR)VX
h?Bb BKTHB2b i?�i }`Kb Q#b2`p2 K�`F2i T`B+2b 7Q` �M/ 2M/Q;2MQmbHv 7`QK r?QK iQ #mv �M/
?Qr Km+?X hQ T`QT2`Hv /2�H rBi? i?Bb 2KTB`B+�H +?�HH2M;2 A mb2 � b?B7i@b?�`2 �M�HvbBb �b
T`2b2Mi2/ #v �/�Q 2i �HX (kyRN)X PM i?2 QM2 ?�M/- A K2�bm`2 � }`KǶb 2tTQbm`2 iQ BKTQ`i
+Qbi b?Q+Fb mbBM; Bib H�;;2/ b?�`2b Q7 BKTQ`i2/ p�Hm2 �i i?2 ǳ7Q`2B;M@bmTTHB2`Ǵ@ǳT`Q/m+iǴ@
ǳbQm`+2@+QmMi`vǴ H2p2HX PM i?2 Qi?2` ?�M/- A K2�bm`2 T`B+2 b?B7ib �b i?2 �p2`�;2 T`B+2 �
7Q`2B;M@bmTTHB2` +?�`;2b 7Q` � T`Q/m+i +QKBM; 7`QK � bQm`+2 +QmMi`v iQ �HH �`;2MiBM2�M
}`KbX A }M/ i?�i � QM2 bi�M/�`/ /2pB�iBQM BKTQ`i +Qbi b?Q+F H2�/b iQ � 7.44% /`QT BM
BKTQ`i2/ [m�MiBiB2b �M/ � T2`bBbi2Mi 2.44% /`QT BM 2tTQ`i2/ [m�MiBiB2b mT iQ k v2�`b �7i2`
i?2 BMBiB�H b?Q+FX h?2b2 `2bmHib bm;;2bi i?�i i?2 T`2b2M+2 Q7 +QbiHv iQ �/Dmbi 7`B+iBQMb #2ir22M
�`;2MiBM2�M }`Kb �M/ i?2B` 7Q`2B;M bmTTHB2`b- �M/ bi`QM; +QKTH2K2Mi�`Biv #2ir22M BKTQ`i2/

R�TT2M/Bt �X9 T`2b2Mib 2pB/2M+2 QM i?2 �;;`2;�i2 `2H2p�M+2 Q7 BKTQ`ib Q7 BMTmib �M/ +�TBi�HX AM i?�i
�TT2M/Bt- 6B;m`2 9� b?Qrb i?�i BKTQ`ib Q7 BMi2`K2/B�i2 �M/ +�TBi�H ;QQ/b 2tTH�BM #2ir22M 3yW �M/ NyW
Q7 �`;2MiBM�Ƕb iQi�H BKTQ`i2/ p�Hm2 7Q` i?2 T2`BQ/ RNN9@kyRNX 6B;m`2 9# b?Qrb i?�i BKTQ`i2/ +�TBi�H ;QQ/b
2tTH�BM #2ir22M 88W �M/ e8W Q7 i?2 iQi�H BMp2biK2Mi BM K�+?BM2`v �M/fQ` 2[mBTK2Mi 7Q` i?2 b�K2 T2`BQ/X

kh?Bb Bb HBM2 rBi? +m``2Mi rQ`F bm+? "2`M�`/ 2i �HX (kyR3) r?B+? +?�`�+i2`Bx2 i?2 HBMF�;2b #2ir22M *QHQK@
#B�M }`Kb �M/ 7Q`2B;M }`KbX
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BMTmib �M/ 2tTQ`i2/ [m�MiBiB2bX

6BM�HHv- r?BH2 � T`BQ`B QM2 rQmH/ 2tT2+i ?B;?@[m�HBiv T`Q/m+ib iQ #2 BKT�+i2/
?�`/2` #v � `Bb2 BM BKTQ`i2/ BMTmi +Qbib- Bi Bb �HbQ � +?�HH2M;2 iQ i2bi i?Bb T`2/B+iBQM BM
i?2 /�i�X hQ bi�`i rBi?- /B`2+i K2�bm`2b Q7 T`Q/m+i [m�HBiv �`2 MQi �p�BH�#H2 BM i?2 �`;2M@
iBM2�M +mbiQKb /�i� UMQ` BM �Mv Qi?2` +QmMi`vǶb bBKBH�` `2T`2b2Mi�iBp2 /�i�b2iVX hQ i2bi i?2
/Bz2`2MiB�H BKT�+i Q7 �M BKTQ`i +Qbi b?Q+F �+`Qbb T`Q/m+ib A 2biBK�i2 Kv 2KTB`B+�H KQ/2H
�+`Qbb /Bz2`2Mi b�KTH2 T�`iBiBQMbX A T`Qtv T`Q/m+i [m�HBiv 2tTHQBiBM; /2biBM�iBQM K�`F2iǶb
H2p2H Q7 BM+QK2 �M/ #v 2tTHQBiBM; 2tTQ`iǶb /2;`22 Q7 T`Q/m+i /Bz2`2MiB�iBQMX h?`Qm;? i?2b2
b�KTH2 T�`iBiBQM 2t2`+Bb2b A }M/ i?�i � QM2 bi�M/�`/ /2pB�iBQM BKTQ`i +Qbi b?Q+Fb H2�/ iQ
� `2/m+iBQM Q7 #2ir22M 9XRW �M/ 9XdW QM 2tTQ`i2/ [m�MiBiB2b Q7 ?B;?@[m�HBiv ;QQ/bX h?2b2
`2bmHib bm;;2bi i?�i i?2 +QKTH2K2Mi�`Biv #2ir22M BKTQ`i2/ BMTmib �M/ 2tTQ`i T2`7Q`K�M+2
Bb bB;MB}+�MiHv ;`2�i2` 7Q` ?B;?@[m�HBiv ;QQ/bX

k h?2Q`2iB+�H 6`�K2rQ`F

h?Bb b2+iBQM Q7 i?2 T�T2` #mBH/b � KQ/2H Q7 ?2i2`Q;2M2Qmb }`Kb bm#D2+i iQ [m�HBiv +?QB+2 �M/
b2�`+? �M/ K�i+?BM; 7`B+iBQMb BM i?2 K�`F2i 7Q` 7Q`2B;M bmTTHB2`bX h?2 KQ/2H Bb /2p2HQT2/
BM T�`iB�H 2[mBHB#`BmK �M/ iBK2 Bb /Bb+`2i2- BM/2t2/ #v t = 0, 1, 2, . . . X A �bbmK2 i?�i 2p2`v
T2`BQ/ }`K +�M QMHv #2 K�i+?2/ rBi? QM2 7Q`2B;M bmTTHB2`Xj 6B`KbǶ /2+BbBQM T`Q#H2K +�M #2
/BpB/2/ BMiQ irQ bm#@T2`BQ/b, � b2�`+? �M/ K�i+?BM; bi�;2 �M/ � T`Q/m+iBQM �M/ b�H2 bi�;2X

6B`K i K�tBKBx2b i?2 /Bb+QmMi2/ T`2b2Mi p�Hm2 Q7 T`Q}ib

⇧ =
1X

t=0

�⇡ (zi, ⇠i, cj,t)

r?2`2 {xi, ⇠i} �`2 }`Kb �ii`B#mi2b /2b+`B#2/ #2HQr �M/ cj,t `2T`2b2Mib i?2 2{+B2M+v Q7 bmTTHB2`
j rBi? r?B+? }`K i Bb K�i+?2/ rBi? BM T2`BQ/ tX h?2 iBKBM; Q7 i?2 KQ/2H Bb i?2 7QHHQrBM;,
UBV T2`BQ/ t bi�`ib rBi? }`K i Q#b2`pBM; i?2 2{+B2M+v Q7 bmTTHB2` j b?2 Bb +m``2MiHv K�i+?2/
rBi?- UBBV }`K /2+B/2b r?2i?2` iQ b2�`+? Q` MQi- �M/ B7 i?2 }`K b2�`+?2b- r?2i?2` iQ `2K�BM
rBi? i?2 +m``2Mi bmTTHB2` Q` +?�M;2 iQ i?2 M2rHv K�i+?2/ bmTTHB2`- UBBBV }M�HHv- }`K i /2+B/2b
r?B+? K�`F2ib iQ b2`p2- T`Q/m+2b �M/ b2HHbX

S`Q/m+iBQM � b�H2 bi�;2X A #mBH/ QM >�HH�F �M/ aBp�/�b�M (kyRj) �M/ "�biQb 2i �HX (kyR3)
�M/ �bbmK2 i?�i }`Kb /Bz2` �+`Qbb irQ /BK2MbBQMb, UBV ǳT`Q+2bb T`Q/m+iBpBivǴ zi r?B+? /2@

jq?BH2 i?Bb K�v b22K �b � 7�`@72i+?2/ �bbmKTiBQM- `2+2Mi 2pB/2M+2 bm;;2bib i?�i /QK2biB+ }`KbǶ M2irQ`F
Q7 7Q`2B;M bmTTHB2`b Bb ;`�MmH�` Q` HBKBi2/- b22 "2`M�`/ 2i �HX (kyR3)X
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MQi2b }`K iǶb �#BHBiv iQ T`Q/m+2 rBi? � HQr2` �KQmMi Q7 BMTmibc UBBV ǳT`Q/m+i T`Q/m+iBpBivǴ ⇠i
�b i?2 �#BHBiv iQ T`Q/m+2 [m�HBiv BM+m``BM; HQr2` }t2/ QmiH�vbX "Qi? zi �M/ ⇠i �`2 2tQ;2MQmbHv
/Bbi`B#mi2/ �+`Qbb /QK2biB+ }`KbX

AM 2�+? +QmMi`v- i?2`2 Bb � `2T`2b2Mi�iBp2 +QMbmK2` r?B+? /2K�M/b ;QQ/b �++Q`/BM;
iQ i?2 7QHHQrBM; miBHBiv 7mM+iBQM- /2}M2/ �b � *1a �;;`2;�iQ`,

Ud =

"
X

i2Id

⇣
�⇣(yd)
i,d xi,d

⌘ ⇢�1
⇢

# ⇢
⇢�1

r?2`2 Id Bb i?2 b2i Q7 }`Kb b2HHBM; BM +QmMi`v dc �i,d Bb T`Q/m+i [m�HBivc xi,d Bb i?2 [m�M@
iBiv +QMbmK2/ �M/c ⇣d (yd) +�Tim`2b i?2 `2T`2b2Mi�iBp2 +QMbmK2`Ƕb p�Hm�iBQM Q7 [m�HBivX9 hQ
bBKTHB7v MQi�iBQM- A r`Bi2 ⇣d = ⇣ (yd)X

:Bp2M T`272`2M+2b Q7 i?2 `2T`2b2Mi�iBp2 +QMbmK2`- /2K�M/ 7Q` i?2 QmiTmi Q7 }`K i

BM +QmMi`v d Bb ;Bp2M #v,

xi,d =
(pi,d)

�⇢ (�i,d)
(⇢�1)⇣d yd

P�⇢
d

URV

r?2`2 pi,d Bb i?2 T`B+2 +?�`;2/ #v }`K i BM +QmMi`v d- �M/ Pd Bb i?2 +QmMi`v@rB/2 [m�HBiv@
�/Dmbi2/ T`B+2 BM/2t,

Pd =

2

4
X

i2Id

 
pi,d

�⇣d
i,d

!1�⇢
3

5

1
1�⇢

LQi2 i?�i /2K�M/- ;Bp2M #v 2[m�iBQM R Bb BM+`2�bBM; BM [m�HBiv Q7 i?2 T`Q/m+i �i,dX *QMbmK2`b
rBi? ?B;?2` ⇣d ?�p2 bi`QM;2` T`272`2M+2b 7Q` [m�HBiv- H2�/BM; iQ ;`2�i2` /2K�M/ 7Q` � ;QQ/
#2vQM/ Bib T`B+2X

A �bbmK2 i?�i }`Kb mb2 � +QMbi�Mi `2im`M iQ b+�H2 i2+?MQHQ;v QM b2T�`�i2 T`Q/m+iBQM
HBM2b 7Q` 2�+? Q7 i?2 d K�`F2ib b2`p2/X8 AM T�`iB+mH�`- i?2 T`Q/m+iBQM i2+?MQHQ;v Bb � *Q##
.Qm;H�b T`Q/m+iBQM 7mM+iBQMX

xi,d = ziL
↵
i,dM

1�↵
i,d UkV

r?2`2 Li,d �M/ Mi,d `2T`2b2Mi }`K iǶb H�#Q` �M/ BKTQ`i2/ BMTmi [m�MiBiB2bX 6B`K iǶb K�`;BM�H
+Qbi QM T`Q/m+iBQM HBM2 d +�M #2 2tT`2bb2/ �b � 7mM+iBQM Q7 r�;2b- w- �M/ i?2 K�i+?2/
bmTTHB2`Ƕb 2{+B2M+v H2p2Hb cjX

Ci (zi, cj) =
1

zi

1

↵↵(1� ↵)1�↵
w↵ (cj)

1�↵ UjV

9AM a2+iBQM 9 q?2M A i�F2 i?2 KQ/2H iQ i?2 /�i� A �bbmK2 i?�i +QMbmK2`Ƕb p�Hm�iBQM Q7 [m�HBiv Bb BM+`2�bBM;
BM i?2 +QmMi`vǶb BM+QK2 H2p2HX

8h?Bb �bbmKTiBQM Bb +QKKQM BM i?2 HBi2`�im`2 Q7 BMi2`M�iBQM�H i`�/2 Ub22 7Q` BMbi�M+2 "�biQb 2i �HX (kyR3)VX
h?Bb �bbmKTiBQM bBKTHB}2b i?2 �M�HvbBb �b i?2 }`K bQHp2b 7Q` 2�+? K�`F2i BM T�`iB+mH�`X

8



A �bbmK2 i?�i T`Q/m+i [m�HBiv �HbQ BMpQHp2b BM+m``BM; +QbibX A BMi`Q/m+2 � i?2 [m�HBiv
+Qbi bT2+B}+�iBQM bBKBH�` iQ i?�i T`2b2Mi2/ #v >�HH�F �M/ aBp�/�b�M (kyRj)X Zm�HBiv +Qbib
�`2 `2T`2b2Mi2/ #v i?2 7QHHQrBM; 7mM+iBQM

F q (⇠i) =
f

⇠i
�i,d U9V

r?2`2 f Bb � +QMbi�Mi �M/ �i,d `2T`2b2Mib }`K iǶb [m�HBiv +?QB+2X LQi2 i?�i }`Kb rBi? ?B;?2`
⇠i �`2 �#H2 iQ T`Q/m+2 ?B;?@[m�HBiv T`Q/m+ib �i HQr2` +QbibX h?2b2 +Qbib +�M #2 i?Qm;?i Q7 �b
T`Q/m+i /2bB;M �M/ /2p2HQTK2Mi +QbibX �Hi?Qm;? QmibB/2 Q7 i?2 b+QT2 Q7 i?Bb T`2b2Mi T�T2`-
?B;?2` +Qbib iQ T`Q/m+2 ?B;?2` [m�HBiv ;QQ/b +QmH/ �HbQ `2~2+i Tm`+?�bBM; BMTmib 7`QK KQ`2
�/p�M+2/ 2+QMQKB2b �i ?B;?2` +QbibXe G�biHv- BM Q`/2` iQ 2tTQ`i iQ /2biBM�iBQM K�`F2i d- �
}`K Kmbi T�v � K�`F2i bT2+B}+ }t2/ +Qbi F dX

S`Q}i J�tBKBx�iBQMX 6B`K iǶb T`Q/m+iBQM HBM2 dǶb T`Q}i K�tBKBx�iBQM T`Q#H2K +�M #2
bi�i2/ �b

max
�i,d,xi,d,pi,d

⇡i,d (zi, ⇠i, cj) = (pi,d � Ci) xi,d �
f

⇠i
�i,d � [xi,d > 0]⇥ F d

bXiX xi,d =
(pi,d)

�⇢ (�i,d)
(⇢�1)⇣d yd

P�⇢
d

Ci (zi, cj) =
1

zi

1

↵↵(1� ↵)1�↵
w↵ (cj)

1�↵

U8V

h?Bb 7`�K2rQ`F �HHQrb 7Q` `B+? � ?2i2`Q;2M2Biv BM }`KbǶ 2tTQ`i T2`7Q`K�M+2 �M/ b+QT2X
6B`KbǶ /Bz2`2M+2b BM �ii`B#mi2b {xi, ⇠i} BKTHv i?�i /Bz2`2M+2b BM #Qi? [m�MiBiB2b bQH/ BM 2�+?
K�`F2i- #mi �HbQ /Bz2`2M+2b BM 2tTQ`i b+QT2X 6Q` BMbi�M+2- }`Kb rBi? ?B;? xi #mi HQr ⇠i KB;?i
#2 �#H2 iQ b2`p2 HQr@BM+QK2 +QmMi`B2b #mi K�v MQi #2 �#H2 iQ b2`p2 ?B;?@BM+QK2 +QmMi`B2b
/m2 iQ i?2 ?B;? +Qbib i?2v 7�+2 BM Q`/2` iQ T`Q/m+2 [m�HBiv ;QQ/bX �TT2M/Bt �XRXj T`QpB/2b
�//BiBQM�H /2i�BHb �M/ +?�`�+i2`Bx2b }`KbǶ 2tTQ`i b+QT2X

6B`K iǶb QTiBK�H [m�HBiv �M/ [m�MiBiB2b bQH/ BM /2biBM�iBQM K�`F2i d +�M #2 2tT`2bb2/ �b

�⇤
i,d = ⇤1 ⇥ C

⇢�1
(⇢�1)⇣d�1

i,d UeV

x⇤
i,d = ⇤2 ⇥ C

⇢�1
(⇢�1)⇣d�1�1

i,d UdV

r?2`2 ⇤1 �M/ ⇤2 �`2 +QMbi�Mi r?B+? /2T2M/ QM KQ/2H T�`�K2i2`b �M/ 2tQ;2MQmb p�`B�#H2bXd
LQi2 i?�i �b HQM; �b +QM/BiBQM

⇣d <
⇢

⇢� 1
U3V

ePM2 r�v iQ `�iBQM�HBx2 i?Bb rQmH/ #2 i?�i KQ`2 �/p�M+2/ 2+QMQKB2b T`Q/m+2 ?B;?2` [m�HBiv BMTmib mbBM;
rQ`F2`b rBi? ?B;?2` ?mK�M +�TBi�H- r?B+? �`2 T�B/ ?B;?2` r�;2bX

da22 �TT2M/Bt 7Q` KQ`2 KQ/2H /2i�BHb �XRX

e



Bb b�iBb}2/- i?2 QTiBK�H [m�HBiv �M/ QTiBK�H [m�MiBiB2b bQH/ �`2 /2+`2�bBM; BM CiX h?Bb
+QM/BiBQM BKTHB2b i?�i +QMbmK2`bǶ HQp2 7Q` [m�HBiv- `2T`2b2Mi2/ #v ⇣d- +�M MQi Qmir2B;? i?2
/2K�M/Ƕb T`B+2 2H�biB+Biv Q7 bm#biBimiBQMX A7 i?2 +QM/BiBQM Bb MQi K2i- i?2 T`Q#H2K #QBHb /QrM
iQ � `�i?2` mMBMi2`2biBM; +�b2 BM r?B+? }`KbǶ QTiBK�H #2?�pBQ` Bb iQ `Bb2 [m�HBiv �M/ T`B+2b
iQ BM}MBivX3

L2ti- +?�`�+i2`Bx2 ?Qr �M BM+`2�b2 BM i?2 +Qbi Q7 BKTQ`i2/ BMTmi cj BKT�+ib [m�M@
iBiB2b bQH/ BM K�`F2i dX "v i�FBM; HQ;�`Bi?Kb QM #Qi? bB/2b Q7 1[m�iBQM d �M/ mbBM; i?2
2tT`2bbBQM 7`QK Ci BM 1[m�iBQM j- i?2 BKT�+i Q7 �M BM+`2�b2 BM cj QM x⇤

i,d Bb ;Bp2M #v

@ ln x⇤
i,d

@ ln cj
=

✓
⇢� 1

(⇢� 1) ⇣d � 1
� 1

◆
(1� ↵) UNV

LQi2 i?�i i?Bb BKT�+i Bb BM+`2�bBM; BM i?2 BKTQ`i�M+2 Q7 BKTQ`i2/ BMTmib BM T`Q/m+iBQM-
1 � ↵- �M/ BM /2biBM�iBQM +QmMi`v +QMbmK2`Ƕb HQp2 7Q` [m�HBivX hQ mM/2`bi�M/ i?2 BMimBiBQM
#2?BM/ HQp2 7Q` [m�HBiv �KTHB7vBM; i?2 BKT�+i Q7 +?�M;2b BM K�`;BM�H +Qbib QM [m�MiBiB2b bQH/
Bi Bb mb27mH iQ bim/v }`KbǶ }`bi Q`/2` +QM/BiBQMbX _2@r`BiBM; }`K iǶb T`Q}i K�tBKBx�iBQM BM
1[m�iBQM 8 BM i2`Kb Q7 QTiBK�H [m�MiBiB2b �M/ [m�HBiv H2�/b iQ i?2 7QHHQrBM; irQ }`bi Q`/2`
+QM/BiBQMb BM i2`Kb Q7 {xi,d,�i,d}

@⇡

@xi,d
:

⇢� 1

⇢
x

�1
⇢

i,d y
1
⇢

d Pd (�i.d)
(⇢�1)⇣d

⇢ = Ci (zi, cj) URyV

@⇡

@�i,d
: x

1� 1
⇢

i,d y
1
⇢

d Pd (�d)
(⇢�1)⇣d

⇢ �1

✓
⇢� 1

⇢

◆
⇣d =

f

⇠i
URRV

1[m�iBQM Ry b?Qrb i?�i �M BM+`2�b2 BM Ci (zi, cj) H2�/b iQ � `2/m+iBQM BM [m�MiBiB2b bQH/X
aBKmHi�M2QmbHv- i?2 H27i ?�M/ bB/2 Q7 1[m�iBQM RR b?Qrb i?�i i?2 K�`;BM�H #2M2}i Q7 [m�HBiv
Bb BM+`2�bBM; BM [m�MiBiB2b bQH/ xi,d �M/ ⇣dX *QMb2[m2MiHv- �M BM+`2�b2 BM Ci r?B+? `2/m+2b
QTiBK�H [m�MiBiB2b xi,d H2�/b iQ � H�`;2 /`QT BM i?2 K�`;BM�H #2M2}i Q7 [m�HBiv i?2 ;`2�i2` ⇣d
BbX AM im`M- i?Bb H2�/b iQ � /`QT BM }`KbǶ QTiBK�H [m�HBiv +?QB+2 r?B+? `2BM7Q`+2b i?2 /`QT BM
QTiBK�H [m�MiBiB2b bQH/ /m2 iQ HQr2` +QMbmK2` /2K�M/X h?mb- �M BM+`2�b2 BM i?2 K�`;BM�H
+Qbi Ci i`B;;2`b � `2/m+iBQM BM QTiBK�H [m�MiBiB2b �M/ [m�HBiB2b r?B+? `2BM7Q`+2 2�+? Qi?2`-
H2�/BM; iQ �M �KTHB}+�iBQM Q7 i?2 BMBiB�H b?Q+F- r?B+? Bb BM+`2�bBM; BM +QMbmK2`Ƕb HQp2 7Q`
[m�HBivX

a2�`+? � K�i+?BM; bi�;2X A #mBH/ QM .272p2` 2i �HX (kyRd) �M/ �bbmK2 i?�i i?2`2 �`2 K�Mv
7Q`2B;M bmTTHB2`b i?�i +�M TQi2MiB�HHv K�i+? rBi? /QK2biB+ }`Kb �M/ T`Q/m+2 i?2 BKTQ`i2/
BMTmiX 6Q`2B;M bmTTHB2`b /Bz2` BM i?2B` 2{+B2M+v Q` K�`;BM�H +Qbi c Q7 T`Q/m+BM; i?2 BMTmiX
J�`;BM�H +Qbib �`2 /Bbi`B#mi2/ �+`Qbb TQi2MiB�H bmTTHB2`b 7QHHQrBM; bQK2 T`Q#�#BHBiv /2MbBiv
7mM+iBQM g(c) rBi? bmTTQ`i [c, c̄]- r?2`2 c > 0X

3h?Bb +QM/BiBQM Bb �HbQ M2+2bb�`v 7Q` i?2 b2+QM/ Q`/2` +QM/BiBQMb iQ #2 K2i- b22 �TT2M/Bt �XRXkX

d



lM/2` i?Bb 7`�K2rQ`F- � /QK2biB+ }`K ?�b �M BM+2MiBp2 iQ K�i+? rBi? � bmTTHB2`
rBi? i?2 HQr2bi TQbbB#H2 K�`;BM�H +Qbi cX AM Q`/2` iQ b2�`+? 7Q` � M2r bmTTHB2`- /QK2biB+
}`Kb Kmbi T�v � }t2/ +Qbi F XN 6B`KbǶ b2�`+? Bb MQi /B`2+i- BX2X- +�M MQi +?QQb2 rBi? r?B+?
7Q`2B;M bmTTHB2` iQ K�i+?X 6BM�HHv- A �bbmK2 i?�i �7i2` b2�`+?BM; �M/ Q#b2`pBM; i?2 7Q`2B;M
bmTTHB2`Ƕb 2{+B2M+v- /QK2biB+ }`Kb ?�p2 i?2 QTiBQM iQ `2K�BM K�i+?2/ rBi? Bib QH/ bmTTHB2`X

A im`M iQ +?�`�+i2`BxBM; i?2 +QM/BiBQMb mM/2` r?B+? � /QK2biB+ }`K b2�`+?2b 7Q` �
M2r bmTTHB2`X A /2MQi2 � /QK2biB+ }`KǶb T2` T2`BQ/ T`Q}ib �bbQ+B�i2/ rBi? K�`;BM�H +Qbi c̃

�b ⇡̃X 6B`K i b2�`+?2b 7Q` � M2r 7Q`2B;M bmTTHB2` B7 i?2 2tT2+i2/ /Bb+QmMi2/ ;�BMb Q7 K�i+?BM;
rBi? � KQ`2 2{+B2Mi bmTTHB2` Qmir2B;? i?2 }t2/ +Qbi Q7 b2�`+?BM;X :Bp2M i?�i i?2 b2�`+?
T`Q#H2K Bb i?2 b�K2 2p2`v T2`BQ/- i?2 b2�`+? +QM/BiBQM #QBHb /QrM iQ

(E [⇡|c < c̃]� ⇡̃)G (c̃)

1� �
� F URkV

h?2 i2`K E [⇡|c < c̃] � ⇡̃ QM i?2 H27i ?�M/ bB/2Ƕb MmK2`�iQ` `2~2+ib i?2 2tT2+i2/ T`Q}i /B7@
72`2MiB�H B7 i?2 b2�`+?BM; }`K K�i+?2b rBi? � bmTTHB2` rBi? ?B;?2` 2{+B2M+v- BX2X c < c̃X h?2
b2+QM/ i2`K QM i?2 MmK2`�iQ`- G (c̃) `2T`2b2Mib i?2 T`Q#�#BHBiv Q7 K�i+?BM; rBi? � 7Q`2B;M
bmTTHB2` KQ`2 2{+B2Mi i?�M c̃X :Bp2M i?�i B7 i?2 }`K K�i+?2b rBi? � KQ`2 2{+B2Mi bmTTHB2`-
i?Bb #2+QK2b ?2` /27�mHi #2M+?K�`F 7Q` T2`BQ/ t QMr�`/- i?2 }`K /Bb+QmMib i?2 ;�BMb Q7
b2�`+?BM; #v 1� �X

h?2 +QM/BiBQM BM 1[m�iBQM Rk BKTHB2b i?�i i?2 ?B;?2` i?2 }t2/ +Qbib F - i?2 H2bb
HBF2Hv Bi Bb 7Q` � }`K iQ b2�`+? 7Q` M2r bmTTHB2`bX �HbQ- i?2 H2bb 2{+B2Mi }`K iǶb +m``2Mi bmTTHB2`
Bb- i?2 ;`2�i2` i?2 2tT2+i2/ T`Q}i /Bz2`2MiB�H Q7 K�i+?BM; rBi? � M2r bmTTHB2`X 6m`i?2`KQ`2-
i?2 H2bb 2{+B2Mi }`K iǶb +m``2Mi bmTTHB2` Bb- i?2 ?B;?2` i?2 T`Q#�#BHBiv Q7 K�i+?BM; rBi? �
KQ`2 bm++2bb7mH bmTTHB2`- BX2X ?B;?2` G (c̃)- BM+`2�bBM; }`K iǶb BM+2MiBp2 iQ b2�`+?X

JQ/2H T`2/B+iBQMbX h?2 KQ/2H +QMbi`m+i2/ �#Qp2 vB2H/b b?�`T T`2/B+iBQMb Qp2` i?2 BKT�+i
Q7 �M BM+`2�b2 BM cj QM }`KbǶ 2tTQ`i T2`7Q`K�M+2X 6B`bi- Bi Bb bi`�B;?i7Q`r�`/ iQ b22 i?�i i?2
K�;MBim/2 �M/ T2`bBbi2M+2 Q7 i?2 BKT�+i /2T2M/ TQbBiBp2Hv QM /QK2biB+ }`Kb 7Q`2B;M bmTTHB2`
HBMF�;2bǶ �/DmbiK2Mi +QbibX h?Bb Bb `2T`2b2Mi2/ #v i?2 KQ/2HǶb }t2/ +Qbi Q7 b2�`+?BM; F �M/
i?2 `�M/QK K�i+? rBi? ?2i2`Q;2M2Qmb bmTTHB2`b- `2T`2b2Mi2/ #v G(c)X A7 }t2/ +Qbi F Bb
x2`Q �M/ }`Kb +�M bm#biBimi2 iQr�`/ KQ`2 2{+B2Mi bmTTHB2`b BKK2/B�i2Hv- �M BM+`2�b2 BM cj
b?QmH/ H2�/ iQ MQ BKT�+i QM }`KbǶ 2tTQ`i T2`7Q`K�M+2X *QMb2[m2MiHv- i?2 ?B;?2` i?2 }t2/
+Qbi F �M/ i?2 HQr2` i?2 T`Q#�#BHBiv Q7 K�i+?BM; rBi? � KQ`2 2{+B2Mi bmTTHB2`- i?2 ;`2�i2`
�M/ KQ`2 T2`bBbi2Mi i?2 BKT�+i Q7 i?2 b?Q+F rBHH #2X

NLQi2 i?�i A �#bi`�+i 7`QK �Mv TQi2MiB�H bi`�i2;B+ #2?�pBQ` �M/ �bbmK2 i?�i 7Q`2B;M bmTTHB2`b ?�p2 �
T�bbBp2 `QH2

3



a2+QM/- ;Bp2M i?2 b2�`+? �M/ K�i+?BM; 7`B+iBQMb BM i?2 K�`F2i 7Q` 7Q`2B;M bmTTHB2`b
r?B+? /2i2`KBM2 }`KbǶ bmTTHB2` 2{+B2M+v- i?2 KQ/2H T`QpB/2b b?�`T T`2/B+iBQMb QM 2tTQ`i
T2`7Q`K�M+2X 6`QK � bi�iB+ TQBMi Q7 pB2r- � `Bb2 BM cj BM+`2�b2b }`KbǶ Qp2`�HH K�`;BM�H +Qbi
Ci �M/ i?mb M2;�iBp2Hv BKT�+iBM; b�H2bX h?2 BKT�+i K�;MBim/2 /2T2M/b TQbBiBp2Hv QM i?2
`2H�iBp2 BKTQ`i�M+2 Q7 BKTQ`i2/ BMTmib BM T`Q/m+iBQM- 1�↵- �M/ QM i?2 /2biBM�iBQM K�`F2iǶb
HQp2 7Q` [m�HBiv ⇣dX q?BH2 Kv /�i�b2i /Q2b MQi �HHQr K2 iQ 2biBK�i2 }`KǶb T`Q/m+iBQM
7mM+iBQMb �M/ BKTQ`i BMi2MbBiv- Bi /Q2b T`QpB/2 rBi? T`Qtv p�`B�#H2b 7Q` T`Q/m+i [m�HBivX
h?Bb �HHQrb K2 iQ i2bi i?2 T`2/B+iBQM i?�i 2tTQ`ib Q7 ?B;?2`@[m�HBiv ;QQ/b �`2 KQ`2 b2MbBiBp2
iQ BKTQ`i +Qbi b?Q+FbX

j .�i� � A/2MiB}+�iBQM ai`�i2;v

AM i?Bb b2+iBQM Q7 i?2 T�T2` A /2b+`B#2 i?2 /�i�b2ib mb2/ BM i?Bb T�T2` �M/ i?2 B/2MiB}+�iBQM
bi`�i2;v T`QTQb2/ iQ B/2MiB7v BKTQ`i +Qbi b?Q+FbX

.�i� /2b+`BTiBQMX A mb2 /�i� 7`QK �/KBMBbi`�iBp2 +mbiQKb `2+Q`/b- r?B+? ?�b i?2 +QKTH2i2
BMi2`M�iBQM�H i`�Mb�+iBQMb 7Q` �`;2MiBM2 }`KbX Ai Bb #�b2/ QM +mbiQKb /2+H�`�iBQMb 7Q`Kb
+QHH2+i2/ #v �`;2MiBM�Ƕb +mbiQKb Q{+2- �M/ +QKT`Bb2b i?2 2MiB`2 mMBp2`b2 Q7 �`;2MiBMB�M
i`�/2 ~Qrb 7Q` i?2 T2`BQ/ kyyy@kyy3X AM7Q`K�iBQM Bb /Bb@�;;`2;�i2/ #v }`K- /�i2 Q7 b?BTK2Mi-
T`Q/m+i �i e@/B;Bi >a- 2tTQ`ib #v /2biBM�iBQM �M/ BKTQ`ib #v bQm`+2 +QmMi`vXRy 6Q` BKTQ`i
~Qrb- A �K �#H2 iQ B/2MiB7v i?2 7Q`2B;M bmTTHB2` }`KX aBM+2 7Q`2B;M bmTTHB2`b /Q MQi ?�p2 �
mMB[m2 A. i?�i B/2MiB}2b i?2K UA QMHv Q#b2`p2 i?2 }`KbǶ M�K2 /2+H�`2/ BM +mbiQKbǶ 7Q`KV-
i?2B` `2;Bbi`�iBQM Bb MQi ?�`KQMBx2/ �M/ Bb bm#D2+i iQ 2``Q`bX h?2`27Q`2- A +�``v Qmi � +H2�MBM;
T`Q+2/m`2 i?�i �HHQrb K2 iQ DQBM i?2 BM7Q`K�iBQM Q7 bmTTHB2`b i?�i r2`2 `2;Bbi2`2/ BM irQ Q`
KQ`2 /Bz2`2Mi r�vbX .2i�BHb Q7 i?Bb +H2�MBM; T`Q+2/m`2 �M/ b2+QM/�`v /�i�b2ib mb2/ +�M #2
7QmM/ BM �TT2M/Bt �Xk �M/ �TT2M/Bt �Xj- `2bT2+iBp2HvX

A/2MiB}+�iBQM bi`�i2;vX "�b2/ QM }`KbǶ b2�`+? �M/ K�i+?BM; 7`B+iBQMb /2b+`B#2/ BM a2+iBQM
k- A 7QHHQr >mKK2Hb 2i �HX (kyR9)- >mM22mb (kyR3) �M/ "2`M�`/ 2i �HX (kyky) �M/ mb2 � b?B7i
b?�`2 /2bB;M iQ +QMbi`m+i }`K@H2p2H b?Q+FbX A /2}M2 �M BKTQ`i +Qbi b?Q+F 7Q` }`K i BM v2�`

Ry�`;2MiBM2�M +mbiQKb T`QpB/2 � T`Q/m+i /2b+`BTiBQM r?B+? +H�bbB}2b ;QQ/b �i Rk /B;Bi H2p2HX h?Bb +H�bbB@
}+�iBQM #mBH/b QM QM i?2 e@/B;Bi >a BMi2`M�iBQM�H ;QQ/ +H�bbB}+�iBQMX h?2 }`bi irQ 2ti`� /B;Bib �`2 +QKKQM
iQ � J1_*Pal_ MQK2M+H�im`2X h?2 H�bi 7Qm` /B;Bib U�+im�HHv i?`22 /B;Bib �M/ � H2ii2`V Bb �`;2MiBM� bT2@
+B}+X >Qr2p2`- i?2`2 Bb MQ +QM+Q`/�M+2 i�#H2 �+`Qbb iBK2 7Q` i?Bb +H�bbB}+�iBQMX *QMb2[m2MiHv- mbBM; i?Bb
+H�bbB}+�iBQM +QmH/ H2�/ iQ bTm`BQmb `2bmHib #2+�mb2 Q7 �ii`BiBQMX
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t- �b
� log pIi,t =

X

k2⌦I
i,0

sIik,0� log pk,t URjV

r?2`2 ⌦I
i,0 Bb i?2 b2i Q7 7Q`2B;M bmTTHB2`b k i?�i }`K i bQm`+2b 7`QK BM T2`BQ/ t = 0- sIik,0 Bb i?2

b?�`2 Q7 BKTQ`ib Q7 }`K i 7`QK bmTTHB2` k BM t = 0 �M/ � log pk,t Bb i?2 T2`+2Mi�;2 ;`Qri? Q7
i?2 BKTQ`i T`B+2 7`QK bmTTHB2` kX "27Q`2 /2}MBM; BM /2i�BH r?�i � 7Q`2B;M bmTTHB2` k K2�Mb- A
�//`2bb irQ Bbbm2b, UBV /Bb+mbb i?2 mb27mHM2bb �M/ �TT`QT`B�i2M2bb Q7 i?2 b?B7i@b?�`2 �M�HvbBb-
UBBV r?B+? K2�bm`2 Q7 T`B+2 +?�M;2 iQ mb2 7Q` � log pk,tX

hQ #2;BM rBi?- A KQK2Mi�`BHv �bbmK2 i?�i i?2 K2�bm`2 Q7 +?�M;2b BM BKTQ`i T`B+2b
Bb 2tQ;2MQmb �M/ /Bb+mbb ?Qr � b?B7i@b?�`2 �M�HvbBb Bb �TT`QT`B�i2 7Q` i?2 +m``2Mi �M�HvbBbX
1p2M B7 BKTQ`i T`B+2b �`2 2tQ;2MQmb iQ �`;2MiBM2�M }`Kb- }`Kb +?QQb2 i?2B` M2irQ`F Q7
bmTTHB2`b- BMTmi #mM/H2 �M/ bQm`+2 +QmMi`v 2M/Q;2MQmbHvX A mb2 �/�Q 2i �HX (kyRN)Ƕb b?B7i@
b?�`2 /2bB;M r?B+? �bbmK2b i?2 2tQ;2M2Biv Q7 i?2 b?B7ib `�i?2` i?�M 7`QK i?2 b?�`2bX h?2
`2�bQMBM; #2?BM/ i?Bb +?QB+2 Bb i?�i }`Kb +?QQb2 r?B+? bmTTHB2`b k iQ i`�/2 rBi? Q` bQm`+2
7`QK �M/ �`2 bm#D2+i iQ i?2 b?Q+Fb ;2M2`�i2/ i?`Qm;? i?Qb2 i`�/2 ~QrbX q?2M }`Kb K�F2
i?2 /2+BbBQM �#Qmi r?B+? 7Q`2B;M bmTTHB2` k iQ i`�/2 rBi?- 7mim`2 b?Q+Fb KB;?i #2 �H`2�/v BM
}`KbǶ BM7Q`K�iBQM�H b2iX AM Q`/2` iQ �//`2bb �Mv #B�b �`BbBM; 7`QK �MiB+BT�iBQM #2?�pBQ` A
mb2/ H�;;2/ b?�`2b Q7 2tTQbm`2 UBM T�`iB+mH�`- A +QMbi`m+i i?2 b?Q+Fb mbBM; T2`BQ/ t� 1- BX2X-
v2�` t � 1 r2B;?ibVX LQi2 i?�i i?Bb Bb BM HBM2 rBi? i?2 b2�`+? �M/ K�i+?BM; bi�;2 Q7 }`Kb
/2b+`B#2/ BM a2+iBQM k- r?2`2 }`Kb �i i?2 bi�`i Q7 T2`BQ/ t Q#b2`p2 i?2B` +m``2Mi bmTTHB2`Ƕb
2{+B2M+v �M/ +�M b2�`+? BM BMi2`M�iBQM�H K�`F2ib #27Q`2 T`Q/m+BM;X

h?2 b?B7i@b?�`2 �M�HvbBb T`QpB/2b � bQm`+2 Q7 bB;MB}+�Mi ?2i2`Q;2M2Biv BM i?2 +Qbi
b?Q+F �+`Qbb }`KbX h?Bb bB;MB}+�Mi ?2i2`Q;2M2Biv +QK2b 7`QK i?2 ?B;? /BK2MbBQM�H bT�+2 Q7
7Q`2B;M bmTTHB2`b i?2 �`;2MiBM2�M }`Kb +�M +?QQb2 7`QKX 6Q` BMbi�M+2- �`;2MiBM2�M }`Kb
BKTQ`i2/ 7`QK kky /Bz2`2Mi +QmMi`B2b- 9-NeR /Bz2`2Mi T`Q/m+ib �M/ 7`QK 8Rk-NR8 /Bz2`2Mi
bmTTHB2`b /m`BM; i?2 T2`BQ/ kyyy@kyy3X h?Bb ?B;? /2;`22 Q7 ?2i2`Q;2M2Biv BM bQm`+BM; bi`�i2@
;B2b K�F2b Bi mMHBF2Hv i?�i �Mv irQ �`;2MiBM2�M }`Kb �`2 2tTQb2/ 2t�+iHv i?2 b�K2 iQ i?2
b�K2 b2i Q7 7Q`2B;M bmTTHB2`bX � b2+QM/ bQm`+2 Q7 ?2i2`Q;2M2Biv �+`Qbb }`Kb Bb 2�+? }`KbǶ
HBMF BMi2MbBiv Q` `2H2p�M+2 Q7 i`�/2 ~QrX

L2ti- A im`M iQ /Bb+mbbBM; i?2 �TT`QT`B�i2 +?QB+2 Q7 T`B+2 +?�M;2b iQ #2 +QMbB/2`2/
�b b?B7ib BM 1[m�iBQM RjX �M BMBiB�H +�M/B/�i2 �b � b?B7i rQmH/ #2 iQ mb2 HQ; BKTQ`i T`B+2
+?�M;2b �i i?2 /QK2biB+ }`K i- 7Q`2B;M bmTTHB2` s- T`Q/m+i p �M/ /2biBM�iBQM +QmMi`v d

� log pi,s,p,d,t = log pi,s,p,d,t � log pi,s,p,d,t�1

r?B+? BKTHB2b /2}MBM; k �b k = {i, s, p, d}X 6Q` i?Bb bT2+B}+�iBQM iQ #2 � p�HB/ `2T`2b2Mi�iBQM
Q7 i?2 7`�K2rQ`F T`2b2Mi2/ BM a2+iBQM k irQ �bbmKTiBQMb Kmbi #2 K2iX 6B`bi- }`K i ?�b MQ
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#�`;�BMBM; TQr2` QM i?2 /2i2`KBM�iBQM Q7 Bib BKTQ`i T`B+2b- BX2X i�F2 7Q`2B;M bmTTHB2` s T`B+2
�b 2tQ;2MQmbX a2+QM/- 7Q` i?Bb b?B7i iQ `2T`2b2Mi � i`m2 2tQ;2MQmb BM+`2�b2 QM Bib BKTQ`i
T`B+2b }`K i Kmbi ?�p2 MQ }`K@bT2+B}+ b?Q+F r?B+? BM+`2�b2b i?2 +Qbi Q7 Bib BMTmib �+`Qbb
2p2`v TQbbB#H2 +QK#BM�iBQM Q7 7Q`2B;M@bmTTHB2`- T`Q/m+i �M/ bQm`+2 +QmMi`vXRR �//BiBQM�HHv-
i?Bb bT2+B}+�iBQM Q7 T`B+2 b?B7i Bb ?B;?Hv bmb+2TiB#H2 iQ � �ii`BiBQMX h?Bb Bb- B7 }`K i /Q2b MQi
#mv BM T2`BQ/ t 7`QK i?2 b�K2 bmTTHB2`- i?2 b�K2 T`Q/m+i 7`QK i?2 b�K2 bQm`+2 +QmMi`v Kv
/�i�b2i rBHH MQi `2TQ`i T`B+2 pi,s,p,d,t- �M/ A rBHH BKTmi2 � T`B+2@b?B7i � log pi,s,p,d,t = 0X

:Bp2M i?2 +QM+2`Mb /2b+`B#2/ �#Qp2 A /2}M2 i?2 T`B+2 b?B7i BM 1[m�iBQM Rj �i i?2
7Q`2B;M bmTTHB2` s- T`Q/m+i p �M/ /2biBM�iBQM +QmMi`v dX h?Bb Bb- A /2}M2 bmTTHB2` k �b
k = {s, p, d}

� log ps,p,d,t = log ps,p,d,t � log ps,p,d,t�1

lM/2` i?Bb 2KTB`B+�H bT2+B}+�iBQM- A �bbmK2 i?�i }`K i i�F2b i?2 �p2`�;2 T`B+2 bmTTHB2` s

+?�`;2b 7Q` T`Q/m+i p 7`QK /2biBM�iBQM +QmMi`v d iQ �HH �`;2MiBM2�M }`KbX h?Bb Bb � H2bb
2ti`2K2 �bbmKTiBQM �b Bi /Q2b MQi `2Hv QM �bbmKTiBQMb QM }`K iǶb /B`2+i #2?�pBQ` �M/ Bb
H2bb T`QM2 iQ �ii`BiBQMXRk �TT2M/Bt �Xd T`2b2Mib #�bB+ /2b+`BTiBp2 bi�iBbiB+b Q7 i?Bb b?Q+F
bT2+B}+�iBQMXRj

9 _2bmHib

h?Bb b2+iBQM T`2b2Mib i?2 K�BM `2bmHib Q7 i?2 T�T2`X A bi�`i #v 2biBK�iBM; i?2 BKT�+i Q7 �M
BKTQ`i +Qbi b?Q+F QM }`Kb BKTQ`i2/ [m�MiBiB2b- r?B+? �HHQrb K2 iQ [m�MiB7v i?2 �/DmbiK2Mi
+Qbib QM /QK2biB+ }`KbǶ HBMF�;2b rBi? 7Q`2B;M bmTTHB2`bX h?2M- A 2biBK�i2 i?2 BKT�+i Q7 �M
BKTQ`i +Qbi b?Q+F QM }`KbǶ 2tTQ`i2/ [m�MiBiB2b BM Q`/2` iQ [m�MiB7v i?2 +QKTH2K2Mi�`BiB2b
#2ir22M BKTQ`i2/ BMTmib �M/ 2tTQ`ibX 6BM�HHv- A i2bi r?2i?2` ?B;?@[m�HBiv 2tTQ`ib �`2 KQ`2
b2MbBiBp2 iQ +?�M;2b BM i?2 T`B+2 Q7 BKTQ`i2/ BMTmibX

*QbiHv iQ �/Dmbi BMTmi HBMF�;2bX A bi�`i #v 2biBK�iBM; i?2 BKT�+i Q7 �M BKTQ`i +Qbi
RR6Q` BMbi�M+2- � b?Q+F i?�i BM+`2�b2b }`K iǶb +Qbi Q7 BMi2`M�iBQM�H i`�/2- bm+? �b /Bbi`B#miBQM +QbibX
Rkh?2 H�ii2` Bb /m2 iQ Bi #2BM; KQ`2 HBF2Hv i?�i � bT2+B}+ HBMF #2ir22M /QK2biB+ i �M/ 7Q`2B;M bmTTHB2` s

#`2�Fb i?�M 7Q`2B;M bmTTHB2` s #`2�FBM; �HH Q7 ?2` HBMF�;2b rBi? �`;2MiBM2�M }`KbX
Rj�TT2M/Bt �Xd �HbQ T`2b2Mib i?`22 Qi?2` b?Q+F bT2+B}+�iBQMb BM r?B+? T`B+2b �`2 /2}M2/ �i i?2, UBV

ǳ}`K iǴ@ǳbmTTHB2`Ǵ@ǳT`Q/m+iǴ@ǳbQm`+2Ǵ H2p2H �b /2}M2/ �#Qp2- UBBV �i i?2 ǳ�HH }`Kb 2t+2Ti }`K iǴ@ǳbmTTHB2`Ǵ@
ǳT`Q/m+iǴ@ǳbQm`+2Ǵ H2p2Hc �M/ �i i?2 ǳT`Q/m+iǴ@ǳbQm`+2Ǵ H2p2HX h?Bb H�bi bT2+B}+�iBQM Bb � bi�M/�`/ bT2+B}@
+�iBQM BM i?2 HBi2`�im`2- mb2/ 7Q` BMbi�M+2 #v >mM22mb (kyR3)X _2bmHib �`2 `Q#mbi �+`Qbb bT2+B}+�iBQMb r?B+?
2tTHQBi i?2 bmTTHB2` /BK2MbBQM Q7 i?2 /�i� b2i- #mi MQi i?2 bT2+B}+�iBQM r?B+? +QKTmi2b T`B+2 b?B7ib �i i?2
ǳT`Q/m+iǴ@ǳbQm`+2Ǵ H2p2HX
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b?Q+F QM }`KbǶ BKTQ`i2/ BMTmibX hQ /Q bQ- A 2biBK�i2 i?2 7QHHQrBM; `2;`2bbBQM

lnQIi,p,d,t = ↵0 + �i,p,d + �t + �Ma?Q+Fi,t + �i,p,d,t + ✏i,p,d,t UR9V

r?2`2 lnQIi,p,d,t+j `2T`2b2Mi i?2 HQ; Q7 iQi�H [m�MiBiB2b BKTQ`i2/ #v }`K i Q7 T`Q/m+i p-
7`QK bQm`+2 +QmMi`v d BM v2�` t + j 7Q` j 2 {0, 1}- �i,p,d Bb � }`K @ T`Q/m+i@ bQm`+2 +QmMi`v
}t2/ 2z2+i- �t Bb � iBK2 }t2/ 2z2+i- a?Q+Fi,t Bb i?2 b?Q+F +QMbi`m+i2/ BM a2+iBQM j- �M/
�i,p,d,t Bb � b2i Q7 +QMi`QHb r?B+? BM+Hm/2 H�;;2/ p�Hm2b Q7 a?Q+Fi,t �M/ lnQIi,tX S�`�K2i2` �M

`2T`2b2Mib BKTQ`i2/ [m�MiBiB2b b2KB@2H�biB+Biv iQ �M BKTQ`i +Qbi b?Q+FX h?2 bi�M/�`/ 2``Q`b
Q7 i?2 2biBK�i2/ T�`�K2i2`b �`2 +QKTmi2/ mbBM; irQ@r�v +Hmbi2`BM;- �i i?2 }`K i �M/ bQm`+2
+QmMi`v d H2p2HXR9

h�#H2 R T`2b2Mib 2biBK�i2/ p�Hm2b Q7 �M QM BKT�+i �i iBK2 t- �M/ 7Q` i?2 v2�` �7i2`
i?2 b?Q+F- iBK2 T2`BQ/ t + 1X *QHmKM URV b?Qrb i?�i i?2 2biBK�i2/ +Q2{+B2Mi 7Q` v2�` t Bb

h�#H2 R, *Qbi a?Q+Fb �M/ AKTQ`i2/ Zm�MiBiB2b kyyR @ kyy3

GQ; @ Zm�MiBiB2b AKTQ`i2/ @ lnQi,p,d,t+j

URV UkV
S2`BQ/ t S2`BQ/ t+ 1

�M � a?Q+Fi,t @yXjy8   @yXy9e8
UyXy9N3V UyXy8dNV

P#b2`p�iBQMb j89-8j3 kj9-dyN
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQIi,p,d,t- BKTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX

M2;�iBp2 �M/ bi�iBbiB+�HHv bB;MB}+�Mi /Bz2`2Mi 7`QK x2`QX AM i2`Kb Q7 K�;MBim/2- � TQbBiBp2
QM2 bi�M/�`/ /2pB�iBQM BKTQ`i@+Qbi@b?Q+F U24.4%V H2�/b iQ � `2/m+iBQM BM }`KbǶ BKTQ`i2/
[m�MiBiB2b Q7 dX99W �i i?2 T`Q/m+i@bQm`+2 +QmMi`v H2p2HX >Qr2p2`- i?2 BKT�+i Q7 �M BKTQ`i@
+Qbi@b?Q+F QM BKTQ`i2/ [m�MiBiB2b Bb b?Q`i HBp2/X *QHmKM UkV b?Qrb i?�i �M BKTQ`i +Qbi
b?Q+F BM T2`BQ/ t /Q2b MQi T`2/B+i HQr2` BKTQ`i2/ [m�MiBiB2b BM T2`BQ/ t+1X h?mb- �M BKTQ`i
+Qbi b?Q+F H2�/b iQ � i`�MbBiQ`v `2/m+iBQM BM }`KǶb BKTQ`i2/ [m�MiBiB2bX h?Bb `2bmHi Bb BM
HBM2 rBi? i?2 T`2b2M+2 Q7 +QbiHv iQ �/Dmbi HBMF�;2b �M/ BKT2`72+i bm#biBimiBQM �+`Qbb }`KbǶ
7Q`2B;M bmTTHB2`bX

R9h?2 `2�bQMBM; #2?BM/ i?Bb +Hmbi2`BM; bi`�i2;v Bb irQ7QH/X 6B`bi- i?2 +QMbi`m+i2/ 2tQ;2MQmb b?Q+Fb �`2
/2}M2/ �i i?2 }`K H2p2H- i?mb Bi BKTHB2b +Hmbi2`BM; �i i?2 i`2�iK2Mi H2p2H mMBiX a2+QM/- A r�Mi iQ BM+Q`TQ`�i2
bQm`+2 +QmMi`v H2p2H BM7Q`K�iBQMX
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"2M+?K�`F 2tTQ`ib `2bmHibX 6QHHQrBM; i?2 �M�HvbBb QM BKTQ`i2/ [m�MiBiB2b- A im`M iQ
�M�HvxBM; i?2 BKT�+i Q7 � BKTQ`i +Qbi b?Q+Fb QM }`Kb 2tTQ`i T2`7Q`K�M+2X hQ /Q bQ- A
2biBK�i2 i?2 7QHHQrBM; `2;`2bbBQM

lnQXi,p,d,t = ↵0 + �i,p,d + �t + �Xa?Q+Fi,t + �i,p,d,t + ✏i,p,d,t UR8V

r?2`2 lnQXi,p,d,t `2T`2b2Mib i?2 HQ; [m�MiBiB2b 2tTQ`i2/ �i i?2 }`K i- T`Q/m+i p- /2biBM�iBQM
+QmMi`v d H2p2H �i v2�` t+ j 7Q` j = {0, 1, 2}c �i,p,d `2T`2b2Mib }`K@T`Q/m+i@/2biBM�iBQM }t2/
2z2+ib- �t Bb � iBK2 }t2/ 2z2+i- �M/ �i,p,d,t +QMi`QH p�`B�#H2b r?B+? BM+Hm/2 H�;;2/ p�Hm2b Q7
i?2 Qmi+QK2 p�`B�#H2 �M/ i?2 a?Q+Fi,tX S�`�K2i2` �X `2T`2b2Mib 2tTQ`i2/ [m�MiBiB2b b2KB@
2H�biB+Biv iQ �M BKTQ`i +Qbi b?Q+FX

h�#H2 k T`2b2Mib 2biBK�i2/ p�Hm2b Q7 �X 7Q` T2`BQ/b t, t+1 �M/ t+2X *QHmKMb URV iQ
UjV T`2b2Mi i?2 `2bmHib 7Q` T2`BQ/b t- t+1 �M/ t+2 `2bT2+iBp2HvX � TQbBiBp2 BKTQ`i +Qbi b?Q+Fb
H2�/ iQ T2`bBbi2Mi �M/ bB;MB}+�MiHv HQr2` 2tTQ`i2/ [m�MiBiB2bX AKTQ`i +Qbi b?Q+Fb +�mb2 �

h�#H2 k, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2

GQ; @ Zm�MiBiB2b 1tTQ`i2/ @ lnQi,p,d

URV UkV UjV
S2`BQ/ t S2`BQ/ t+ 1 S2`BQ/ t+ 2

�X � a?Q+Fi,t @yXydRR  @yXR9e   @yXRR3 
UyXyjkyV UyXy9RyV UyXyee3V

P#b2`p�iBQMb Re3-eR8 Ryd-R9N eN-jNR
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX

M2;�iBp2 ?mKT@b?�T2/ `2bTQMb2 Q7 2tTQ`i2/ [m�MiBiB2bX AM i2`Kb Q7 K�;MBim/2- � TQbBiBp2
QM2 bi�M/�`/ /2pB�iBQM b?Q+F U24.4%V H2�/b iQ � /`QT BM 2tTQ`i2/ [m�MiBiB2b Q7 RXNyW T2`BQ/
t- kX99W BM t + 1 �M/ kXRW BM t + 2X h?2b2 `2bmHib BKTHv � bi`QM; BKTQ`i2/@BMTmi iQ 2tTQ`i
+QKTH2K2Mi�`Biv- �b i?2 2biBK�i2/ +Q2{+B2Mib BM h�#H2 R �M/ k BKTHv i?�i � `2/m+iBQM BM
BKTQ`i2/ [m�MiBiB2b Q7 RyW H2�/ iQ � `2/m+iBQM BM 2tTQ`i2/ [m�MiBiB2b #2ir22M kXjW �M/
9X3WX h?Bb p�HB/�i2b i?2 i?2Q`2iB+�H T`2/B+iBQM BM a2+iBQM k i?�i ?B;?2` K�`;BM�H +Qbib H2�/
iQ � `2/m+iBQM Q7 2tTQ`i2/ [m�MiBiB2bX

h?2 T2`bBbi2M+2 Q7 i?2 BKT�+i Q7 �M BKTQ`i2/ +Qbi b?Q+F Bb MQi2rQ`i?vX h?2 7�+i
i?�i i?2 2biBK�i2/ +Q2{+B2Mi 7Q` T2`BQ/ t+1 Bb ;`2�i2` i?�M i?2 QM2 7Q` T2`BQ/ t K�v #2 /`Bp2M

Rj



#v H�;b Q` i2KTQ`�H +QMbB/2`�iBQMb BM i?2 T`Q+2bb Q7 T`Q/m+iBQM �M/ 2tTQ`iBM;X AKTQ`i2/
BMTmib r?B+? �``Bp2 �i +mbiQKb BM v2�` t K�v #2 mb2/ BM i?2 T`Q/m+iBQM Q7 ;QQ/b 2tTQ`i2/
i?`Qm;? i?2 b�K2 +mbiQKb BM v2�` t+1X L2p2`i?2H2bb- i?2 7�+i i?�i i?2 BMBiB�H b?Q+F H2�/b iQ
HQr2` 2tTQ`i2/ [m�MiBiB2b irQ v2�`b BMiQ i?2 7mim`2 bm;;2bi i?�i 7`B+iBQMb BM i?2 K�`F2i 7Q`
bmTTHB2`b �HbQ TH�v � bB;MB}+�Mi `QH2X AM Qi?2` rQ`/b- i?2 bHQr �M/ +QbiHv iQ �/Dmbi 7Q`2B;M
bmTTHB2` HBMF�;2b MQi QMHv +�mb2 � /`QT QM BKT�+i- #mi �HbQ H2�/b iQ T2`bBbi2MiHv HQr2` 2tTQ`i
T2`7Q`K�M+2 �+`Qbb iBK2X h?Bb `2bmHi T`QpB/2b 7m`i?2` 2pB/2M+2 QM /QK2biB+ }`KbǶ +QbiHv iQ
�/Dmbi HBMF�;2b rBi? 7Q`2B;M bmTTHB2`bX

_2bmHib 7Q` ?B;?@[m�HBiv 2tTQ`ibX G�biHv- A i2bi i?2 i?2Q`2iB+�H T`2/B+iBQM i?�i 2tTQ`ib iQ
+QMbmK2`b rBi? ?B;?2` HQp2 7Q` [m�HBiv �`2 KQ`2 b2MbBiBp2 iQ BKTQ`i2/ +Qbi b?Q+FbX >Qr2p2`-
i?2 2tTQ`i /�i� /Q2b MQi T`QpB/2 /B`2+i 2pB/2M+2 Q7 2Bi?2` T`Q/m+iǶb [m�HBiv Q` +QMbmK2`b
HQp2 7Q` [m�HBivX h?mb- iQ i2bi i?Bb i?2Q`2iB+�H T`2/B+iBQM A 2biBK�i2 1[m�iBQM R8 T�`iBiBQMBM;
i?2 b�KTH2 �+`Qbb irQ /BK2MbBQMb, UBV T`Q/m+i /Bz2`2MiB�iBQM �M/ UBBV /2biBM�iBQM +QmMi`B2bǶ
BM+QK2 T2` +�TBi� H2p2HbX

�`;2MiBM�Ƕb 2tTQ`i #mM/H2 Bb T`BK�`BHv +QKTQb2/ Q7 +QKKQ/Biv Q` +QKKQ/Biv@
#�b2/ ;QQ/bXR8 6Q` BMbi�M+2- "2`MBMB 2i �HX (kyR3) b?Qr i?�i mM/2` /Bz2`2Mi ;QQ/ +H�bbB}+�@
iBQMb �M/ �+`Qbb iBK2- �`QmM/ eyW Q7 �`;2MiBM�Ƕb 2tTQ`ib �`2 mM/Bz2`2MiB�i2/ Q` +QKKQ/Biv
#�b2/ ;QQ/bX � T`BQ`B- Bi Bb 2tT2+i2/ i?�i T`Q/m+ib r?B+? BMpQHp2 � ?B;?2` /2;`22 Q7 /B7@
72`2MiB�iBQM �M/ +mbiQKBx�iBQM �`2 Q7 � ?B;?2` [m�HBiv �M/ KQ`2 2tTQb2/ iQ BKTQ`i2/ BMTmi
+Qbi b?Q+FbX hQ i2bi i?2 KQ/2H T`2/B+iBQM i?�i 2tTQ`ib iQ +QMbmK2`b rBi? ?B;?2` HQp2 7Q`
[m�HBiv �`2 KQ`2 b2MbBiBp2 iQ BKTQ`i +Qbi b?Q+Fb- A T�`iBiBQM i?2 b�KTH2 mbBM; irQ /Bz2`2Mi
T`Q/m+i +H�bbB}+�iBQMb, UBV "2`MBMB 2i �HX (kyR3) +H�bbB}+�iBQM #2ir22M /Bz2`2MiB�i2/ �M/ mM@
/Bz2`2MiB�i2/ ;QQ/b- UBBV _�m+? (RNNN) +H�bbB}+�iBQM #2ir22M mM/Bz2`2MiB�i2/ Q` rQ`H/ T`B+2/
;QQ/b �M/ /Bz2`2MiB�i2/ ;QQ/bXRe h?2 7Q`K2` +H�bbB}+�iBQM r�b bT2+B}+�HHv +QMbi`m+i2/ 7Q`
i?2 �`;2MiBM2�M +�b2- r?BH2 i?2 H�ii2` +H�bbB}+�iBQM ?�b #22M rB/2Hv mb2/ #v i?2 HBi2`�im`2
BM BMi2`M�iBQM�H i`�/2X

h�#H2 j T`2b2Mib 2biBK�i2/ p�Hm2b Q7 �X 7Q` /Bz2`2MiB�i2/ �M/ mM/Bz2`2MiB�i2/
;QQ/bX h?2 iQT T�M2H b?Qrb i?2 `2bmHib mbBM; i?2 "2`MBMB 2i �HX (kyR3) +H�bbB}+�iBQM- r?BH2

R8�++Q`/BM; iQ lL*h�. +QKKQ/Biv /2T2M/2M+2 `2TQ`i- �`;2MiBM� Bb � +QmMi`v r?B+? /2T2M/b ?2�pBHv QM
�;`B+mHim`�H +QKKQ/Biv ;QQ/bX a22- ?iiTb,ffmM+i�/XQ`;fr2#7Hv2`fbi�i2@+QKKQ/Biv@/2T2M/2M+2@kyRN

Reh?2 ;QQ/ +H�bbB}+�iBQM BMi`Q/m+2/ #v _�m+? (RNNN) Bb +QKTQb2/ Q7 irQ +H�bbB}+�iBQMb- +QMb2`p�iBp2 �M/
HB#2`�H- BMiQ i?`22 /Bz2`2Mi ivT2 Q7 ;QQ/b- rQ`H/@T`B+2/ ;QQ/b- `272`2M+2 T`B+2/ ;QQ/b �M/ /Bz2`2MiB�i2/ ;QQ/bX
h?2 `2bmHib T`2b2Mi2/ BM i?Bb b2+iBQM 7QHHQr i?2 HB#2`�H ;QQ/ +H�bbB}+�iBQM �Hi?Qm;? `2bmHib �`2 `Q#mbi iQ mbBM;
i?2 +QMb2`p�iBp2 +H�bbB}+�iBQMX 6m`i?2`KQ`2- A /2}M2 /Bz2`2MiB�i2/ ;QQ/b �b i?2 +QK#BM�iBQM Q7 i?2 `272`2M+2
T`B+2/ �M/ /Bz2`2MiB�i2/ ;QQ/b �M/ MQM@/Bz2`2MiB�i2/ ;QQ/b �b i?2 rQ`H/ T`B+2/ ;QQ/bX _2bmHib ?QH/ B7 A
i�F2 � KQ`2 T`m/2Mi bi�M+2 �M/ +QMbB/2` QMHv /Bz2`2MiB�i2/ ;QQ/bX
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h�#H2 j, AKTQ`i *Qbi a?Q+F � 1tTQ`i S2`7Q`K�M+2
.Bz2`2MiB�i2/ :QQ/b

"2`MBMB 2i �HX (kyR3) @ GQ; @ Zm�MiBiB2b 1tTQ`i2/ @ lnQi,p,d

S2`BQ/ t S2`BQ/ t+ 1 S2`BQ/ t+ 2

D U D U D U

URV UkV UjV U9V U8V UeV
�X � a?Q+Fi,t @yXy38e  @yXy8R3 @yXRe3   @yXyddk @yXRek  @yXRk3

UyXy9k8V UyXy9j9V UyXy83RV UyXR83V UyXyde9V UyXyNjRV

P#b2`p�iBQMb RRe-d9j j9-jk9 dj-j8N kk-j9y 9d-yRj R9-3ee
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

_�m+? (RNNN) @GQ; @ Zm�MiBiB2b 1tTQ`i2/ @ lnQi,p,d

S2`BQ/ t S2`BQ/ t+ 1 S2`BQ/ t+ 2

D U D U D U

URV UkV UjV U9V U8V UeV
�X � a?Q+Fi,t @yXydR9  yXyRje @yXR8N   yXy3dj @yXR9y @yXyyy383

UyXyjj3V UyXye3dV UyXy9j3V UyXR3yV UyXyd99V UyXR83V

P#b2`p�iBQMb R8R-yj8 3-N8j N8-dN8 8-djj ek-yk9 j-e3e
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX

i?2 #QiiQK T�M2H b?Qrb i?2 `2bmHib mbBM; i?2 _�m+? (RNNN) +H�bbB}+�iBQMX �+`Qbb T`Q/m+i
+H�bbB}+�iBQMb- � TQbBiBp2 BKTQ`i +Qbi b?Q+F H2�/b iQ � T2`bBbi2Mi /`QT BM 2tTQ`i2/ [m�MiBiB2b
Q7 /Bz2`2MiB�i2/ ;QQ/bX PM i?2 QM2 ?�M/- i?2 iQT T�M2H b?Qrb i?�i i?2 2biBK�i2/ +Q2{+B2Mi
7Q` 2tTQ`i2/ [m�MiBiB2b Q7 /Bz2`2MiB�i2/ ;QQ/b Bb #2ir22M R8W �M/ jdW ;`2�i2` i?�M i?Qb2
7QmM/ 7Q` i?2 7mHH b�KTH2 BM h�#H2 k- �+`Qbb iBK2 ?Q`BxQMbXRd PM i?2 Qi?2` ?�M/- i?2 2biBK�i2/
+Q2{+B2Mib 7Q` mM/Bz2`2MiB�i2/ T`Q/m+ib �`2 MQi bB;MB}+�MiHv /Bz2`2Mi 7`QK x2`Q �+`Qbb �Mv
Q7 i?2 iBK2 T2`BQ/bX

h?2 7�+i i?�i 2tTQ`i2/ [m�MiBiB2b Q7 /Bz2`2MiB�i2/ ;QQ/b �`2 KQ`2 b2MbBiBp2 iQ BK@
TQ`i +Qbi b?Q+Fb i?�M i?Qb2 Q7 mM/Bz2`2MiB�i2/ ;QQ/b Bb BM HBM2 rBi? i?2 i?2Q`2iB+�H T`2/B+iBQMb
BM a2+iBQM kX hQ T`QpB/2 �//BiBQM�H 2pB/2M+2 i?�i 2tTQ`ib iQ +QMbmK2`b rBi? ?B;?2` HQp2 7Q`

RdlM/2` i?2 _�m+? (RNNN) +H�bbB}+�iBQM- i?2 2biBK�i2/ +Q2{+B2Mib �`2 #2ir22M yX8W �M/ keW �+`Qbb iBK2
T2`BQ/bX
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[m�HBiv �`2 KQ`2 b2MbBiBp2 iQ BKTQ`i +Qbi b?Q+Fb A +�``v Qmi � b�KTH2 T�`iBiBQM 2t2`+Bb2 �+`Qbb
/2biBM�iBQM +QmMi`B2bX AM T�`iB+mH�`- A T�`iBiBQM +QmMi`B2b �+`Qbb i?2B` BM+QK2 H2p2Hb #�b2/
QM 2pB/2M+2 i?�i ǳ>B;?@AM+QK2Ǵ +QmMi`B2b /2K�M/BM; ?B;?2` [m�HBiv T`Q/m+ibXR3 h?2 T�`@
iBiBQM Bb +�``B2/ Qmi mbBM; i?2 AJ6Ƕb qQ`H/ 1+QMQKB+ PmiHQQF T�`iBiBQM #2ir22M �/p�M+2/
1+QMQKB2b U�/pXV �M/ 1K2`;BM; Q` LQM@�/p�M+2/ 1+QMQKB2b U1JVX

h?2 iQT T�M2H Q7 h�#H2 9 T`2b2Mib i?2 2biBK�i2/ +Q2{+B2Mib 7Q` �X Q7 i?Bb b2+QM/
b�KTH2 T�`iBiBQM 2t2`+Bb2 7Q` �HH 2tTQ`ibX 6Q` �HH iBK2 T2`BQ/b i?2 2biBK�i2/ b2KB@2H�biB+Biv
7Q` 2tTQ`i2/ [m�MiBiB2b iQ ǳ�/p�M+2/@1+QMQKB2bǴ Bb ?B;?2` i?�M i?�i 2biBK�i2/ 7Q` 2tTQ`i2/
[m�MiBiB2b iQ ǳ1K2`;BM;@1+QMQKB2bǴX PM i?2 QM2 ?�M/- i?2 2biBK�i2/ +Q2{+B2Mib 7Q` 2t@

h�#H2 9, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
"v .2biBM�iBQM *QmMi`vǶb AM+QK2

GQ; @ Zm�MiBiB2b 1tTQ`i2/ @ 6mHH a�KTH2 @ lnQi,p,d

S2`BQ/ t S2`BQ/ t+ 1 S2`BQ/ t+ 2

�/pX 1J �/pX 1J �/pX 1J
URV UkV UjV U9V U8V UeV

�X � a?Q+Fi,t @yXRdj   @yXy93d @yXRN9  @yXR9d   @yXRdR @yXRRN
UyXy83kV UyXyjkeV UyXydRdV UyXy8ykV UyXRyRV UyXyd3dV

P#b2`p�iBQMb kN-R89 RjN-993 Rd-Nky 3N-kkd RR-8R9 8d-3d8
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

GQ; @ Zm�MiBiB2b 1tTQ`i2/ @ .Bz2`2MiB�i2/ :QQ/b @ lnQi,p,d

S2`BQ/ t S2`BQ/ t+ 1 S2`BQ/ t+ 2

�/pX 1J �/pX 1J �/pX 1J
URV UkV UjV U9V U8V UeV

�X � a?Q+Fi,t @yXkRk   @yXydRN @yXkNN  @yXR8d  @yXkjN @yXReR 
UyXyeRNV UyXy9NeV UyXRk8V UyXye3jV UyXR9RV UyXy3ekV

P#b2`p�iBQMb R3-8eN N3-Ree RR-yNR ek-ke3 e-N8k 9y-yeR
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX h?2 #QiiQK T�M2H T�`iBiBQMb i?2
b�KTH2 #2ir22M /Bz2`2MiB�i2/ �M/ mM/Bz2`2MiB�i2/ ;QQ/b mbBM; i?2 "2`MBMB 2i �HX (kyR3) +H�bbB}+�iBQMX

TQ`i2/ [m�MiBiB2b iQ �/p�M+2/ 1+QMQKB2b �`2 M2;�iBp2 �M/ bi�iBbiB+�HHv bB;MB}+�Mi 7`QK x2`Q
R3a22 7Q` >�HH�F �M/ a+?Qii (kyRR)- "�biQb 2i �HX (kyR3) 7Q` 2t�KTH2X

Re



7Q` �HH iBK2 T2`BQ/bX h?2 2biBK�i2/ b2KB@2H�biB+BiB2b �`2 #2ir22M 32% �M/ 243% ;`2�i2` i?�M
i?Qb2 2biBK�i2/ 7Q` i?2 7mHH #2M+?K�`F b�KTH2X h?2b2 2biBK�i2/ +Q2{+B2Mib BKTHv i?�i �M
BKTQ`i +Qbi b?Q+F r?B+? /2+`2�b2b BKTQ`i2/ [m�MiBiB2b #v RyW- /2+`2�b2b 2tTQ`i2/ [m�MiB@
iB2b #v `Qm;?Hv eX9WX PM i?2 Qi?2` ?�M/- i?2 BKT�+i Q7 �M BKTQ`i +Qbi b?Q+F QM 2tTQ`i2/
[m�MiBiB2b iQ 1K2`;BM; 1+QMQKB2b Bb QMHv bB;MB}+�MiHv /Bz2`2Mi 7`QK x2`Q 7Q` T2`BQ/ t + 1

�M/ rBi? � `2H�iBp2Hv HQr2` K�;MBim/2 iQ i?�i 2biBK�i2/ 7Q` 2tTQ`ib iQ �/p�M+2/ 1+QMQKB2bX

h?2 #QiiQK T�M2H Q7 h�#H2 9 T`2b2Mib i?2 2biBK�i2b Q7 �X T�`iBiBQMBM; i?2 b�KTH2
7Q` 2tTQ`ib Q7 /Bz2`2MiB�i2/ ;QQ/bX AM HBM2 rBi? i?2 T`2/B+iBQM Q7 i?2 KQ/2H- i?2 2biBK�i2/
+Q2{+B2Mib �`2 M2;�iBp2- ;`2�i2` BM K�;MBim/2 iQ i?2 #2M+?K�`F `2bmHib- �M/ bB;MB}+�MiHv
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?B;?@BM+QK2 +QmMi`B2b 2t?B#Bi �M 2biBK�i2/ b2KB@2H�biB+Biv irB+2 �b #B; �b i?2 #2M+?K�`F
`2bmHib BM HBM2 rBi? i?2 KQ/2HǶb T`2/B+iBQMbX

h?Bb T�T2` b?2/ HB;?i QM i?2 BM?2`2Mi 7`B+iBQMb BM i?2 K�`F2i 7Q` BKTQ`i2/ BMTmibX
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HBMF�;2b- �M/ T`QpB/2 2pB/2M+2 Q7 bi`QM; +QKTH2K2Mi�`BiB2b #2ir22M BKTQ`i2/ BMTmib �M/
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J�`B� "�b �M/ o�M2bb� ai`�mbb@E�?MX AMTmi@i`�/2 HB#2`�HBx�iBQM- 2tTQ`i T`B+2b �M/ [m�HBiv
mT;`�/BM;X CQm`M�H Q7 AMi2`M�iBQM�H 1+QMQKB+b- N8UkV,k8yĜkek- kyR8X
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i`�/2X �p�BH�#H2 �i aa_L jyNee38- kyReX

lLX ai�i2 Q7 *QKKQ/Biv .2T2M/2M+2 kyRNX lL*h�.- kyRNX

ky



� �TT2M/Bt

�XR JQ/2H .2i�BHb

h?Bb b2+iBQM Q7 i?2 �TT2M/Bt T`2b2Mib �//BiBQM�H /2i�BHb QM i?2 KQ/2H T`2b2Mi2/ BM a2+iBQM
kX A bi�`i #v /2b+`B#BM; }`K iǶb T`Q/m+iBQM HBM2 d T`Q}i K�tBKBx�iBQM T`Q#H2K

�XRXR 6B`KbǶ S`Q}i J�tBKBx�iBQM � 6P*b

S`Q}i J�tBKBx�iBQMX 6B`K iǶb T`Q/m+iBQM HBM2 dǶb T`Q}i K�tBKBx�iBQM T`Q#H2K +�M #2
bi�i2/ �b
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�i,d,xi,d,pi,d
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�XRXk 6B`KbǶ S`Q}i J�tBKBx�iBQM � aP*b
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@2⇡

@x2
i,d

< 0

@2⇡

@�2
i,d

< 0

@2⇡

@x2
i,d

@2⇡

@�2
i,d

�
✓

@2⇡

@xi,d�i,d

◆2

> 0

6B`bi- T`QpBM; i?�i @2⇡
@x2

i,d
< 0 Bb bi`�B;?i7Q`r�`/ �b

@2⇡

@x2
i,d

= �1

⇢
x
� 1

⇢�1

i,d ⇥ �
(⇢�1)⇣d

⇢

i,d


⇢� 1

⇢
y

1
⇢

d Pd

�
< 0

�b ⇢ > 1 �M/ �1/⇢ < 0X

a2+QM/- A M22/ iQ /2i2`KBM2 mM/2` r?B+? +QM/BiBQMb @2⇡
@�2

i,d
< 0X h?Bb b2+QM/ /2`Bp�iBp2 Bb

;Bp2M #v

@2⇡

@�2
i,d

= x
1� 1

⇢

i,d ⇥ �
(⇢�1)⇣d�2

⇢

i,d ⇣d


(⇢� 1)

⇢
⇣d � 1

� 
⇢� 1

⇢
y

1
⇢

d Pd

�

:Bp2M i?�i xi,d,�i,d, ⇣d > 0 �M/ ⇢ > 1- 7Q` @2⇡
@�2

i,d
< 0- � M2+2bb�`v +QM/BiBQM Bb i?�i

(⇢� 1)

⇢
⇣d � 1 < 0 UjyV

r?B+? BKTHB2b

⇣d <
⇢

⇢� 1
UjRV

kj



LQi2 i?�i B7 (⇢�1)
⇢ ⇣d � 1 < 0 Bb b�iBb}2/- i?2M +QM/BiBQM (⇢� 1) ⇣d � 1 < 0 Bb �HbQ b�iBb}2/ �b

⇢ > 1X

h?2 T�`iB�H /2`Bp�iBp2b @2⇡
@xi,d�i,d

�`2 2[m�H iQ

@2⇡

@xi,d�i,d
=


⇢� 1

⇢
y

1
⇢

d Pd

�✓
⇢� 1

⇢

◆
⇣dx

� 1
⇢

i,d �
⇣

⇢�1
⇢

⌘
⇣d�1

r?B+? Bb bi`B+iHv TQbBiBp2 �b ⇢ > 1X

L2ti- A im`M iQ i2bi mM/2` r?B+? +QM/BiBQMb i?2 H�bi Q7 i?2 b2+QM/ Q`/2` +QM/BiBQMb Q7 i?2
T`Q}i K�tBKBx�iBQM T`Q#H2K �`2 K2iX h?Bb Bb

@2⇡

@x2
i,d

@2⇡

@�2
i,d

�
✓

@2⇡

@xi,d�i,d

◆2

> 0

hQ #2;BM rBi?- A +QKTmi2 i?2 b[m�`2 Q7 i?2 +`Qbb T�`iB�H /2`Bp�iBp2b
✓

@2⇡

@xi,d�i,d

◆2

=


⇢� 1

⇢
y

1
⇢

d Pd

�2✓⇢� 1

⇢

◆2

⇣2dx
� 2

⇢

i,d �
⇣
2 ⇢�1

⇢

⌘
⇣d�2

L2ti- A +QKTmi2 i?2 T`Q/m+i Q7 i?2 b2+QM/ Q`/2` /2`Bp�iBp2b Q7 i?2 T`Q}i 7mM+iBQM rBi?
`2bT2+i iQ xi,d �M/ �i,d

@2⇡

@x2
i,d

@2⇡

@�2
i,d

=


⇢� 1

⇢
y

1
⇢

d Pd

�2
⇥
✓
�1

⇢

◆
⇣d ⇥

✓
⇢� 1

⇢

◆
⇣d � 1

�
⇥ x

� 2
⇢

i,d ⇥ �
2
⇣

⇢�1
⇢

⌘
⇣d�2

i,d

h?2 2tT`2bbBQMb 7Q`
⇣

@2⇡
@xi,d�i,d

⌘2
�M/ @2⇡

@x2
i,d

@2⇡
@�2

i,d
b?�`2 i?2 i2`Kb


⇢� 1

⇢
y

1
⇢

d Pd

�2
⇥ x

� 2
⇢

i,d ⇥ �
2
⇣

⇢�1
⇢

⌘
⇣d�2

i,d ⇣d

r?B+? +�M #2 7�+iQ`2/ QmiX h?mb- 7Q` +QM/BiBQM @2⇡
@x2

i,d

@2⇡
@�2

i,d
�
⇣

@2⇡
@xi,d�i,d

⌘2
> 0 iQ #2 b�iBb}2/- Bi

Kmbi #2 i?2 +�b2 i?�i
(✓

�1

⇢

◆✓
⇢� 1

⇢

◆
⇣d � 1

�
�
✓
⇢� 1

⇢

◆2

⇣d

)
> 0

h?Bb +QM/BiBQM +�M #2 `2@r`Bii2M �b
(
� (⇢� 1) ⇣d + ⇢

⇢2
� (⇢� 1)2 ⇣d

⇢2

)
> 0

i�FBM; i?2 /2MQKBM�iQ` ⇢2 Qmi Q7 i?2 #`�+F2ib �b ⇢ > 1- i?2 +QM/BiBQM MQr #2+QK2b

� (⇢� 1) ⇣d + ⇢� (⇢� 1)2 ⇣d > 0

k9



:`QmTBM; iQ;2i?2` i?2 i2`Kb (⇢� 1) ⇣d- i?2 +QM/BiBQM #2+QK2b

(⇢� 1) ⇣d [�1� (⇢� 1)] + ⇢ > 0

(⇢� 1) ⇣d ⇥ [�⇢] + ⇢ > 0

q?B+? }M�HHv +�M #2 2tT`2bb2/ �b

⇢� (⇢� 1) ⇣d ⇥ ⇢ > 0

⇢ (1� (⇢� 1) ⇣d) > 0

h?2M- �b HQM; �b

(⇢� 1) ⇣d < 1

h?2 b2+QM/ Q`/2` +QM/BiBQMb �`2 b�iBb}2/X >Qr2p2`- MQi2 i?�i i?Bb +QM/BiBQM Bb H2bb #BM/BM;
i?�i i?2 +QM/BiBQM M2+2bb�`v 7Q` i?2 b2+QM/ Q`/2` /2`Bp�iBp2 @2⇡

@�2
i,d

iQ #2 b�iBb}2/X
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�XRXj JQ/2H 62�im`2b

AM i?Bb bm#b2+iBQM Q7 i?2 �TT2M/Bt A +�``v Qmi MmK2`B+�H bBKmH�iBQM `2bmHib iQ �M�Hvx2 BM
/2i�BH i?2 2+QMQKB+b Q7 i?2 KQ/2H T`2b2Mi2/ BM a2+iBQM kX h?2 ;Q�H Q7 i?2b2 MmK2`B+�H
2t2`+Bb2b Bb MQi iQ [m�MiBi�iBp2Hv K�i+? �HH 72�im`2b Q7 i?2 /�i� #mi iQ /BbTH�v i?2 KQ/2HǶb
K�BM K2+?�MBbKb �i rQ`FX

6Q` bBKTHB+Biv- A �bbmK2 i?�i i?2`2 �`2 QMHv irQ /2biBM�iBQM 2tTQ`i K�`F2ib- �
`2H�iBp2Hv `B+?2` /2biBM�iBQM +QmMi`v- /2MQi2/ +QmMi`v ǳRǴ- �M/ � `2H�iBp2Hv TQQ`2` /2biBM�iBQM
+QmMi`v- /2MQi2/ +QmMi`v ǳPǴX �//BiBQM�HHv- A BMi`Q/m+2 � /QK2biB+ K�`F2i r?B+? 2Mi�BHb MQ
}t2/ +Qbib Q7 2tTQ`iBM; r?B+? A H�#2H +QmMi`v ǳDǴXRN h?2 iBK2 7`2[m2M+v Bb �MMm�H iQ K�i+?
i?2 /�i� mb2/ BM T`2pBQmb b2+iBQMbX hQ #2;BM rBi?- A /2b+`B#2 }`KǶb 2tTQ`i T2`7Q`K�M+2 7Q`
/Bz2`2Mi H2p2Hb Q7 B/BQbvM+`�iB+ p�`B�#H2b {zi, ⇠i} �M/ 7Q` /Bz2`2Mi p�Hm2b Q7 7Q`2B;M bmTTHB2`
2{+B2M+v cjX

A bi�`i #v b?QrBM; ?Qr }`KbǶ 2tTQ`i b+QT2 /2T2M/ QM #Qi? }`KbǶ {zi, ⇠i} �M/
7Q`2B;M bmTTHB2`Ƕb 2{+B2M+vX 6B;m`2 T`2b2Mib i?2 `2bmHiX h?2 H27i T�M2H Q` 6B;m`2 R� b?Qrb
i?2 }`KbǶ 2tTQ`i b+QT2 r?2M K�i+?2/ rBi? � ?B;?@2{+B2M+v 7Q`2B;M bmTTHB2`- BX2X- HQr cjX
h?2 KQ/2H b?Qrb i?�i � H�`;2 b?�`2 Q7 }`Kb /Q MQi 2tTQ`i �i �HH U/�`F #Hm2 �`2�V- � bm#b2i
Q7 }`Kb 2tTQ`i QMHv iQ QM2 /2biBM�iBQM Uǳ*QmMi`v PǴ �M/ ǳ*QmMi`v RǴV- �M/ �MQi?2` bm#b2i
Q7 }`Kb 2tTQ`ib iQ #Qi? /2biBM�iBQM +QmMi`B2b bBKmHi�M2QmbHvX 6B`Kb rBi? #Qi? HQr {zi, ⇠i}
/Q MQi 2tTQ`i �i �HH �M/ Dmbi b2`p2 i?2 /QK2biB+ K�`F2i U/�`F #Hm2 �`2�VX 6B`Kb rBi? �
KQ/2`�i2Hv ?B;? zi #mi HQr ⇠i �`2 QMHv �#H2 iQ 2tTQ`i iQ ǳ*QmMi`v PǴ �b i?2v �`2 MQi �#H2
iQ T`Q/m+2 � bB;MB}+�MiHv ?B;?@[m�HBiv T`Q/m+i iQ T`Q}i�#Hv b2`p2 ǳ*QmMi`v RǴ UHB;?i #Hm2
�`2�VX 6B`Kb rBi? � HQr zi #mi KQ/2`�i2Hv ?B;? ⇠i �`2 QMHv �#H2 iQ 2tTQ`i iQ ǳ*QmMi`v RǴ
�b i?2v +�M T`Q/m+2 ?B;?@[m�HBiv +?2�THv- #mi +�M MQi T`Q/m+2 �i � bm{+B2MiHv HQr K�`;BM�H
+Qbi iQ T`Q}i�#Hv b2`p2 ǳ*QmMi`v PǴ U;`22M �`2�VX 6B`Kb rBi? ?B;? zi �M/ ⇠i �`2 �#H2 iQ
2tTQ`i bBKmHi�M2QmbHv iQ #Qi? /2biBM�iBQM +QmMi`B2b Uv2HHQr �`2�VX h?2 `B;?i T�M2H Q` 6B;m`2
R# b?Qrb }`KbǶ 2tTQ`i b+QT2 7Q` � ?B;?2` cj- BX2X- r?2M }`Kb �`2 K�i+?2/ rBi? � 7Q`2B;M
bmTTHB2` rBi? HQr2` 2{+B2M+vX h?Bb BM+`2�b2 BM i?2 K�`;BM�H +Qbi Q7 T`Q/m+iBQM- Q` Ci- H2�/b
iQ � `2/m+iBQM Q7 }`KbǶ 2tTQ`i b+QT2 �b i?2 };m`2 bm;;2bi i?�i � K2�bm`2 Q7 }`Kb 2tBi QM2
Q` 2p2M #Qi? 2tTQ`i K�`F2ibX LQi2 i?�i }`Kb rBi? HQr2` zi Q` ⇠i �`2 KQ`2 bmb+2TiB#H2 iQ 2tBi
2tTQ`i K�`F2ib- BM HBM2 rBi? i?2 2KTB`B+�H `2bmHib T`2b2Mi2/ BM a2+iBQM 9X

RNh?2 BMi`Q/m+iBQM Q7 i?2 /QK2biB+ 2+QMQKv Bb MQi BMMQ+mQmbX � }`K KB;?i #2 �+iBp2 b2HHBM; BM i?2
/QK2biB+ K�`F2i �HQM2 #2+�mb2 i?2 HQr 2{+B2M+v Q7 i?2B` +m``2Mi bmTTHB2` T`2p2Mib i?2K 7`QK 2tTQ`iBM;X
J�i+?BM; rBi? � M2r bmTTHB2` K�v #Qi? �HHQr i?2K iQ 2Mi2` 2tTQ`i K�`F2ib �M/ BM+`2�b2 i?2B` T`Q}ib BM i?2
/QK2biB+ K�`F2iX *QMb2[m2MiHv- i?2 BM+2MiBp2b iQ b2�`+? �`2 ;QBM; iQ #2 ?B;?2` i?�M B7 QMHv 2tTQ`i K�`F2ib
�`2 +QMbB/2`2/X

ke



6B;m`2 R, 6B`KbǶ 2tTQ`i b+QT2 �++Q`/BM; iQ cj

U�V GQr cj U#V >B;? cj

LQi2, h?2 /�i� QM i?2 };m`2b �`2 ;2M2`�i2/ #v bBKmH�iBM; k8y-yyy }`Kb rBi? /Bz2`2Mi +QK#BM�iBQMb Q7 zi
�M/ ⇠iX h?2 /�`F #Hm2 �`2 /2MQi2b }`Kb r?B+? /Q MQi 2tTQ`i �M/ QMHv b2`p2 i?2 /QK2biB+ K�`F2iX h?2 HB;?i
#Hm2 �`2� /2MQi2b }`Kb r?B+? 2tTQ`i QMHv iQ ǳ*QmMi`v PǴX h?2 ;`22M �`2� /2MQi2b }`Kb r?B+? 2tTQ`i QMHv
iQ ǳ*QmMi`v RǴX h?2 v2HHQr �`2� /2MQi2b }`Kb r?B+? 2tTQ`i iQ #Qi? +QmMi`B2bX

a2+QM/- A b?Qr ?Qr }`KbǶ /2+BbBQM iQ b2�`+? 7Q` 7Q`2B;M bmTTHB2`b /2T2M/b QM zi �M/
⇠i mM/2` i?2 +m``2Mi T�`�K2i`Bx�iBQMX 6B;m`2 k T`2b2Mib � ?2�iK�T }`K iǶb b2�`+? i?`2b?QH/
Q7 cj- BX2X- i?2 7Q`2B;M bmTTHB2` 2{+B2M+v �i r?B+? }`K i Bb BM/Bz2`2Mi #2ir22M b2�`+?BM; Q`
MQiX 6B`Kb rBi? HQr zi �M/ HQr ⇠i /Q MQi b2�`+? 7Q` 7Q`2B;M bmTTHB2`b- 2p2M rBi? cj = c̄

U;`�T?2/ BM #`B;?i v2HHQrVX h?Bb Bb �HbQ i?2 +�b2 7Q` }`Kb rBi? HQr zi #mi ?B;? ⇠i U�i H2�bi
mM/2` Qm` T�`�K2i`Bx�iBQMVX h?Bb Bb /`Bp2M #v zi �M/ cj �z2+iBM; 2tTQ`i T`Q}ib i?`Qm;? i?2
Qp2`�HH T`Q/m+iBQM K�`;BM�H +Qbi CiX h?mb- 7Q` bB;MB}+�MiHv HQr zi- H�`;2 p�Hm2b Q7 ⇠i �`2
MQi 2MQm;? iQ K�F2 i?2 2tT2+i2/ p�Hm2 Q7 b2�`+?BM; 7Q` � ?B;?2` cj ?B;?2` i?�M i?2 }t2/
+Qbi �bbQ+B�i2/ rBi? b2�`+?BM;X �b zi BM+`2�b2b }`Kb bi�`i ?�pBM; HQr2` p�Hm2b Q7 cj i?�M c̄

;`�T?2/ BM +QHQ`b `�M;BM; 7`QK Q`�M;2- ;`22M iQ HB;?i #Hm2X h?2 HQr2bi p�Hm2b Q7 i?`2b?QH/
cj �`2 K2i 7Q` BMi2`K2/B�i2 p�Hm2b Q7 zi �M/ ⇠iX h?2b2 �`2 i?2 }`Kb r?B+? ?�p2 i?2 ?B;?2bi
iQ ;�BM 7`QK b2�`+?BM; 7Q` ?B;? 2{+B2M+v 7Q`2B;M bmTTHB2`bX h?Bb Bb `2H�iBp2 HQr2` cj /Q MQi
�z2+i bB;MB}+�MiHv Ci 7Q` }`Kb rBi? bB;MB}+�MiHv zi- i?mb- MQi �Hi2`BM; i?2B` iQi�H T`Q}ibX
>Qr2p2`- 7Q` }`Kb rBi? BMi2`K2/B�i2 H2p2Hb Q7 zi- b2�`+?BM; �M/ K�i+?BM; rBi? � 7Q`2B;M
bmTTHB2` rBi? HQr cj rBHH #2 i?2 /Bz2`2M+2 #2ir22M 2tTQ`iBM; iQ irQ Q` QM2 Q7 i?2 +QmMi`B2b-
Q` 2p2M 2tTQ`iBM; �i �HHX G�biHv- }`Kb rBi? #Qi? ?B;? zi �M/ ⇠i �HbQ ?�p2 HQr i?`2b?QH/ p�Hm2b
7Q` cjX

kd



6B;m`2 k, 6B`KbǶ b2�`+? /2+BbBQMb �++Q`/BM; iQ {zi, ⇠i}
ai�iB+ 1t2`+Bb2

LQi2, h?2 /�i� QM i?2 };m`2b �`2 ;2M2`�i2/ #v bBKmH�iBM; 8y-yyy }`Kb rBi? /Bz2`2Mi +QK#BM�iBQMb Q7
{zi, ⇠i, cj}X 1�+? +2HH Q7 i?2 ?2�iK�Tb `2T`2b2Mib � p�Hm2 Q7 cj - rBi? ?B;?2` p�Hm2b ;`�T?2/ BM v2HHQr +QHQ`b-
BMi2`K2/B�i2 p�Hm2b 7�/BM; 7`QK Q`�M;2 iQ +H2�` #Hm2 +QHQ`b- �M/ HQr p�Hm2b ;`�T?2/ BM /�`F #Hm2 +QHQ`bX

h?B`/- A b?Qr ?Qr b2�`+? 7`B+iBQMb K�ii2` 7Q` i?2 /vM�KB+b Q7 i?2 K�i+?2/ 7Q`2B;M
bmTTHB2` 2{+B2M+vX A bBKmH�i2 i?2 T�i? Q7 R-yyy }`KbǶ K�i+?2/ 7Q`2B;M bmTTHB2` 2{+B2M+v
7Q` T = 1000 T2`BQ/b- bi�`iBM; 7`QK � +QKKQM cj = c̄X 6B;m`2 j� b?Qrb i?2 /Bbi`B#miBQM Q7
}`KbǶ K�i+?2/ cj BM T2`BQ/ T = 5X �b BM 6B;m`2 k- }`Kb rBi? HQr zi /Q MQi b2�`+? 7Q` M2r
7Q`2B;M bmTTHB2`b �M/ �`2 bim+F rBi? cj = c̄X h?2 `2bi Q7 i?2 }`Kb /Q b2�`+?- rBi? MQ pBbB#H2
T�ii2`M 2K2`;BM; �7i2` QMHv }p2 T2`BQ/bX 6B;m`2 j# b?Qrb i?2 /Bbi`B#miBQM Q7 }`KbǶ K�i+?2/
cj BM T2`BQ/ T = 1, 000 b?QrBM; � +H2�`2` T�ii2`MX aBKBH�` iQ 6B;m`2 k- 7Q` i?Qb2 }`Kb r?B+?
b2�`+?- i?Qb2 rBi? `2H�iBp2Hv HQr zi �M/ ⇠i 2t?B#Bi ?B;?2` p�Hm2b Q7 cj �M/ }`Kb rBi? `2H�iBp2Hv
?B;?2` zi �M/ ⇠iX q?BH2 bQK2 }`Kb rBi? HQr {zi, ⇠i} �`2 K�i+?2/ rBi? ?B;? 2{+B2M+v 7Q`2B;M
bmTTHB2`b- QM �p2`�;2 i?Bb }`Kb biQT b2�`+?BM; 7Q` 7Q`2B;M bmTTHB2`b 7�bi2` i?�M }`Kb rBi?
?B;?2` {zi, ⇠i}X

k3



6B;m`2 j, 6B`KbǶ b2�`+? /2+BbBQMb �++Q`/BM; iQ {zi, ⇠i}
.vM�KB+ 1t2`+Bb2

U�V .Bbi`B#miBQM cj @ T = 5 U#V .Bbi`B#miBQM Q7 cj @ T = 1000

LQi2, h?2 /�i� QM i?2 };m`2b �`2 ;2M2`�i2/ #v bBKmH�iBM; R-yyy }`Kb rBi? /Bz2`2Mi +QK#BM�iBQMb Q7 zi
�M/ ⇠iX 1�+? +2HH Q7 i?2 ?2�iK�Tb `2T`2b2Mib � p�Hm2 Q7 cj - rBi? ?B;?2` p�Hm2b ;`�T?2/ BM v2HHQr +QHQ`b-
BMi2`K2/B�i2 p�Hm2b 7�/BM; 7`QK Q`�M;2 iQ +H2�` #Hm2 +QHQ`b- �M/ HQr p�Hm2b ;`�T?2/ BM /�`F #Hm2 +QHQ`bX

�Xk *H2�MBM; T`Q+2/m`2 Q7 bmTTHB2` B/2MiB}+�iBQM

AM i?Bb �TT2M/Bt- A 2tTH�BM i?2 �H;Q`Bi?K iQ +H2�M bmTTHB2`bǶ M�K2 p�`B�#H2X h?Bb Bb i?2 b�K2
�H;Q`Bi?K mb2/ BM "2`MBMB 2i �HX (kykR)X JQbi Q7 i?2 T`Q#H2Kb /2i2+i2/ r2`2 ivTBM; 2``Q`b
Q` /Bz2`2Mi r�vb iQ r`Bi2 i?2 b�K2 }`KX 6Q` 2t�KTH2- ǳoQHFbr�;2MǴ +QmH/ #2 }M/ �b U�V
ǳoQHFbr�;2MǴ- U#V ǳoQHFbr�;2M BMi2`M�iBQM�HǴ- U+V ǳoqǴ- U/V ǳoQHFbr;2MǴ- 2i+X A7 A B;MQ`2
i?Bb T`Q#H2K- A +QmH/ BMi2`T`2i i?2K �b 9 /Bz2`2Mi bmTTHB2`b- r?2M i?2v �+im�HHv �`2 i?2 b�K2
+QKT�MvX

AM Q`/2` iQ }t i?Bb T`Q#H2K- A �TTHv i?2 7QHHQrBM; T`Q+2/m`2,

Ç 1st bi2T, A /2H2i2 bT2+B�H +?�`�+i2`b U2X;X ǳfǴ �M/ ǳ@ǴV- /Qm#H2 bT�+2b- +QmMi`v M�K2b
U2X;X lMBi2/ ai�i2bV �M/ i?2B` �+`QMvK U2X;X la�V- �M/ +QKT�MB2bǶ bm{t2b UGG*-
Gh.- a�VX

Ç 2nd bi2T, A7 � bmTTHB2`bǶ M�K2 BM+Hm/2b i?2 M�K2 Q7 � 7�KQmb KmHiBM�iBQM�H }`K UQ` Bib
�+`QMvKV- A `2TH�+2 i?2 bmTTHB2` M�K2 rBi? i?2KX 6Q` 2t�KTH2- B7 � bmTTHB2` BM+Hm/2b
oQHFbr�;2M Q` oq- A /2}M2 i?2K �b oQHFbr�;2MX

kN



Ç 3rd bi2T, A +QKT�`2 i?2 bBKBH�`Biv Q7 BKTQ`i2`b �M/ bmTTHB2`b M�K2b mbBM; _�zQ �M/
G?mBHH2`v (kyyN) #B;`�K i2+?MB[m2 UA 2tTH�BM BM /2i�BH #2HQrVX A7 i?Bb i2+?MB[m2 `2TQ`i
?B;? bBKBH�`Biv- A `2TH�+2 bmTTHB2`bǶ M�K2 #v i?2 BKTQ`i2`Ƕb M�K2X

Ç 4th bi2T, A �TTHB2/ i?2 b�K2 T`Q+2/m`2 Q7 bi2T j iQ +QKT�`2 �HH bmTTHB2`b rBi?BM 2�+?
}`K �M/ /2i2`KBM2 r?B+? �`2 i?2 b�K2 +QKT�MvX

h?2 1st bi2T Q7 i?2 T`Q+2/m`2 �HHQrb �b iQ }t +�b2b �b T`2pBQmb U#V 2t�KTH2 #v QMHv /2H2iBM;
+QKKQM rQ`/b i?�i �`2 MQi i?2 +Q`2 M�K2 Q7 i?2 +QKT�MvX 2nd bi2T Bb /2bB;M iQ bQHp2 U+V
T`Q#H2Kb- r?2`2 � +QKKQMHv FMQrM }`K +QmH/ #2 `B;?iHv r`Bi2 #v /Bz2`2Mi r�vbX

>Qr2p2`- ivTBM; 2``Q`b- �b i?2 2t�KTH2 U/V- �`2 KQ`2 /B{+mHi iQ /2i2+i �M/ }tX A mb2 _�zQ
�M/ G?mBHH2`v (kyyN) #B;`�K i2+?MB[m2- r?B+? +QKT�`2 irQ bi`BM; p�`B�#H2b �M/ bTHBi i?2K
#v � b2[m2M+2 Q7 irQ +?�`�+i2`b +�HH2/ ǳ#B;`�K b2iǴ U2X;X ǳ6Q`/Ǵ #B;`�K b2i Bb (6Q- Q`- `/)VX
h?2 �H;Q`Bi?K +QKTmi2 � bBKBHb+Q`2 �b i?2 `�iBQ #2ir22M i?2 mMBQM Q7 #Qi? #B;`�K b2ib �M/
�HH +QKTQM2Mib Q7 #Qi? b2ibX AM �//BiBQM- A mb2 irQ /Bz2`2Mi r2B;?ib iQ �++QmMi iQ +QKKQM
#B;`�Kb, aBKTH2 �M/ HQ; r2B;?ibX

>2M+2- BM 3rd �M/ 4th bi2T A Q#i�BM irQ bBKBHb+Q`2b BM 2�+? bi2T- i?2M A /2}M2 i?�i irQ bi`BM;b
?�b ǳ?B;? bBKBH�`BivǴ B7 #Qi? b+Q`2b �`2 �#Qp2 yXe8- Q` QM2 Bb �#Qp2 yX3 �M/ i?2 Qi?2` �#Qp2
yXj8X

jy



�Xj �//BiBQM�H .�i� aQm`+2b

A +QKTH2K2Mi Kv BMi2`M�iBQM�H i`�/2 /�i�b2i rBi? �//BiBQM�H /�i�b2ib QM �;;`2;�i2 K�+`Q2@
+QMQKB+ p�`B�#H2b �M/ BMi2`M�iBQM�H i`�/2 7Q` � T�M2H Q7 +QmMi`B2bX AM a2+iBQM 9 A mb2 i?2
AJ6Ƕb qQ`H/ 1+QMQKB+ PmiHQQF /2}MBiBQM Q7 �/p�M+2/ 1+QMQKB2b �M/ 1K2`;BM; J�`F2ib
iQ T`Qtv 2tTQ`i /2biBM�iBQM +QmMi`B2bǶ T`Qtv Q7 H2p2H Q7 BM+QK2 �M/ K�`F2i bQT?BbiB+�iBQMX
�//BiBQM�HHv- A bQm`+2 *SA �M/ MQKBM�H 2t+?�M;2 `�i2 7`QK i?2 AJ6Ƕb A6a /�i�b2i iQ +QM@
bi`m+i K2�bm`2b Q7 #BH�i2`�H `2�H 2t+?�M;2 `�i2bX AM a2+iBQM 9- A T�`iBiBQM i?2 b�KTH2 �+`Qbb
/Bz2`2Mi ivT2b Q7 ;QQ/bX hQ +�``v Qmi i?Bb T�`iBiBQM A mb2 irQ ;QQ/ +H�bbB}+�iBQMb, UBV _�m+?
(RNNN) ;QQ/ +H�bbB}+�iBQM �++Q`/BM; iQ r?2i?2` ;QQ/b ?�p2 `272`2M+2 T`B+2b BM BMi2`M�iBQM�H
K�`F2ib- UBBV "2`MBMB 2i �HX (kyR3) ;QQ/ +H�bbB}+�iBQM �++Q`/BM; iQ Bib /2;`22 Q7 /Bz2`2MiB�@
iBQMX h?2b2 ;QQ/ +H�bbB}+�iBQMb ?�p2 #22M mb2/ T`2pBQmbHv BM i?2 HBi2`�im`2 BM BMi2`M�iBQM�H
2+QMQKB+bXky

kyhQ �++2bb i?2 ;QQ/ +H�bbB}+�iBQM T`2b2Mi2/ BM _�m+? (RNNN) pBbBi ?iiTb,ff2+QMr2#Xm+b/X2/mf
�D`�m+?f`�m+?n+H�bbB7B+�iBQMX?iKH- �M/ iQ �++2bb i?2 /�i� b2i T`2b2Mi2/ #v "2`MBMB 2i �HX
(kyR3) pBbBi ?iiTb,ff/`Bp2X;QQ;H2X+QKf7BH2f/fy"RNMB1;t#q*`lhJj#>LQ/lNG2M+fpB2r\`2bQm`+2F2v4
y@S+*SGv1w:;x_�n:x_DCMp;X
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https://econweb.ucsd.edu/~jrauch/rauch_classification.html
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�X9 �//BiBQM�H 1pB/2M+2 QM i?2 _QH2 Q7 AKTQ`i2/ AMTmib

AM i?Bb b2+iBQM Q7 i?2 �TT2M/Bt A T`2b2Mi �//BiBQM�H 2pB/2M+2 QM i?2 BKTQ`i�M+2 Q7 BKTQ`i2/
BMTmib �i i?2 �;;`2;�i2 �M/ }`K H2p2HX

h?2 `2HB�M+2 Q7 �`;2MiBM2�M }`Kb QM 7Q`2B;M BMi2`K2/B�i2 �M/ +�TBi�H ;QQ/b +�M
#2 Q#b2`p2/ �i i?2 �;;`2;�i2 H2p2H BM 6B;m`2 9X PM i?2 H27i T�M2H- 6B;m`2 9� b?Qrb i?�i i?2
BKTQ`i Q7 BMi2`K2/B�i2 �M/ +�TBi�H ;QQ/b 2tTH�BM #2ir22M 3yW �M/ NyW Q7 �`;2MiBM�Ƕb iQi�H
BKTQ`ib 7Q` i?2 T2`BQ/ RNN9@kyRNX PM i?2 `B;?i T�M2H- 6B;m`2 9# b?Qrb i?�i BKTQ`i2/ +�TBi�H
;QQ/b 2tTH�BM #2ir22M 88W �M/ e8W Q7 i?2 iQi�H BMp2biK2Mi BM K�+?BM2`v �M/fQ` 2[mBTK2Mi
7Q` i?2 b�K2 T2`BQ/X

6B;m`2 9, _2H2p�M+2 Q7 AKTQ`i2/ AMTmib 7Q` S`Q/m+iBQM

U�V AKTQ`i /2+QKTQbBiBQM @ J�BM 2M/ mb2 U#V a?�`2 Q7 AKTQ`ib BM AMp2biK2Mi

LQi2, h?2 H27i T�M2H T`2b2Mib i?2 /2+QKTQbBiBQM Q7 iQi�H BKTQ`i2/ p�Hm2 �++Q`/BM; iQ i?2 K�BM 2M/ mb2
Q7 ;QQ/b- mbBM; i?2 H�i2bi `2pBbBQM Q7 i?2 "`Q�/ 1+QMQKB+ *�i2;Q`v U"1*V +H�bbB}+�iBQMX h?2 `B;?i T�M2H
T`2b2Mib /�i� QM i?2 7`�+iBQM Q7 BKTQ`i2/ ;QQ/b QM iQi�H BMp2biK2Mi BM +�TBi�H- bQm`+2/ 7`QK �`;2MiBM�Ƕb
M�iBQM�H �++QmMibX

jk



�X8 _QH2 Q7 AKTQ`ib QM 1tTQ`iBM;

AM i?Bb �TT2M/Bt A T`2b2Mi �//BiBQM�H 2pB/2M+2 QM i?2 BKTQ`i�M+2 Q7 BKTQ`ib QM 2tTQ`i
T2`7Q`K�M+2X 6B`bi- i?2 `2;`2bbBQM �M�HvbBb T`2b2Mi2/ BM a2+iBQM 9 QMHv 7Q+mb2b QM 2tTQ`iBM;
}`Kb r?B+? BKTQ`ibX h?mb- iQ �bb2`i i?�i i?2 `2bmHib �`2 BKTQ`i�Mi 7Q` �;;`2;�i2 2tTQ`ib �b
� r?QH2 Bi Bb M2+2bb�`v iQ b?Qr i?2 `2H2p�M+2 Q7 BKTQ`iBM; BM 2tTQ`iBM;X

6B;m`2 8 T`2b2Mib irQ TB2+2b Q7 BM7Q`K�iBQM r?B+? ?B;?HB;?i i?2 `2H2p�M+2 Q7 BKTQ`ib
7Q` 2tTQ`iBM;X h?2 H27i T�M2H- 6B;m`2 8� b?Qrb i?�i � p�bi K�DQ`Biv Q7 iQi�H 2tTQ`i2/ p�Hm2 Bb

6B;m`2 8, AKTQ`i�M+2 Q7 AKTQ`ib 7Q` 1tTQ`iBM;

U�V a?�`2 Q7 1tTQ`ib #v AKTQ`i2`b U#V 1tTQ`ib � AKTQ`ib T2` 6B`K

2tTH�BM2/ #v BKTQ`i2` }`Kb UBM `2/V- rBi? MQM 2tTQ`i2` }`Kb UBM #Hm2V 2tTH�BMBM; H2bb i?�M
dW Q7 �MMm�H 2tTQ`ibX h?2 `B;?i T�M2H- 6B;m`2 8# b?Qrb i?2 `2H�iBQMb?BT #2ir22M BKTQ`ib
�M/ 2tTQ`ib �i i?2 }`K H2p2H- i?`Qm;? � F2`M2H@r2B;?i2/ HQ+�H TQHvMQKB�H bKQQi?BM; }i Q7
i?2 /�i�X h?Bb };m`2 b?Qrb � bi`QM; `2H�iBQMb?BT #2ir22M 2tTQ`ib �M/ BKTQ`ib �i i?2 }`K
H2p2H- 2bT2+B�HHv 7Q` }`Kb 2tTQ`iBM; KQ`2 i?�M la. Ry-yyyX

jj



�Xe S`Q/m+i .Bz2`2MiB�iBQM Q` .2biBM�iBQM G2p2H AM+QK2\

AM i?Bb �TT2M/Bt A T`2b2Mi �//BiBQM�H `2;`2bbBQM `2bmHib r?B+? �+i �b #Qi? � `Q#mbiM2bb
+?2+F �M/ b?2/ HB;?i QM i?2 `2bmHib T`2b2Mi2/ BM a2+iBQM 9X AM T�`iB+mH�`- A +�``v Qmi �M
�//BiBQM�H b�KTH2 T�`iBiBQM 2t2`+Bb2 BM r?B+? A 7Q+mb QMHv i?2 2tTQ`i Q7 /Bz2`2MiB�i2/ ;QQ/b
�M/ i2bi r?2i?2` i?2 BKT�+i Q7 �M BKTQ`i +Qbi b?Q+Fb /Bz2`b �+`Qbb /2biBM�iBQM K�`F2ib
U�/pX 1+QMQKB2b pb 1K2`;BM; J�`F2ibVX

h�#H2

j9



�Xd �//BiBQM�H a?Q+Fb �M/ .2b+`BTiBp2 ai�iBbiB+b

AM i?Bb �TT2M/Bt- A T`2b2Mi �M �//BiBQM�H }`K@bT2+B}+ b?Q+F +QMbi`m+i2/ mbBM; 7Q`2B;M@
bmTTHB2` b?Q+FX 6m`i?2`KQ`2- A T`2b2Mi �//BiBQM�H /2b+`BTiBp2 bi�iBbiB+b #2ir22M i?2 /Bz2`2Mi
b?Q+Fb mb2/ �+`Qbb i?2 T�T2` �M/ BM �TT2M/Bt2b 7m`i?2` #2HQrX

6B`bi- A `2T2�i i?2 +QMbi`m+iBQM Q7 }`K@bT2+B}+ b?Q+Fb- ;Bp2M #v 1[m�iBQM Rj,

� log pIi,t =
X

k2⌦I
i,0

sIik,0� log pGk,t

AM i?Bb �TT2M/Bt A +QMbi`m+i irQ �//BiBQM�H b?Q+Fb r?B+? 2tTHQBi i?2 �//BiBQM�H /BK2MbBQM Q7
bmTTHB2` BM7Q`K�iBQM T`2b2Mi2/ BM i?Bb T�T2`X h?2 }`bi bT2+B}+�iBQM- r?B+? A H�#2H ǳamTTHB2`
@ 6B`K @ a?Q+FǴ- /2}M2b 7Q`2B;M@bmTTHB2` k �b � +QK#BM�iBQM Q7 ǳbQm`+2 +QmMi`vǴ @ ǳ>a e
/B;Bi ;QQ/Ǵ @ ǳ7Q`2B;M bmTTHB2`Ǵ �M/ +QKTmi2b i?2 T`B+2 +?�M;2 �i i?2 /QK2biB+ }`K H2p2HX
lM/2` i?Bb bT2+B}+�iBQM � b?B7i b?Q+F `2T`2b2Mib � T2`+2Mi +?�M;2 BM i?2 T`B+2 Q7 BKTQ`ib
i?�i �M �`;2MiBM2�M }`K rQmH/ 7�+2 rBi?BM Bib QrM bT2+B}+ HBMF i�FBM; bmTTHB2`Ƕb T`B+2
�b ;Bp2MX h?Bb Bb i?2 �bbmKTiBQM BM bi�M/�`/ BMi2`M�iBQM�H i`�/2 KQ/2HbX >Qr2p2`- i?Bb
BKTHB2b i?�i /QK2biB+ }`Kb ?�p2 MQ M2;QiB�iBQM TQr2` BM i?2 }`K@iQ@}`K HBMF�;2 rBi? 7Q`2B;M
bmTTHB2`bX h?2 TQi2MiB�H M2;QiB�iBQM TQr2` Q7 /QK2biB+ }`Kb H2�/b K2 iQ /2}M2 i?2 7QHHQrBM;
bT2+B}+�iBQMbX h?2 b2+QM/ bT2+B}+�iBQM- mb2/ BM i?2 2KTB`B+�H `2bmHib T`2b2Mi2/ BM a2+iBQM
9- r?B+? A H�#2H ǳamTTHB2` @ �p2`�;2 @ a?Q+FǴ- /2}M2b K�`F2i k �i i?2 b�K2 H2p2H �b i?2 }`bi
#mi +QKTmi2b i?2 T`B+2 �b i?2 �p2`�;2 T`B+2 i?2 7Q`2B;M bmTTHB2` s +?�`;2b 7Q` T`Q/m+i p 7`QK
bQm`+2 +QmMi`v d iQ �HH �`;2MiBM2�M }`KbX h?mb- i?Bb T`B+2 b?B7i b?Q+F `2T`2b2Mib i?2 +?�M;2
BM T`B+2 B7 i?2 /QK2biB+ �`;2MiBM2�M }`K i�F2b i?2 �p2`�;2 T`B+2 +?�`;2/ iQ �HH �`;2MiBM2�M
}`Kb 7Q` T`Q/m+i 7`QK K�`F2i k Bb 2tQ;2MQmbHv ;Bp2MXkR

6BM�HHv- �b � `Q#mbiM2bb +?2+F- A BMi`Q/m+2 � /2}MBiBQM Q7 b?Q+F +QKKQMHv mb2/ BM
i?2 HBi2`�im`2 r?B+? `2HB2b QM BM7Q`K�iBQM �i i?2 �;;`2;�i2 H2p2HXkk h?Bb +QMbi`m+i2/ b?Q+F
mb2b i?2 HQr2bi H2p2H Q7 /Bb@�;;`2;�iBQM BM bi�M/�`/ BMi2`M�iBQM�H i`�/2 /�i�b2ibX lM/2` i?Bb
bT2+B}+�iBQM- A /2}M2 � 7Q`2B;M bmTTHB2` k �b i?2 +QK#BM�iBQM Q7 ǳbQm`+2 +QmMi`vǴ @ ǳ>a e
/B;Bi ;QQ/ǴXkj 6m`i?2`KQ`2- �b BM i?Bb +Bi2/ T�T2`- A +QKTmi2 T`B+2 pGk,t #v 2t+Hm/BM; i?2
i`�/2 ~Qrb Q7 K�`F2i k rBi? �`;2MiBM�X h?mb- i?Bb b?Q+Fb `2T`2b2Mib T2`+2Mi�;2 +?�M;2b
BM i?2 T`B+2 Q7 BKTQ`ib i?�i �M �`;2MiBM2�M }`K rQmH/ 7�+2 B7 Bi iQQF i?2 `2bi Q7 i?2 rQ`H/
�p2`�;2 T`B+2 �b ;Bp2M- �p2`�;BM; �+`Qbb K�`F2ib mbBM; Bib b?�`2b Q7 i?2b2 K�`F2ibX _2bmHib
Q7 i?Bb bT2+B}+�iBQM �`2 +QKK2Mi2/ �+`Qbb i?2 T�T2` �M/ T`2b2Mi2/ BM �TT2M/Bt �X3X

kRAM �TT2M/Bt �Xd A T`2b2Mi �M �//BiBQM�H b?Q+FX h?Bb Bb � i?B`/ bT2+B}+�iBQM mb2b i?2 7Q`2B;M@bmTTHB2`
/BK2MbBQMX _2bmHib �`2 `Q#mbi �M/ T`2b2Mi2/ BM �TT2M/Bt �X3X

kka22 >mM22mb (kyR3)- 7Q` BMbi�M+2X
kjh?Bb Bb i?2 K�`F2i /2}MBiBQM mb2/ #v >mM22mb (kyR3)X

j8



h?2 #�bB+ bi�iBbiB+b Q7 i?2 T`B+2 b?B7i b?Q+Fb /2}M2/ �#Qp2 �`2 T`2b2Mi2/ BM h�#H2
eX h�#H2 8 /2b+`B#2b i?2 /Bbi`B#miBQM Q7 i?2 /Bz2`2Mi b?Q+Fb 7Q` i?2 T2`BQ/ kyyy @ kyy3Xk9

h?2 }`bi irQ bT2+B}+�iBQMb Q7 i?2 b?Q+Fb r?B+? 2tTHQBi i?2 bmTTHB2`@/BK2MbBQM vB2H/ bBKBH�`

h�#H2 8, S`B+2 a?B7i a?Q+Fb, amKK�`v ai�iBbiB+b kyyy@kyy3
�HH a?Q+Fb

a?Q+F J2�M T8 Tk8 T8y Td8 TN8 ai/X .2pX
amTTHB2` @ 6B`K XyjR @Xky9 @Xyk8y XyRN Xy3d Xk3y Xkjy
amTTHB2` @ �p2`�;2 Xyj9 @Xkk8 @XyjR Xyke XRyy Xjyj Xk99
amTTHB2` @ 6B`KC @Xyyk @Xe3N @Xyk8 y XykN XeNy RXjNN
amTTHB2` @ 6B`KC @ LQ w2`Qb @Xyyj @XN3y @XyeN @kX9j2@ye Xy3y XNN8 RXeke
*QmMi`v @ S`Q/m+i Xyej @XkRd @XyR3 Xy8N XRjN Xj8j Xk93

bmKK�`v bi�iBbiB+b rBi? � K2�M b?Q+F Q7 �TT`QtBK�i2Hv kXdW �M/ jW- `2bT2+iBp2Hv- �M/ �
bi�M/�`/ /2pB�iBQM Q7 kjXjW �M/ k9X8W- `2bT2+iBp2HvX h?2 ǳamTTHB2` @ 6B`KCǴ- F22TBM; �M/fQ`
/`QTTBM; x2`Q Q#b2`p�iBQMb- ?�p2 � K2�M Q7 �TT`QtBK�i2Hv x2`Q �M/ bi�M/�`/ /2pB�iBQMb b2p2M
iBK2b ;`2�i2` i?�M i?2 }`bi irQ bT2+B}+�iBQMbXk8 h?2 ;`2�i2` bi�M/�`/ /2pB�iBQM K�v `2~2+i
i?�i i?2 mM/2`HvBM; BM7Q`K�iBQM QM +Qbi b?Q+Fb BM i?Bb /2}MBiBQM Bb H2bb T`2+Bb2 +QKT�`2/
iQ i?2 T`2pBQmb bT2+B}+�iBQMbX h�#H2 e T`2b2Mib i?2 +Q``2H�iBQM #2ir22M i?2 /Bz2`2Mi b?Q+Fb
+QMbi`m+i2/X h?2 }`bi irQ bT2+B}+�iBQMb- amTTHB2` @ 6B`K �M/ amTTHB2` @ �p2`�;2- �`2 ?B;?Hv
+Q``2H�i2/ UyX39dVX >Qr2p2`- i?Bb Bb �M 2t+2TiBQM �b i?2`2 /Q2b MQi b22K iQ #2 bB;MB}+�Mi
+Q``2H�iBQM #2ir22M �Mv Qi?2` b?Q+FbX h?2 H�+F Q7 +Q``2H�iBQM #2ir22M i?2 b?Q+Fb K�v `2~2+i

h�#H2 e, S`B+2 a?B7i a?Q+Fb, *Q``2H�iBQM �+`Qbb a?Q+Fb
�HH a?Q+Fb

*QmMi`v @ S`Q/m+i 6B`K �p2`�;2 6B`KC

amTTHB2` @ 6B`K R
amTTHB2` @ �p2`�;2 yX39eR R
amTTHB2` @ 6B`KC @yXyyNy @yXyyk3 R
*QmMi`v @ S`Q/m+i yXyjdj yXyj8R @yXyyed R

i?�i i?2 /Bz2`2Mi 2tQ;2MQmb T2`im`#�iBQMb BM+Q`TQ`�i2 /BbiBM+i b2T�`�i2 BM7Q`K�iBQMX 6Q`
BMbi�M+2- i?2 ǳamTTHB2` @ �p2`�;2Ǵ b?Q+F K�v BM+Q`TQ`�i2 7Q`2B;M }`K bT2+B}+ BM7Q`K�iBQM
�#Qmi i?2 T`B+2b +?�`;2/- r?BH2 i?2 ǳ*QmMi`v @ S`Q/m+iǴ b?Q+F K�v Dmbi `2~2+i *QmMi`v @

k9h?2 /2}MBiBQM Q7 i?2 amTTHB2` @ 6B`KC b?Q+F 7Q` }`K i mb2b i?2 p�Hm2 �M/ [m�MiBiB2b BKTQ`i2/ #v }`Kb
Qi?2` i?�M }`K i 7`QK bmTTHB2` jX >Qr2p2`- Bi +QmH/ #2 i?2 +�b2 i?�i }`K i Bb i?2 QMHv }`K Tm`+?�bBM; 7`QK
bmTTHB2` jX *QMb2[m2MiHv- Bi +QmH/ #2 i?2 +�b2 i?�i � }`KǶb amTTHB2` @ 6B`KC b?Q+F Bb 2t�+iHv x2`Q #2+�mb2
Q7 i?BbX >2M+2- 7Q` `Q#mbiM2bb +?2+F A T`2b2Mi i?2 b?Q+FǶb bi�iBbiB+b B7 A /`QT i?2 Q#b2`p�iBQMb BM r?B+? i?Bb
b?Q+F Bb 2t�+iHv x2`QX

k8�M 2tTH�M�iBQM Q7 r?v /`QTTBM; x2`Q Q#b2`p�iBQMb Q7 i?2 ǳamTTHB2` @ 6B`KCǴ Bb QM i?2 T`2pBQmb 7QQiMQi2X

je



S`Q/m+i bT2+B}+ BM7Q`K�iBQM- BX2X- �;;`2;�iBM; i?2 T2`7Q`K�M+2 �M/fQ` #2?�pBQ` Q7 �HH Q7 i?2
}`Kb 2tTQ`iBM; � T`Q/m+i BM QM2 bQm`+2 +QmMi`vXke

kePM i?2 QM2 ?�M/- � ǳamTTHB2` @ �p2`�;2Ǵ b?Q+F +QmH/ #2 i?2 oQHFbr�;2M b+�M/�H BM r?B+? i?2 �miQKQ#BH2
+QKT�Mv ?�/ iQ +�``v Qmi K�bbBp2 `2+�HH BM i?2 v2�` kyR8 �7i2` BM7Q`K�iBQM bm`7�+2/ �#Qmi 2MpB`QMK2Mi�H
7Q`;2/ BM7Q`K�iBQMX 6Q` KQ`2 BM7Q`K�iBQM- b22 ?iiTb,ffrrrX##+X+QKfM2rbf#mbBM2bb@j9jk9ddkX PM i?2
Qi?2` ?�M/- � ǳ*QmMi`v @ S`Q/m+iǴ b?Q+F +QmH/ #2 i?2 �`;2MiBM2�M �;`�`B�M bi`BF2 BM kyy3- r?2`2 �;`B+mH@
im`�H �`;2MiBM2�M T`Q/m+2`b #Qv+Qii2/ 2tTQ`ib BM `2i�HB�iBQM iQ � TQbbB#H2 ?BF2 BM 2tTQ`i i�t2bX 6Q` KQ`2
BM7Q`K�iBQM- b22 ?iiTb,ff2MXrBFBT2/B�XQ`;frBFBfkyy3n�`;2MiBM2n�;`�`B�Mnbi`BF2X

jd

https://www.bbc.com/news/business-34324772
https://en.wikipedia.org/wiki/2008_Argentine_agrarian_strike


�X3 _2;`2bbBQM h�#H2b

AM i?Bb �TT2M/Bt A T`2b2Mi �//BiBQM�H `2;`2bbBQM `2bmHi i�#H2b r?B+? �`2 `272``2/ �+`Qbb i?2
T�T2` �M/ `2;`2bbBQM `2bmHi i�#H2b Q7 `Q#mbiM2bb +?2+F 2t2`+Bb2b UK�BMHv #v BMi`Q/m+BM; #BH�i@
2`�H `2�H 2t+?�M;2 `�i2 BM/2t2b �b +QMi`QHbVX a2+iBQM �X3XR T`2b2Mib `2bmHib i?�i +QKTH2K2Mi
i?2 BKTQ`i �M�HvbBbX a2+iBQM �X3Xk T`2b2Mib `2bmHib i?�i +QKTH2K2Mi i?2 2tTQ`i �M�HvbBbX

�X3XR *Qbi a?Q+F QM AKTQ`i2/ Zm�MiBiB2b

A im`M iQ 2biBK�iBM; i?2 BKT�+i Q7 BKTQ`i +Qbi b?Q+Fb QM }`KǶb BKTQ`i2/ [m�MiBiB2bX h?2
mM/2`HvBM; i?2Q`v #2?BM/ i?Bb 2KTB`B+�H �M�HvbBb #mBH/b QM i?2 `2�bQMBM; i?�i �M BM+`2�b2 BM
i?2 Qp2`�HH +Qbi Q7 � }`Kb BKTQ`i2/ BMTmi #mM/H2 `�Bb2b Bib K�`;BM�H +Qbib �M/ +QMb2[m2MiHv
BKT�+i Bib 2tTQ`i T2`7Q`K�M+2X lM/2` KQbi T`Q/m+iBQM 7mM+iBQM bT2+B}+�iBQMb �M BM+`2�b2
BM i?2 +Qbi Q7 i?2 BKTQ`i #mM/H2 rBHH H2�/ i?2 }`K iQ T�`iHv bm#biBimi2 �r�v 7`QK BKTQ`i2/
#mM/H2b �b � r?QH2X h?2 KQ`2 +QbiHv HBMF�;2@�/DmbiK2Mib �`2- i?2 H2bb �#H2 �`2 }`Kb iQ
bm#biBimi2 �r�v 7`QK KQ`2 2tT2MbBp2 BKTQ`i2/ BMTmib- H2�/BM; iQ TQQ`2` 2tTQ`i T2`7Q`K�M+2X

hQ bi�`i rBi?- A i2bi r?2i?2` �M BM+`2�b2 BM i?2 +Qbi Q7 BKTQ`i2/ BMTmib UTQbBiBp2
b?Q+FV H2�/ iQ HQr2` iQi�H [m�MiBiB2b BKTQ`i2/ �i i?2 BKTQ`i BMbi�M+2 H2p2HX �M BKTQ`i
BMbi�M+2 Bb /2}M2/ �b i?2 +QK#BM�iBQM Q7 ǳ/QK2biB+ }`KǴ @ ǳbQm`+2 +QmMi`vǴ @ ǳ>ae /2}M2/
T`Q/m+iǴX PM i?2 QM2 ?�M/- �M BM+`2�b2 BM i?2 }`K@H2p2H BKTQ`i2/ BMTmi #mM/H2 K�v H2�/
iQ � `2/m+iBQM BM i?2 BKTQ`i2/ [m�MiBiB2b �i i?2 BMbi�M+2 H2p2H B7 b�B/ BMbi�M+2 2tTH�BMb �
H�`;2 7`�+iBQM Q7 i?2 BM+`2�b2 BM i?2 BKTQ`i +Qbi U2p2M B7 i?2 BMbi�M+2 `2K�BM2/ �+iBp2 �7i2`
i?2 BM+`2�b2 BM T`B+2V- �M/fQ` B7 i?2 }`K KQp2b �r�v 7`QK BKTQ`i2/ #mM/H2b �HiQ;2i?2`X PM
i?2 Qi?2` ?�M/- �M BM+`2�b2 BM i?2 }`K@H2p2H BKTQ`i2/ BMTmi #mM/H2 K�v H2�/ iQ �M BM+`2�b2
BM BKTQ`i2/ [m�MiBiB2b �i i?2 BMbi�M+2 H2p2H B7 }`Kb bm#biBimi2 �r�v 7`QK `2H�iBp2Hv KQ`2
2tT2MbBp2 BMTmib iQ `2H�iBp2Hv +?2�T2` BMTmibX AM Q`/2` iQ i2bi i?2 BKT�+i Q7 i?Bb +Qbi b?Q+Fb
A +�``v Qmi i?2 7QHHQrBM; 2KTB`B+�H bT2+B}+�iBQMb

lnQIi,p,d,t = ↵0 + �a?Q+Fi,t + �i,p,d + �t + �i,p,d,t + ✏i,p,d,t UjkV

r?2`2 lnQIi,p,d,t+j `2T`2b2Mi i?2 HQ; Q7 iQi�H [m�MiBiB2b BKTQ`i2/ #v }`K i Q7 T`Q/m+i p- 7`QK
bQm`+2 +QmMi`v d BM v2�` t + j 7Q` j 2 {0, 1}- �i,p,d Bb � }`K @ T`Q/m+i@ bQm`+2 +QmMi`v }t2/
2z2+i- �t Bb � iBK2 }t2/ 2z2+i- a?Q+Fi,t Bb QM2 Q7 i?2 i?`22 b?Q+Fb /2}M2/ BM a2+iBQM j- �M/
�i,p,d,t Bb � b2i Q7 +QMi`QHb r?B+? BM+Hm/2 H�;;2/ p�Hm2b Q7 a?Q+Fi,t �M/ lnQIi,tXkd

h�#H2 d T`2b2Mib i?2 `2bmHib 7Q` i?2 BKT�+i Q7 i?2 /Bz2`2Mi +Qbi b?Q+Fb QM BKTQ`i2/
kdAM i?2 �TT2M/Bt A +QMi`QH 7Q` i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2 �M/ Bib H�;bX

j3



h�#H2 d, *Qbi a?Q+Fb �M/ AKTQ`i2/ Zm�MiBiB2b kyyR @ kyy3

GQ; @ Zm�MiBiB2b AKTQ`i2/ @ lnQi,p,d,t+j

URV UkV
S2`BQ/ t S2`BQ/ t+ 1

amTTHB2` @ 6B`K @yXj9k   @yXyje3
UyXy9NNV UyXy8d3V

amTTHB2` @ �p2`�;2 @yXjy8   @yXy9e8
UyXy9N3V UyXy8dNV

*QmMi`v @ S`Q/m+i @yXykNd @yXRjk  
UyXyjdNV UyXyejyVV

P#b2`p�iBQMb j89-8j3 kj9-dyN
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQIi,p,d,t- BKTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` � Q7 1[m�iBQM jkX

[m�MiBiB2b BM T2`BQ/ tX h?2 bi�M/�`/ 2``Q`b Q7 i?2 2biBK�i2/ T�`�K2i2`b �`2 +QKTmi2/ mbBM;
irQ@r�v +Hmbi2`BM;- �i i?2 }`K i �M/ bQm`+2 +QmMi`v d H2p2HXk3 h?2 +Q2{+B2Mib 2biBK�i2/
7Q` i?2 b?Q+Fb ǳamTTHB2` @ 6B`KǴ �M/ ǳamTTHB2` @ �p2`�;2Ǵ �`2 M2;�iBp2 �M/ bi�iBbiB+�HHv
bB;MB}+�Mi /Bz2`2Mi 7`QK x2`Q 7Q` #Qi? v2�` t �M/ t + 1X h?2 2biBK�i2/ +Q2{+B2Mib BKTHv
i?�i � QM2 bi�M/�`/ /2pB�iBQM Q7 � ǳamTTHB2` @ 6B`KǴ b?Q+F H2�/b iQ � 9XNRW �M/ kX9NW /`QT
BM BKTQ`i2/ [m�MiBiB2b BM T2`BQ/b t �M/ t + 1- `2bT2+iBp2HvX �HbQ- i?2 2biBK�i2/ +Q2{+B2Mib
BKTHv i?�i � QM2 bi�M/�`/ /2pB�iBQM Q7 � ǳamTTHB2` @ �p2`�;2Ǵ b?Q+F H2�/b iQ 9XNjW �M/
kXe9W /`QT BM BKTQ`i2/ [m�MiBiB2b BM T2`BQ/b t �M/ t + 1- `2bT2+iBp2HvX h?2 +Q2{+B2Mib 7Q`
i?2 ǳ*QmMi`v @ S`Q/m+iǴ b?Q+F Bb QMHv bi�iBbiB+�HHv bB;MB}+�Mi 7Q` i?2 T2`BQ/ t + 1- rBi? �
+Q2{+B2Mi 8yW HQr2` i?�M i?2 +Q2{+B2Mib +QKTmi2/ mbBM; b?Q+Fb r?B+? +QMbi`m+i2/ 7Q`2B;M@
bmTTHB2` BM7Q`K�iBQMX

h?2 M2;�iBp2 BKT�+i Q7 � }`K@rB/2 BM+`2�b2 BM BKTQ`i T`B+2b QM �HH BKTQ`i2/ [m�M@
iBiB2b Bb ?B;?HB;?ib i?2 T`2b2M+2 Q7 7`B+iBQMb BM i?2 K�`F2i 7Q` 7Q`2B;M bmTTHB2`bX LQi2 i?�i

k3h?2 `2�bQMBM; #2?BM/ i?Bb +Hmbi2`BM; bi`�i2;v Bb irQ7QH/X 6B`bi- i?2 +QMbi`m+i2/ 2tQ;2MQmb b?Q+Fb �`2
/2}M2/ �i i?2 }`K H2p2H- i?mb +Hmbi2`BM; �i i?2 }`K H2p2H BKTHB2b +Hmbi2`BM; �i i?2 i`2�iK2Mi H2p2H mMBiX
a2+QM/- 7Q`2B;M bmTTHB2`b K�v b2HH iQ /QK2biB+ �`;2MiBM2�M }`Kb 7`QK /Bz2`2Mi bQm`+2 +QmMi`B2bX h?mb-
+Hmbi2`BM; �i i?2 bQm`+2 @ +QmMi`v +�M BM+Q`TQ`�i2 i?2b2 BM7Q`K�iBQMX

jN



i?2 mMBi Q7 Q#b2`p�iBQM Q7 i?2 2KTB`B+�H `2;`2bbBQM BM 1[m�iBQM jk Bb �i i?2 (i, p, d) Q` }`K@
T`Q/m+i@bQm`+2 +QmMi`v H2p2H- r?BH2 i?2 b?Q+F Bb +QMbi`m+i2/ �i i?2 }`K H2p2HX PM2 rQmH/
2tT2+i i?�i i?2 BKTQ`i2/ [m�MiBiB2b Q7 i?2 T`Q/m+ib r?Qb2 T`B+2 BM+`2�b2/ rQmH/ /2+`2�b2
�M/ }`Kb rQmH/ bm#biBimi2 iQr�`/b Qi?2` T`Q/m+ibX h?2 M2;�iBp2 +Q2{+B2Mib 2biBK�i2/ 7Q`
i?2 }`bi irQ bT2+B}+�iBQMb b?Qr i?�i �M Qp2`�HH BM+`2�b2 BM BKTQ`i #mM/H2 BKT�+i �HH Q7 }`KbǶ
HBMF�;2b rBi? 7Q`2B;M bmTTHB2`bX

h?Bb b2+iBQM Q7 i?2 �TT2M/Bt T`2b2Mib `2;`2bbBQM `2bmHi i�#H2b 7Q` i?2 2KTB`B+�H
�M�HvbBb rBi? `2;�`/b iQ BKTQ`i2/ [m�MiBiB2bX h�#H2 3 +�``B2b Qmi � `Q#mbiM2bb +?2+F QM i?2
BKT�+i Q7 +Qbi Tmb? b?Q+F QM BKTQ`i2/ [m�MiBiB2b T`2b2Mi2/ BM h�#H2 d- #v BMi`Q/m+BM; i?2
#BH�i2`�H `2�H 2t+?�M;2 `�i2 BM/2tX h�#H2 N +�``B2b Qmi � `Q#mbiM2bb +?2+F QM i?2 BKT�+i Q7
+Qbi Tmb? b?Q+F QM BKTQ`i2/ [m�MiBiB2b �+`Qbb }`Kb Q7 /Bz2`2Mi bBx2- T`2b2Mi2/ BM h�#H2 N-
#v BMi`Q/m+BM; i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2 BM/2tX

h�#H2 3, *Qbi a?Q+Fb �M/ AKTQ`i2/ Zm�MiBiB2b kyyR @ kyy3

GQ; @ Zm�MiBiB2b AKTQ`i2/ @ lnQi,p,d,t+j

URV UkV
t t+ 1

amTTHB2` @ 6B`K @yXjdR   @yXy3NR 
UyXy98jV UyXy8kNV

amTTHB2` @ �p2`�;2 @yXj9y   @yXy38j
UyXy993V UyXy88RV

*QmMi`v @ S`Q/m+i @yXy9e3 @yXR8R   
UyXy98yV UyXy9deV

lnRERd,t u1a u1a

P#b2`p�iBQMb k3j-8kR R3d-ekR
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQIi,p,d,t- BKTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` � Q7 1[m�iBQM jkX

9y



h�#H2 N, *Qbi a?Q+Fb �M/ AKTQ`i2/ Zm�MiBiB2b kyyR @ kyy3
"v 6B`K aBx2 � _1_

GQ;@Zm�MiBiB2b @ lnQIi,p,d,t
�#Qp2 "2HQr �#Qp2 "2HQr
URV UkV UjV U9V

amTTHB2` @ 6B`K @yXj8e   @yX998   
UyXydk8V UyXyeRRV

amTTHB2` @ �p2`�;2 @yXjky   @yXjN9   
UyXy8dNV UyXyd93V

lnRERd,t u1a u1a u1a u1a

P#b2`p�iBQMb kR3-3yk 8k-83N kR3-3yk 8k-83N
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQIi,p,d,t- BKTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` � Q7 1[m�iBQM jkX AM Q`/2` iQ T�`iBiBQM }`Kb #2ir22M �#Qp2 �M/ "2HQr A
+QKTmi2 i?2 K2�M H2p2H Q7 2KTHQvK2Mi �#Qp2@"2HQr i?`2b?QH/ �i i?2 ǳv2�` @ T`Q/m+iBQM b2+iQ` U�i i?2 9
/B;Bi H2p2HVǴ 7Q` }`Kb �+iBp2Hv BKTQ`iBM;X

�X3Xk *Qbi a?Q+F QM 1tTQ`i2/ Zm�MiBiB2b

h?Bb b2+iBQM Q7 i?2 �TT2M/Bt T`2b2Mib `2;`2bbBQM `2bmHi i�#H2b 7Q` i?2 2KTB`B+�H �M�HvbBb rBi?
`2;�`/b iQ 2tTQ`i2/ [m�MiBiB2bX h�#H2 Ry T`2b2Mib � `Q#mbiM2bb +?2+F QM i?2 `2bmHib T`2b2Mi2/
BM h�#H2 k #v BMi`Q/m+BM; i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2 BM/2t �b � +QMi`QH p�`B�#H2X

h?2 2KTB`B+�H bT2+B}+�iBQM T`2b2Mi2/ BM 1[m�iBQM R8 bim/B2/ i?2 BKT�+i Q7 �M
BM+`2�b2 BM i?2 T`B+2 Q7 BMTmib QM i?2 BMi2MbBp2 K�`;BM Q7 2tTQ`ib- BX2X- ?Qr Km+? /Q2b i?2
~Qr Q7 [m�MiBiB2b 2tTQ`i2/ 7�HH #2ir22M T2`BQ/b t �M/ t + jX h?Bb 2KTB`B+�H bT2+B}+�iBQM
�bbmK2b i?�i i?2 2tTQ`i `2H�iBQMb?BT Bb biBHH �+iBp2X � bB;MB}+�Mi BKTQ`i +Qbi Tmb? b?Q+F
K�v BKT�+i i?2 2ti2MbBp2 K�`;BM Q7 2tTQ`ib- BX2X- 2tTQ`iBM; }`K i /2+B/BM; iQ biQT 2tTQ`iBM;
T`Q/m+i p iQ /2biBM�iBQM +QmMi`v dX AM Q`/2` iQ i2bi i?2 BKT�+i Q7 i?Bb +Qbi b?Q+F QM i?2
2ti2MbBp2 K�`;BM A +�``v Qmi i?2 7QHHQrBM; 2KTB`B+�H `2;`2bbBQMX

P [Active]i,p,d,t+j = ↵̃0 + �̃i,p,d + �t + �Surv,ja?Q+Fi,t + �̃i,p,d,t + ✏i,p,d,t UjjV

r?2`2 P [Active]i,p,d,t+j Bb �M BM/B+�iQ` 7mM+iBQM r?B+? i�F2b i?2 p�Hm2 Q7 R B7 }`K i Bb �+iBp2
BM 2tTQ`i K�`F2ib d 2tTQ`iBM; T`Q/m+i p BM T2`BQ/ t + j �M/ x2`Q Qi?2`rBb2 +QM/BiBQM�H QM
#22M �+iBp2Hv 2tTQ`iBM; b�B/ +QK#BM�iBQM BM T2`BQ/ t- 7Q` j = {1, 2}X
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h�#H2 Ry, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
AMi2MbBp2 J�`;BM @ _1_

GQ; @ Zm�MiBiB2b 1tTQ`i2/ @ lnQi,p,d

t t+ 1 t+ 2

URV UkV UjV

amTTHB2` @ 6B`K @yXy83e @yXRkR  @yXRkR
UyXyjdkV UyXy93RV UyXydjjV

amTTHB2` @ �p2`�;2 @yXyd8k  @yXRjj   @yXRk9 
UyXyj9yV UyXy9j8V UyXye8RV

amTTHB2` @ 6B`KC @yXyyNjk  @yXyRyy @yXyy8je
UyXyy9jkV UyXyyeNeV UyXyyde9V

*QmMi`v @ S`Q/m+i @yXy88e @yXy9de @yXyRRj
UyXyj93V UyXyk8eV UyXyjNRV

lnRERd,t u1a u1a u1a

P#b2`p�iBQMb R8k-9kd Nd-99e ej-8RN
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX q?2M +QMi`QHHBM; 7Q` i?2 HQ; Q7
i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2 i?2 +m``2Mi �M/ }`bi irQ H�;b �`2 mb2/X 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �X Q7 1[m�iBQM R8X

6QHHQrBM; i?2 `2bmHib 7Q` i?2 BMi2MbBp2 K�`;BM Q7 2tTQ`ib- A im`M iQ 2biBK�iBM; i?2
BKT�+i QM i?2 2ti2MbBp2 K�`;BM #v 2biBK�iBM; 1[m�iBQM jj #v �;�BM T�`iBiBQMBM; i?2 b�KTH2
�+`Qbb ;QQ/ +H�bbB}+�iBQMX h�#H2 R8 T`2b2Mib i?2 `2bmHib Q7 i?Bb 2KTB`B+�H 2t2`+Bb2X AM HBM2
rBi? i?2 T`2pBQmb `2bmHib- i?2 2biBK�i2/ +Q2{+B2Mib �`2 ;`2�i2` i?�M i?2 #�b2HBM2 `2bmHib
T`2b2Mi2/ BM h�#H2 R9XkN

6BM�HHv- A im`M iQ 2biBK�iBM; i?2 BKT�+i Q7 BKTQ`i2/ +Qbi b?Q+Fb QM i?2 2ti2MbBp2
K�`;BM Q7 2tTQ`iBM; �++Q`/BM; iQ i?2 BM+QK2 H2p2Hb Q7 i?2 /2biBM�iBQM +QmMi`v #v 2biBK�iBM;
1[m�iBQM jjX h�#H2 Re T`2b2Mib i?2 `2bmHib Q7 i?Bb 2KTB`B+�H `2;`2bbBQMb T�`iBiBQMBM; i?2
b�KTH2 BM >B;? �M/ GQr AM+QK2 +QmMi`B2bX _2bmHib i2M/ iQ #2 MQM@bB;MB}+�Mi �+`Qbb bT2+B}@
+�iBQMbX am`T`BbBM;Hv- i?2 QMHv bT2+B}+�iBQM r?B+? vB2H/b bi�iBbiB+�HHv bB;MB}+�Mi `2bmHib Bb BM

kNAM �TT2M/Bt �X3- Rd b?Qrb i?�i +QMi`QHHBM; i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2 H2�/b iQ `Q#mbi `2bmHibX 1p2M
KQ`2- r?2M T�`iBiBQMBM; QM ?QKQ;2M2Qmb Q` MQM@/Bz2`2MiB�i2/ ;QQ/b H2�/ iQ bK�HH2` �M/ MQM@bB;MB}+�iBp2
`2bmHib BM h�#H2 R3- T�`iB+mH�`Hv r?2M +QMi`QHHBM; 7Q` i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2X
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h�#H2 RR, AKTQ`i *Qbi a?Q+F � 1tTQ`i S2`7Q`K�M+2
AMi2MbBp2 J�`;BM @ .Bz2`2MiB�i2/

GQ; @ Zm�MiBiB2b 1tTQ`i2/ @ lnQi,p,d

S2`BQ/ t S2`BQ/ t+ 1 S2`BQ/ t+ 2

_�m+? "2`MBMB _�m+? "2`MBMB _�m+? "2`MBMB
URV UkV UjV U9V U8V UeV

amTTHB2` @ 6B`K @yXy83y @yXyd88 @yXRjk   @yXRRe @yXR8j @yXReR 
UyXyj3dV UyXy83eV UyXy9NeV UyXye8dV UyXy398V UyXyNy9V

amTTHB2` @ �p2`�;2 @yXyde9  @yXyNjN  @yXR9d   @yXRjd  @yXR9e  @yXRed  
UyXyjekV UyXy9eeV UyXy98yV UyXy83yV UyXydk3V UyXyd9dV

amTTHB2` @ 6B`KC @yXyRyk  @yXyydjk @yXyRyd @yXyyNjd @yXyyj89 @yXyyjRe
UyXyy93yV UyXyy9e9V UyXyyd9RV UyXyye8jV UyXyydkeV UyXyydRdV

*QmMi`v @ S`Q/m+i @yXyjNd @yXyjed @yXy98R @yXy889 @yXyk8e @yXyj98
UyXyj8kV UyXyj93V UyXyk3yV UyXy9R3V UyXy9yNV UyXy8j9V

lnRERd,t u1a u1a u1a u1a u1a u1a

P#b2`p�iBQMb Rjd-yjj Ry8-dRy 3d-9je ee-3kk 8e-Nd8 9j-yNe
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX q?2M +QMi`QHHBM; 7Q` i?2 HQ; Q7
i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2 i?2 +m``2Mi �M/ }`bi irQ H�;b �`2 mb2/X 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �X Q7 1[m�iBQM R8X

*QHmKM U9V- 7Q` 2tTQ`ib iQ GQr@AM+QK2 +QmMi`B2bXjy

jyh?Bb K�v #2 /`Bp2M #v i?2 /Bz2`2M+2b BM b�KTH2 bBx2 �+`Qbb i?2 2tTQ`ib iQ >B;? �M/ GQr AM+QK2 +QmMi`B2bX
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h�#H2 Rk, AKTQ`i *Qbi a?Q+F � 1tTQ`i S2`7Q`K�M+2
AMi2MbBp2 J�`;BM @ >QKQ;2M2Qmb

GQ; @ Zm�MiBiB2b 1tTQ`i2/ @ lnQi,p,d

S2`BQ/ t S2`BQ/ t+ 1 S2`BQ/ t+ 2

_�m+? "2`MBMB _�m+? "2`MBMB _�m+? "2`MBMB
URV UkV UjV U9V U8V UeV

amTTHB2` @ 6B`K yXyk9d @yXy8eR yXy9e9 @yXy3N8 yXR9N @yXRy8
UyXydNeV UyXy93eV UyXRdjV UyXyeRRV UyXR3RV UyXy3NyV

amTTHB2` @ �p2`�;2 yXyRje @yXy8R3 yXy3dj @yXyddk @yXyyy383 @yXRk3
UyXye3dV UyXy9j9V UyXR3yV UyXye9kV UyXR83V UyXyNjRV

P#b2`p�iBQMb 3-N8j j9-jk9 8-djj kk-j9y j-e3e R9-3ee
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �X Q7 1[m�iBQM R8X

h�#H2 Rj, AKTQ`i *Qbi a?Q+F � 1tTQ`i S2`7Q`K�M+2
AMiX J�`;BM @ >QKQ;2M2Qmb @ _1_

GQ; @ Zm�MiBiB2b 1tTQ`i2/ @ lnQi,p,d

S2`BQ/ t S2`BQ/ t+ 1 S2`BQ/ t+ 2

_�m+? "2`MBMB _�m+? "2`MBMB _�m+? "2`MBMB
URV UkV UjV U9V U8V UeV

amTTHB2` @ 6B`K @yXyyk8R @yXy89k yXy833 @yXRRR yXk9N @yXRy9
UyXyN8kV UyXy8RyV UyXRNjV UyXye9dV UyXkk9V UyXyN8RV

amTTHB2` @ �p2`�;2 @yXyyjyd @yXy933 yXRke @yXyNRj yXy9yN @yXRjd
UyXy3kkV UyXy98yV UyXR3kV UyXyeeNV UyXR3eV UyXyN38V

lnRERd,t u1a u1a u1a u1a u1a u1a

P#b2`p�iBQMb d-9ed jR-jky 9-3Rd ky-93e j-Rj3 Rj-dRy
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �X Q7 1[m�iBQM R8X
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h�#H2 R9, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
1ti2MbBp2 J�`;BM

S`Q#�#BHBiv Q7 am`pBp�H @ P [Active]i,p,d,t+j

S2`BQ/ t+ 1 S2`BQ/ t+ 2

URV UkV UjV U9V

amTTHB2` @ 6B`K yXyyyddj @yXyyNjj @yXyjjd @yXyjdd  
UyXyR33V UyXyRd9V UyXyRdRV UyXyRdNV

amTTHB2` @ �p2`�;2 @yXyRdy @yXyjRk @yXy9k9   @yXy93j   
UyXyRN8V UyXyRNRV UyXyRekV UyXyRdRV

*QmMi`v @ S`Q/m+i yXyy8dd yXyykkk @yXyk3y  @yXyjk9   
UyXyRR9V UyXyRRkV UyXyRkjV UyXyRyeV

lnRERd,t LP u1a LP u1a
P#b2`p�iBQMb Rjk-9e9 RRR-8Ny Rjk-9e9 RRR-8Ny
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 HQ; [m�MiBiB2b
2tTQ`i2/ lnQXi,p,d,t �M/ 2tTQ`i@BMbi�M+2 }t2/ 2z2+ibX q?2M +QMi`QHHBM; 7Q` i?2 HQ; Q7 i?2 #BH�i2`�H `2�H
2t+?�M;2 `�i2 i?2 +m``2Mi �M/ }`bi irQ H�;b �`2 mb2/X 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M 2biBK�i2/ p�Hm2 Q7
T�`�K2i2` �Surv,j Q7 1[m�iBQM jj 7Q` j = {1, 2}X
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h�#H2 R8, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
1tiX J�`;BM @ .Bz2`2MiB�i2/

S`Q#�#BHBiv Q7 am`pBp�H @ P [Active]i,p,d,t+j

S2`BQ/ t+ 1 S2`BQ/ t+ 2

_�m+? "2`MBMB _�m+? "2`MBMB
URV UkV UjV U9V

amTTHB2` @ 6B`K @yXyy3d8 @yXy9kR  @yXyjyy @yXy93R 
UyXyRejV UyXykykV UyXyRNyV UyXyk8jV

amTTHB2` @ �p2`�;2 @yXykkd @yXy9e9  @yXy9yd  @yXy883  
UyXyRekV UyXyRdNV UyXyRddV UyXykR9V

P#b2`p�iBQMb RkN-yeR N9-99y RkN-yeR N9-99y
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 P [Active]i,p,d,t+j - 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX 1�+? +Q2{+B2Mi Q7 i?2 i�#H2
Bb �M 2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �Surv,j Q7 1[m�iBQM jj 7Q` j = {1, 2}X

h�#H2 Re, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
1tiX J�`;BM @ "v AM+QK2

S`Q#�#BHBiv Q7 am`pBp�H @ P [Active]i,p,d,t+j

S2`BQ/ t+ 1 S2`BQ/ t+ 2

>B;?@AM+X GQr@AM+X >B;?@AM+X GQr@AM+X
URV UkV UjV U9V

amTTHB2`@ 6B`K yXyR9e @yXyy9dk @yXyky9 @yXyjNd  
UyXyjkRV UyXyR3kV UyXykR3V UyXyRN9V

amTTHB2`@ �p2`�;2 yXyyy9jR @yXykj3 @yXy9kd @yXy9je  
UyXy9RkV UyXyRd9V UyXyk83V UyXyRd8V

P#b2`p�iBQMb k9-yRj Ry3-98R k9-yRj Ry3-98R
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 P [Active]i,p,d,t+j - 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX 1�+? +Q2{+B2Mi Q7 i?2 i�#H2
Bb �M 2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �Surv,j Q7 1[m�iBQM jj 7Q` j = {1, 2}X
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h�#H2 Rd, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
1tiX @ .Bz2`2MiB�i2/ @ _1_

S`Q#�#BHBiv Q7 am`pBp�H @ P [Active]i,p,d,t+j

S2`BQ/ t+ 1 S2`BQ/ t+ 2

_�m+? "2`MBMB _�m+? "2`MBMB
URV UkV UjV U9V

amTTHB2` @ 6B`K @yXyR8e @yXyjdR @yXyRyd @yXyy8eN
UyXyRejV UyXykkkV UyXyRyjV UyXyR9yV

amTTHB2` @ �p2`�;2 @yXykRN @yXyj3e @yXyR83 @yXyRjk
UyXyRdNV UyXyk9kV UyXyy333V UyXyRy3V

amTTHB2` @ 6B`KC @yXyykRR @yXyyRky @yXyykeN  @yXyyjkR  
UyXyykN8V UyXyykdNV UyXyyRjyV UyXyyR83V

*QmMi`v @ S`Q/m+i @yXyy9Ry @yXyy3dN @yXyRy3 @yXyyd8e
UyXyRR9V UyXyRedV UyXyyd8eV UyXyyNReV

lnRERd,t u1a u1a u1a u1a

P#b2`p�iBQMb Rjd-y8N Ry8-dkj Rjd-y8N Ry8-dkj
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX q?2M +QMi`QHHBM; 7Q` i?2 HQ; Q7
i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2 i?2 +m``2Mi �M/ }`bi irQ H�;b �`2 mb2/X 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �Surv,j Q7 1[m�iBQM jj 7Q` j = {1, 2}X
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h�#H2 R3, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
1tiX @ >QKQ;2M2Qmb

S`Q#�#BHBiv Q7 am`pBp�H @ P [Active]i,p,d,t+j

S2`BQ/ t+ 1

_�m+? "2`MBMB _�m+? "2`MBMB
URV UkV UjV U9V

amTTHB2` @ 6B`K yXRyj yXyj8R yXydyj yXyjk9
UyXydj9V UyXykeeV UyXyekyV UyXykkjV

amTTHB2` @ �p2`�;2 yXy9de yXyyd8k yXyRy9 yXyy8ky
UyXy3jjV UyXykN3V UyXydNkV UyXyk3eV

amTTHB2` @ 6B`KC @yXyyjjd @yXyyd9y   @yXyyk8e @yXyyd3N   
UyXyyek8V UyXyykk3V UyXyyeRjV UyXyykjjV

*QmMi`v @ S`Q/m+i yXyykeN @yXyk3N yXyy8Ry @yXykjd
UyXyje8V UyXyRe9V UyXyjeRV UyXyR8eV

lnRERd,t LP LP u1a u1a

P#b2`p�iBQMb 3-N89 j9-jje d-9e3 jR-jjR
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �X Q7 1[m�iBQM R8X
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h�#H2 RN, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
AMiX @ "v AM+QK2 @ _1_

S2`BQ/ t S2`BQ/ t+ 1 S2`BQ/ t+ 2

>B;?@AM+ GQr@AM+ >B;?@AM+ GQr@AM+ >B;?@AM+ GQr@AM+
URV UkV UjV U9V U8V UeV

amTTHB2` @ 6B`K @yXR8e  @yXyjyj @yXRkN @yXRRd @yXy3k9 @yXR9R
UyXydjjV UyXyj38V UyXydjkV UyXy8NeV UyXyNjdV UyXy3ddV

amTTHB2` @ �p2`�;2 @yXRNj   @yXy9dR @yXRe3 @yXRkN  @yXye9N @yXR9e 
UyXyekNV UyXyjkjV UyXy399V UyXy8k8V UyXyN8RV UyXyd3kV

amTTHB2` @ 6B`KC @yXyyjkk @yXyRy9 @yXyk3e   @yXyyek8 @yXyRde @yXyykky
UyXyye83V UyXyy8jNV UyXyyeedV UyXyye3eV UyXyRj9V UyXyy3yeV

*QmMi`v @ S`Q/m+i @yXRj8 @yXy99e @yXyNN9   @yXy9dN @yXyR8k @yXykRR
UyXyNRNV UyXyjRNV UyXyjj3V UyXykNkV UyXy3kRV UyXy9ReV

lnRERd,t u1a u1a u1a u1a u1a u1a

P#b2`p�iBQMb kj-9ee Rk3-NeR R9-9Re 3j-yjy N-ke8 89-k89
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX q?2M +QMi`QHHBM; 7Q` i?2 HQ; Q7
i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2 i?2 +m``2Mi �M/ }`bi irQ H�;b �`2 mb2/X 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �X Q7 1[m�iBQM R8X
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h�#H2 ky, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
1tiX J�`;BM @ "v AM+QK2

S`Q#�#BHBiv Q7 am`pBp�H @ P [Active]i,p,d,t+j

S2`BQ/ t+ 1 S2`BQ/ t+ 2

>B;?@AM+X GQr@AM+X >B;?@AM+X GQr@AM+X
URV UkV UjV U9V

amTTHB2`@ 6B`K @yXyyek9 @yXyyj33 @yXyRjN @yXyRy3
UyXyjRyV UyXyR8yV UyXyRNRV UyXyRRdV

amTTHB2`@ �p2`�;2 @yXyjje @yXyRjd @yXyR9y @yXyReR
UyXy9j9V UyXyR8eV UyXyRd9V UyXyRykV

amTTHB2`@ 6B`KC @yXyyykNR @yXyyk39 yXyyy998 @yXyyjNj   
UyXyyj98V UyXyyRdRV UyXyyR99V UyXyyRj3V

*QmMi`v @ S`Q/m+i @yXyR93 yXyyde9 @yXyRyk @yXyRjk
UyXykN3V UyXyydeeV UyXyR9eV UyXyy33eV

lnRERd,t u1a u1a u1a u1a

P#b2`p�iBQMb RN-9dR NN-d9e RN-9dR NN-d9e
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX q?2M +QMi`QHHBM; 7Q` i?2 HQ; Q7
i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2 i?2 +m``2Mi �M/ }`bi irQ H�;b �`2 mb2/X 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �Surv,j Q7 1[m�iBQM jj 7Q` j = {1, 2}X
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h�#H2 kR, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
AMiX J�`;BM @ "v aBx2

S2`BQ/ t S2`BQ/ t+ 1 S2`BQ/ t+ 2

"2HQr �#Qp2 "2HQr �#Qp2 "2HQr �#Qp2
URV UkV UjV U9V U8V UeV

amTTHB2` @ 6B`K @yXyjdj @yXyRkk @yXRdy   yXyjN3 @yXyy8NR @yXRjd
UyXy9R8V UyXy9ejV UyXy8kkV UyXy8y8V UyXy3k3V UyXyN3kV

amTTHB2` @ �p2`�;2 @yXy8k9 @yXyjyk @yXRj9  @yXyj3y @yXyye8R @yXR98
UyXyj3NV UyXy988V UyXy88yV UyXy8ykV UyXyedNV UyXyNjeV

amTTHB2` @ 6B`KC @yXyRjy   @yXyy838 @yXyy8Ne @yXyR9N @yXyy9yy @yXyyeNj
UyXyy9jkV UyXyy39yV UyXyy98NV UyXyRyRV UyXyy9k8V UyXyRykV

*QmMi`v @ S`Q/m+i yXyyRd9 @yXy39d @yXyR8e @yXy3y8 yXyjN3 @yXyyNdy
UyXyj39V UyXy839V UyXy98kV UyXy9eeV UyXyjRkV UyXydyjV

P#b2`p�iBQMb 9N-9ek Nd-eyN jy-93y ej-e89 RN-ye8 9k-9j8
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �X Q7 1[m�iBQM R8X

8R



h�#H2 kk, AKTQ`i *Qbi a?Q+Fb � 1tTQ`i S2`7Q`K�M+2
1tiX J�`;BM @ "v aBx2 @ _1_

S2`BQ/ t+ 1 S2`BQ/ t+ 2

"2HQr �#Qp2 "2HQr �#Qp2
URV UkV UjV U9V

amTTHB2` @ 6B`K yXyydek @yXyyjd3 @yXyjjj  @yXyyej3
UyXyRedV UyXyk8eV UyXyRjRV UyXyRe3V

amTTHB2` @ �p2`�;2 @yXyydj3 @yXyyeN3 @yXyk8j  @yXyke9 
UyXyRdRV UyXyky3V UyXyRRyV UyXyR9eV

amTTHB2` @ 6B`KC @yXyyRRy @yXyyk3R @yXyyReN @yXyyRe3
UyXyyRdRV UyXyyjNkV UyXyyR89V UyXyyk9jV

*QmMi`v @ S`Q/m+i @yXyRR3 yXyyye98 @yXyyjk9 @yXykj9 
UyXykyNV UyXyReeV UyXyRyeV UyXyRkRV

lnRERd,t u1a u1a u1a u1a

P#b2`p�iBQMb 9N-9e3 Nd-eRy 9N-9e3 Nd-eRy
hrQ q�v *Hmbi2`2/ U6B`K @ aQm`+2 *QmMi`vV ai�M/�`/ 1``Q`b BM S�`2Mi?2b2b

   T<yXyR-   T<yXy8-  T<yXR

LQi2, h?2 `2;`2bbBQMb �`2 +QKTmi2/ +QMi`QHHBM; 7Q` i?2 }`bi �M/ b2+QM/ H�;;2/ p�Hm2b Q7 i?2 /2T2M/2Mi
p�`B�#H2 lnQXi,p,d,t- 2tTQ`i@BMbi�M+2 }t2/ 2z2+ib �M/ v2�` }t2/ 2z2+ibX q?2M +QMi`QHHBM; 7Q` i?2 HQ; Q7
i?2 #BH�i2`�H `2�H 2t+?�M;2 `�i2 i?2 +m``2Mi �M/ }`bi irQ H�;b �`2 mb2/X 1�+? +Q2{+B2Mi Q7 i?2 i�#H2 Bb �M
2biBK�i2/ p�Hm2 Q7 T�`�K2i2` �Surv,j Q7 1[m�iBQM jj 7Q` j = {1, 2}X

8k
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