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*QMbi`�BM2/ 1{+B2Mi "Q``QrBM; rBi? aQp2`2B;M .27�mHi
_BbF »

Cm�M *�`HQb >�i+?QM/Q G2QM�`/Q J�`iBM2x 6`�M+Bb+Q _Q+?
lX Q7 q2bi2`M PMi�`BQ AJ6 AJ6
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lbBM;���[m�MiBi�iBp2�bQp2`2B;M�/27�mHi�KQ/2H-�r2�+?�`�+i2`Bx2�+QMbi`�BM2/�2{+B2Mi�#Q`@
`QrBM;� #v� �� _�Kb2v� ;Qp2`MK2Mi� i?�i� +QKKBib� iQ� BM+QK2@?BbiQ`v@+QMiBM;2Mi� #Q``QrBM;�
T�i?b� i�FBM;� �b� ;Bp2M� 2t@TQbi� QTiBK�H� 7mim`2� /27�mHi� /2+BbBQMbX� h?2�_�Kb2v� ;Qp2`MK2Mi�
BKT`Qp2b�mTQM�i?2�J�`FQp�;Qp2`MK2Mi�#2+�mb2� Bi� BMi2`M�HBx2b�i?2�2z2+ib�Q7�#Q``QrBM;�/2@
+BbBQMb� BM�T2`BQ/� t�QM�#Q``QrBM;�QTTQ`imMBiB2b�T`BQ`�iQ� tX� q2�b?Qr�i?2�2z2+i�Q7�#Q``QrBM;�
/2+BbBQMb� BM� t� QM� miBHBiv� ~Qrb�T `BQ`�i Q�t �+ �M�# 2�2 M+�TbmH�i2/�# v�i rQ�b BM;H2�/BK2MbBQM�H�
p�`B�#H2bX� _2H�iBp2� iQ� ��J�`FQp� ;Qp2`MK2Mi-� i?2�_�Kb2v� ;Qp2`MK2Mi�/BbiQ`ib�#Q``QrBM;�
/2+BbBQMb� KQ`2� r?2M� #QM/� T`B+2b� �`2� KQ`2� b2MbBiBp2� iQ� #Q``QrBM;-� �M/� +?�M;2b� BM� #QM/�
T`B+2b�?�p2��� H�`;2`�2z2+i�QM�T�bi�m iBHBivX�AM�� �[m�MiBi�iBp2�2t2`+Bb2-�KQ`2�i?�M�3yW�Q7�i?2�
/27�mHi� `BbF� Bb� 2HBKBM�i2/� #v� ��_�Kb2v� ;Qp2`MK2Mi-� rBi?Qmi� /2+`2�bBM;� #Q``QrBM;X� h?2�
_�Kb2v�;Qp2`MK2Mi��HbQ�?�b���?B;?2`�T`Q#�#BHBiv�Q7� +QKTH2iBM;��� bm++2bb7mH�/2H2p2`�;BM;�
UrBi?Qmi�/27�mHiBM;V-�r?BH2�bKQQi?BM;�Qmi�i?2�}b+�H�+QMbQHB/�iBQMX

C1G +H�bbB}+�iBQM, 6j9- 69RX
E2vrQ`/b, aQp2`2B;M .27�mHi- GQM;@i2`K .2#i- hBK2 AM+QMbBbi2M+v- .2#i .BHmiBQM- .2H2p2`@

�;BM;- �mbi2`Biv- .2#i J�M�;2K2Mi- 6Bb+�H _mH2b

R AMi`Q/m+iBQM

AM `2bTQMb2 iQ i?2 *PoA.@RN T�M/2KB+- KQbi 2+QMQKB2b ?�p2 BKTH2K2Mi2/ H�`;2 }b+�H biBKm@
Hmb T`Q;`�Kb i?�i Tmb?2/ Tm#HB+ /2#i iQ i?2B` ?BbiQ`B+�H ?B;?2bi H2p2Hb- �b BHHmbi`�i2/ BM 6B;m`2

»6Q` i?2B` +QKK2Mib �M/ bm;;2biBQMb- r2 i?�MF hQK a�`;2Mi- A;M�+BQ S`2bMQ- �M/ T�`iB+BT�Mib BM b2KBM�` �M/
+QM72`2M+2 T`2b2Mi�iBQMbX _2K�BMBM; KBbi�F2b �`2 Qm` QrMX h?2 pB2rb 2tT`2bb2/ ?2`2BM �`2 i?Qb2 Q7 i?2 �mi?Q`b
�M/ b?QmH/ MQi #2 �ii`B#mi2/ iQ i?2 AJ6- Bib 1t2+miBp2 "Q�`/- Q` Bib K�M�;2K2MiX
1@K�BHb, Dm�M+X?�i+?QM/Q!;K�BHX+QKc H2QR9ekd!;K�BHX+QKc 7`�M`Q+?!;K�BHX+QKX
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RX h?2b2 /2p2HQTK2Mib ?�p2 #`Qm;?i i?2 M22/ iQ TH�M 7Q` 7mim`2 /2H2p2`�;BM; bi`�i2;B2b iQ i?2
7Q`27`QMi Q7 TQHB+v /2#�i2bXR 6Bb+�H `mH2b i?�i +QMbi`�BM �mi?Q`BiB2b �`2 Q7i2M �i i?2 +2Mi2` Q7
/2H2p2`�;BM; /2#�i2b �M/ /2#i bmbi�BM�#BHBiv �M�Hvx2b ?�p2 #22M mb27mH BM ;�m;BM; i?2 K�;MB@
im/2b Q7 }b+�H +QMbQHB/�iBQMb M22/2/ iQ bi�#BHBx2 /2#i `�iBQbXk u2i- i?2`2 Bb HBiiH2 7Q`K�H �M�HvbBb
`2;�`/BM; /2bB`�#H2 /2#i T�i?b /m`BM; /2H2p2`�;BM;X AM i?Bb T�T2`- r2 b?Qr ?Qr iQ +QKTmi2
+QMbi`�BM2/ 2{+B2Mi #Q``QrBM; T�i?b 7Q` ;Qp2`MK2Mib 7�+BM; /27�mHi `BbFX q2 i?mb T`QpB/2 �
#2M+?K�`F iQ BM7Q`K i?2 /2bB;M Q7 /2H2p2`�;BM; TH�Mb 7Q` ?B;?Hv BM/2#i2/ +QmMi`B2b- �M/ �;�BMbi
r?B+? iQ +QKT�`2 bBKTH2` TQHB+B2b iQ 2M?�M+2 }b+�H /Bb+BTHBM2X

6B;m`2 R, lT/�i2 Q7 qQ`H/ 1+QMQKB+ PmiHQQF- CmM2 kyky

6Q`K�HHv- r2 bim/v � bi�M/�`/ [m�MiBi�iBp2 bQp2`2B;M /27�mHi 7`�K2rQ`F ¨ H� 1�iQM �M/
:2`bQpBix URN3RV rBi? HQM;@i2`K /2#iX h?2 1�iQM@:2`bQpBix KQ/2H ?�b #22M rB/2Hv mb2/ BM
bim/B2b Q7 }b+�H TQHB+v 7Q` +QmMi`B2b rBi? /27�mHi `BbFX �i i?2 #2;BMMBM; Q7 2�+? T2`BQ/- i?2
;Qp2`MK2Mi }`bi Q#b2`p2b i?2 �;;`2;�i2 2M/QrK2Mi �M/ i?2 +QMiBMm�iBQM p�Hm2 mM/2` /27�mHiBM;-
r?B+? �`2 #Qi? biQ+?�biB+X h?2M- i?2 ;Qp2`MK2Mi /2+B/2b r?2i?2` iQ /27�mHi QM Bib /2#iX A7 i?2

Ra22- 7Q` BMbi�M+2- _2BM?�`i �M/ _Q;Qz UkykyV �M/ :2HT2`M 2i �HX UkykyVX h?2b2 /2#�i2b �`2 MQi MQp2HX �##�b
2i �HX UkyRRV bim/v Tm#HB+ /2#i +v+H2b bBM+2 R33yX

k�b /2}M2/ #v i?2 AJ6 UkyRdV- ǳ� }b+�H `mH2 Bb � HQM;@H�biBM; +QMbi`�BMi QM }b+�H TQHB+v i?`Qm;? MmK2`B+�H
HBKBib QM #m/;2i�`v �;;`2;�i2bXǴ >�HH �M/ a�`;2Mi UkyR8V bim/v i?2 2z2+iBp2M2bb Q7 72/2`�H /2#i HBKBib BM i?2 lXaX
SQi2`#� �M/ _m2#2M URNNNV bim/v i?2 2z2+iBp2M2bb Q7 }b+�H `mH2b BM lXaX bi�i2b �M/ h?Q`MiQM �M/ o�bBH�FBb UkyRdV
bim/v i?2 2z2+iBp2M2bb �+`Qbb +QmMi`B2bX .Ƕ1`�bKQ 2i �HX UkyReV bmKK�`Bx2 rQ`F QM /2#i bmbi�BM�#BHBivX
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;Qp2`MK2Mi `2T�vb- Bi +�M Bbbm2 #QM/b T`B+2/ #v +QKT2iBiBp2 `BbF@M2mi`�H 7Q`2B;M BMp2biQ`bX
q2 bQHp2 i?2 KQ/2H mbBM; irQ 2[mBHB#`BmK +QM+2TibX AM i?2 J�`FQp S2`72+i 1[mBHB#`BmK

UJS1V- i?2 ;Qp2`MK2Mi QTiBK�HHv +?QQb2b Bib /27�mHi �M/ #Q``QrBM; �+iBQMb 2�+? T2`BQ/ i�FBM;
�b ;Bp2M 7mim`2 /27�mHi �M/ #Q``QrBM; bi`�i2;B2bX h?Bb Bb i?2 2[mBHB#`BmK +QM+2Ti i?�i i?2 [m�M@
iBi�iBp2 bQp2`2B;M /27�mHi HBi2`�im`2 ?�b 7Q+mb2/ QMXj AM i?2 _�Kb2v 2[mBHB#`BmK- BM T2`BQ/ x2`Q
Q` BM i?2 }`bi T2`BQ/ �7i2` � /27�mHi- i?2 ;Qp2`MK2Mi +QKKBib iQ �M BM+QK2@?BbiQ`v@+QMiBM;2Mi
#Q``QrBM; T�i?- i�FBM; �b ;Bp2M 2t@TQbi QTiBK�H /27�mHi /2+BbBQMbX

h?2 ǳ_�Kb2v ;Qp2`MK2MiǴ BKT`Qp2b mTQM i?2 ǳJ�`FQp ;Qp2`MK2MiǴ #2+�mb2 i?2 _�Kb2v
;Qp2`MK2Mi i�F2b BMiQ �++QmMi ?Qr #Q``QrBM; /2+BbBQMb BM T2`BQ/ t �z2+i i?2 #Q``QrBM; b2ib
T`BQ` iQ tX A7 #Q``QrBM; KQ`2 BM t `�Bb2b /27�mHi `BbF �7i2` t- Bi HQr2`b i?2 T`B+2 Q7 #QM/b Bbbm2/
T`BQ` iQ t- i?mb b?`BMFBM; i?2 #Q``QrBM; b2ib BM i?Qb2 T2`BQ/bX h?2 _�Kb2v ;Qp2`MK2Mi i�F2b i?2b2
#Q``QrBM; +Qbib BMiQ �++QmMi r?2M +?QQbBM; Bib #Q``QrBM; TH�M- r?BH2 i?2 J�`FQp ;Qp2`MK2Mi
/Q2b MQiX "v BMi2`M�HBxBM; i?Bb BMi2`i2KTQ`�H T`B+2 2z2+i- i?2 _�Kb2v TH�MM2` BKTH2K2Mib i?2
+QMbi`�BM2/ 2{+B2Mi #Q``QrBM; T�i?X

Pm` +QMi`B#miBQM Bb iQ b?Qr i?2 2z2+i Q7 #Q``QrBM; /2+BbBQMb BM T2`BQ/@t QM r2H7�`2 T`BQ`
iQ t +�M #2 2M+�TbmH�i2/ #v irQ bBM;H2 /BK2MbBQM�H p�`B�#H2b Ur?B+? mM/2` +QM/BiBQMb p2`B}2/
BM Qm` MmK2`B+�H BKTH2K2Mi�iBQM- +�M #2 +QHH�Tb2/ BMiQ QM2 p�`B�#H2VX h?Bb `2bmHi 2M�#H2b mb
iQ T`QTQb2 �M �H;Q`Bi?K iQ bQHp2 7Q` i?2 _�Kb2v ;Qp2`MK2MiǶb #Q``QrBM; TH�MX9 lbBM; i?2
QTiBK�HBiv +QM/BiBQM 7Q` i?2 _�Kb2v ;Qp2`MK2Mi- r2 b?Qr Bi Bb QTiBK�H iQ /BbiQ`i i?2 J�`FQp
;Qp2`MK2MiǶb #Q``QrBM; /2+BbBQMb KQ`2 BM bi�i2b r?2`2, BV #QM/ T`B+2b �`2 KQ`2 b2MbBiBp2 iQ
#Q``QrBM; �M/ BBV +?�M;2b BM #QM/ T`B+2b ?�p2 � H�`;2` 2z2+i QM T�bi r2H7�`2X

q2 BKTQb2 /Bb+BTHBM2 iQ Qm` [m�MiBi�iBp2 2t2`+Bb2 #v +�HB#`�iBM; i?2 JS1 iQ K�i+? /�i� 7`QK
J2tB+Q- � `2T`2b2Mi�iBp2 2+QMQKv rBi? bQp2`2B;M `BbF �M/ � bi�M/�`/ `272`2M+2 BM i?2 HBi2`�im`2X
q2 �HbQ p2`B7v i?�i i?2 KQ/2HǶb F2v i2bi�#H2 BKTHB+�iBQMb 7Q` i?2 `2H�iBQMb?BT #2ir22M i?2 bT`2�/-
BM+QK2- �M/ /2#i �`2 �HB;M2/ rBi? i?2 QM2b 2biBK�i2/ 7Q` � b�KTH2 Q7 2K2`;BM; 2+QMQKB2bX h?2

j�;mB�` �M/ �K�/Q` UkykyV b?Qr i?�i BM �M 1�iQM@:2`bQpBix KQ/2H rBi? HQM;@i2`K /2#i- i?2`2 K�v #2 KmHiBTH2
JS1 2[mBHB#`B�X q2 `mH2 Qmi i?Bb TQbbB#BHBiv #v 7Q+mbBM; QM i?2 2[mBHB#`BmK i?�i Bb i?2 HBKBi Q7 i?2 2[mBHB#`BmK Q7
i?2 }MBi2@?Q`BxQM 2+QMQKvX

9q2 +�MMQi b?Qr i?2 T`Q#H2K 7�+2/ #v i?2 _�Kb2v ;Qp2`MK2Mi Bb +QMp2t- #mi #v #2BM; �#H2 iQ +QKTmi2 i?2
}`bi@Q`/2` /2`Bp�iBp2- r2 +�M MmK2`B+�HHv #�+F Qmi i?2 b?�T2 Q7 i?2 _�Kb2v ;Qp2`MK2MiǶb Q#D2+iBp2 7mM+iBQMX q2
mb2 i?Bb BM7Q`K�iBQM iQ p2`B7v MmK2`B+�HHv i?2 QTiBK�H #Q``QrBM; r2 }M/ Bb BM/22/ � ;HQ#�H K�tBKmKX
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Qp2`�HH K�i+? #2ir22M i?2 bBKmH�iBQMb 7Q` i?2 J�`FQp ;Qp2`MK2Mi �M/ i?2 /�i� K�F2b i?2 KQ/2H
� TH�mbB#H2 H�#Q`�iQ`v 7Q` i?2 [m�MiBi�iBp2 2t2`+Bb2b r2 +QM/m+i BM i?Bb T�T2`X q2 K2�bm`2 i?2
2z2+ib Q7 +QKKBiK2Mi iQ 7mim`2 #Q``QrBM; #v +QKT�`BM; bBKmH�iBQMb #2ir22M i?2 J�`FQp �M/
_�Kb2v ;Qp2`MK2MibX

q2 }M/ i?2 r2H7�`2 ;�BM 7`QK T2`K�M2MiHv brBi+?BM; iQ �M 2+QMQKv rBi? � _�Kb2v ;Qp@
2`MK2Mi `�M;2b 7`QK yXjW iQ yXdW- rBi? H�`;2` ;�BMb 7Q` HQr2` BM+QK2X h?2 �p2`�;2 bT`2�/ Bb
yX8W BM i?2 2+QMQKv rBi? i?2 _�Kb2v ;Qp2`MK2Mi �M/ jXjW BM i?2 2+QMQKv rBi? i?2 J�`FQp
;Qp2`MK2MiX h?2 _�Kb2v ;Qp2`MK2Mi �+?B2p2b i?Bb bB;MB}+�Mi `2/m+iBQM BM /27�mHi `BbF MQi #v
HQr2`BM; �p2`�;2 #Q``QrBM; #mi #v 7�MMBM; Qmi Bib #Q``QrBM;, Bi `2/m+2b #Q``QrBM; BM H�i2` T2@
`BQ/b �M/ BM bi�i2b r?2`2 /27�mHi `BbF Bb KQbi �z2+i2/ #v #Q``QrBM;- �M/ Bi 2tT�M/b #Q``QrBM;
BM i?2 `2K�BMBM; bi�i2bX aBM+2 /27�mHi `BbF Bb KQ`2 b2MbBiBp2 iQ #Q``QrBM; BM HQr BM+QK2 bi�i2b-
i?2 _�Kb2v ;Qp2`MK2Mi +QM/m+ib � KQ`2 T`Q+v+HB+�H }b+�H TQHB+v i?�M i?2 J�`FQp ;Qp2`MK2MiX
JQ`2 /BbT2`b2/ #Q``QrBM; 2p2M H2�/b i?2 _�Kb2v ;Qp2`MK2Mi iQ #mv #�+F /2#i BM bQK2 HQr@
BM+QK2 bi�i2b #2+�mb2 Bi BMi2`M�HBx2b i?�i �M BM+`2�b2 BM #QM/ T`B+2b BM T2`BQ/ t K�v �HHQr Bi iQ
Bbbm2 /2#i �i #2ii2` T`B+2b T`BQ` iQ tX AM +QMi`�bi- i?2 J�`FQp ;Qp2`MK2Mi M2p2` #mvb #�+F /2#i
#2+�mb2 Bi /Q2b MQi #2M2}i 7`QK i?2 BM+`2�b2 BM #QM/ T`B+2b BKTHB2/ #v � #mv#�+F- �b b?QrM #v
�;mB�` 2i �HX- kyRN �M/ "mHQr �M/ _Q;Qz- RN33- RNNRX

q2 �HbQ b?Qr i?�i bi�`iBM; 7`QK � bi�i2 rBi? ?B;? /2#i- i?2 _�Kb2v ;Qp2`MK2Mi ?�b �
?B;?2` T`Q#�#BHBiv Q7 +QKTH2iBM; � bm++2bb7mH /2H2p2`�;BM; UrBi?Qmi /27�mHibV i?�M i?2 J�`FQp
;Qp2`MK2MiX AM �//BiBQM- i?2 _�Kb2v ;Qp2`MK2Mi +�M �zQ`/ iQ bKQQi? Qmi i?2 BMBiB�H �/DmbiK2Mi
/m`BM; i?2 /2H2p2`�;BM; T�i? #v 2z2+iBp2Hv `2/m+BM; 7mim`2 /27�mHi `BbFX *QKKBiK2Mi iQ � bBKTH2`
TQHB+v TH�M BKTH2K2Mi2/ i?`Qm;? i?2 QTiBK�H b2[m2M+2 Q7 /2#i HBKBib BKTQb2b ?�`b?2` BMBiB�H
�mbi2`Biv �M/ /2HBp2`b eyW Q7 i?2 r2H7�`2 ;�BMb �+?B2p2/ #v i?2 _�Kb2v ;Qp2`MK2MiX Pp2`�HH-
i?2b2 `2bmHib �`2 BM/B+�iBp2 Q7 i?2 [m�MiBi�iBp2 BKTQ`i�M+2 Q7 2M?�M+BM; HQM;@i2`K }b+�H /Bb+BTHBM2
iQ `2/m+2 bQp2`2B;M `BbF �M/ 7Q` i?2 bm++2bb Q7 }b+�H T`Q;`�Kb �BKBM; �i `2/m+BM; /2#i H2p2HbX

q2 }M/ i?�i B7 i?2 J�`FQp ;Qp2`MK2Mi +QmH/ +?QQb2 i?2 QTiBK�H 2t@�Mi2 /2#i /m`�iBQM- BX2X-
B7 Bi +QmH/ +?QQb2 i?2 /2#i /m`�iBQM BM i?2 BMBiB�H T2`BQ/ �M/ +QKKBi iQ i?�i /m`�iBQM i?2`2Q7-
Bi rQmH/ r�Mi iQ Bbbm2 /2#i rBi? � /m`�iBQM Q7 kXj v2�`b UpbX 9X3 v2�`b BM Qm` +�HB#`�iBQMVX q2
}M/ [m�HBi�iBp2Hv bBKBH�` `2bmHib iQ i?2 QM2b BM Qm` #2M+?K�`F r?2M i?2 _�Kb2v ;Qp2`MK2Mi
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Bb �bbmK2/ iQ Bbbm2 /2#i rBi? � /m`�iBQM 2[m�H iQ i?2 QTiBK�H 2t@�Mi2 /m`�iBQM 7Q` i?2 J�`FQp
;Qp2`MK2MiX q2 �HbQ }M/ i?2 QTiBK�H 2t@�Mi2 /m`�iBQM Bb Km+? ?B;?2` UQp2` jy v2�`bV 7Q` i?2
_�Kb2v ;Qp2`MK2MiX

RXR _2H�i2/ HBi2`�im`2

q?BH2 bQK2 bim/B2b Q7 BM2{+B2Mi #Q``QrBM; rBi? /27�mHi `BbF ?�p2 #22M �#H2 iQ +?�`�+i2`Bx2 i?2
+QMbi`�BM2/ 2{+B2Mi �HHQ+�iBQM mbBM; i`�+i�#H2 irQ@T2`BQ/ KQ/2Hb Ub22- 7Q` 2t�KTH2- "Bx2` �M/
.2J�`xQ- RNNk Q` "QHiQM �M/ C2�MM2- kyyNV- [m�MiBi�iBp2 rQ`F ?�b +B`+mKb+`B#2/ iQ `2H�iBp2Hv
bBKTH2 TQHB+B2b i?�i HBKBi #Q``QrBM; BM+2MiBp2b, >�i+?QM/Q 2i �HX UkyReV �M/ *?�ii2`D22 �M/
1vB;mM;Q` UkyR8V +QMbB/2` �Hi2`M�iBp2 /2#i +QMi`�+ib- �M/ �;mB�` 2i �HX UkykyV �M/ >�i+?QM/Q
2i �HX UkyR8V +QMbB/2` bBKTH2 #Q``QrBM; +QMbi`�BMibX h?Bb T�T2` +QKTmi2b i?2 +QMbi`�BM2/ 2{+B2Mi
#Q``QrBM; T�i? BM � [m�MiBi�iBp2 bQp2`2B;M /27�mHi KQ/2H rBi? BM2{+B2Mi #Q``QrBM;X

�;mB�` 2i �HX UkyRNV +?�`�+i2`Bx2 2{+B2Mi /2H2p2`�;BM; BM �M 1�iQM@:2`bQpBix KQ/2H rBi?Qmi
BM+QK2 mM+2`i�BMiv �M/ rBi? 2M/Q;2MQmb K�im`BivX h?2v b?Qr i?2 JS1 Bb +QMbi`�BM2/ 2{+B2Mi
�M/ i?mb BKTH2K2Mib i?2 #Q``QrBM; TH�M � _�Kb2v ;Qp2`MK2Mi rQmH/ +?QQb2Ĝ+QM/BiBQM�H QM
2t@TQbi QTiBK�H /27�mHibX h?Bb Bb bQ #2+�mb2 � J�`FQp ;Qp2`MK2Mi ?�b MQ BM+2MiBp2 iQ �+iBp2Hv
i`�/2 HQM;@i2`K #QM/b �M/ QMHv `2#�H�M+2b Bib biQ+F Q7 QM2@T2`BQ/ #QM/b /m`BM; i?2 /2H2p2`�;2
T`Q+2bbX _2H�i2/Hv- �;mB�` �M/ �K�/Q` UkyRNV b?Qrb i?�i #Q``QrBM; Bb +QMbi`�BM2/ 2{+B2Mi
BM �M 1�iQM@:2`bQpBix KQ/2H rBi? QM2@T2`BQ/ #QM/b �M/ BM+QK2 mM+2`i�BMivX q2 +QMbB/2` �M
2MpB`QMK2Mi rBi? BM+QK2 mM+2`i�BMiv �M/ HQM;@i2`K #QM/b BM r?B+? i?2`2 Bb � ?2/;BM; #2M2}i
Q7 �+iBp2Hv i`�/BM; HQM;@i2`K #QM/b BM i?2 JS1X8 "2+�mb2 Q7 i?�i- i?2 JS1 Bb MQi +QMbi`�BM2/
2{+B2Mi �M/ i?2`2 Bb � `QH2 7Q` +QMbi`�BMBM; #Q``QrBM; #v 7mim`2 ;Qp2`MK2MibXe

J�i2Qb@SH�M�b �M/ _őQb@_mHH UkyReV /2`Bp2 � ;2M2`�HBx2/ 1mH2` 2[m�iBQM 7Q` #Q``QrBM; BM
HQM;@i2`K #QM/b i?�i BbQH�i2b ?Qr i?2 /27�mHi �M/ #Q``QrBM; /2+BbBQMb BM i?2 M2ti T2`BQ/ �z2+i
i?2 +m``2Mi #QM/ T`B+2 �M/ +m``2Mi miBHBivX h?2v 7m`i?2` b?Qr i?�i r?2M i?2 ;Qp2`MK2Mi +�M

8�`2HH�MQ �M/ _�K�M�`�v�M�M UkyRkV /Bb+mbb i?2 ?2/;BM; #2M2}ib Q7 BbbmBM; HQM;@i2`K /2#iX
elMHBF2 �;mB�` 2i �HX UkyRNV- r2 �bbmK2 �M 2tQ;2MQmb K�im`Biv bi`m+im`2X >Qr2p2`- r2 /Q MQi b22 i?Bb �b �M

BKTQ`i�Mi HBKBi�iBQM 7Q` bim/vBM; ;�BMb 7`QK +QKKBiiBM; iQ i?2 +QMbi`�BM2/ 2{+B2Mi #Q``QrBM; TH�MX >�i+?QM/Q
2i �HX UkyReV b?Qrb i?2 TQbbB#BHBiv 7Q` r2H7�`2 2M?�M+BM; TQHB+B2b i?�i `2/m+2 #Q``QrBM; BM � KQ/2H rBi? 2M/Q;2MQmb
K�im`BivX q2 b?Qr i?�i 2p2M 7Q` i?2 J�`FQp ;Qp2`MK2MiǶb QTiBK�H 2t@�Mi2 K�im`Biv- i?2`2 �`2 ;�BMb 7`QK
+QMbi`�BMBM; 7mim`2 #Q``QrBM;X

8



+QKKBi iQ /27�mHi �M/ #Q``QrBM; TQHB+v `mH2b QM2 T2`BQ/ BM �/p�M+2- i?2`2 Bb MQ /Bz2`2M+2 #2ir22M
BbbmBM; QM2@T2`BQ/ Q` HQM;@i2`K #QM/bX q2 bim/v i?2 +�b2 rBi? +QKKBiK2Mi iQ #Q``QrBM; BM 2p2`v
7mim`2 T2`BQ/ #mi MQi iQ 7mim`2 /27�mHi /2+BbBQMbX q2 b?Qr i?�i BbbmBM; HQM;@i2`K #QM/b rBi?
+QKKBiK2Mi Bb /Bz2`2Mi 7`QK BbbmBM; QM2@T2`BQ/ #QM/bX

�/�K �M/ :`BHH UkyRdV �M/ _Qii;2` UkyRNV bim/v i?2 2z2+ib Q7 +QKKBiiBM; iQ i?2 M2ti@T2`BQ/
/27�mHi `mH2 BM �M 2MpB`QMK2Mi rBi? QM2@T2`BQ/ /2#iX Pm` 7Q+mb QM +QKKBiK2Mi iQ i?2 7mim`2
#Q``QrBM; T�i? Bb KQiBp�i2/ #v /Bb+mbbBQMb Q7 ?Qr iQ /2bB;M /2#i `2/m+iBQM T`Q;`�Kb �M/ TQHB+B2b
i?�i r2�F2M ;Qp2`MK2MibǶ BM+2MiBp2b iQ #Q``Qr- 2Bi?2` i?`Qm;? }b+�H `mH2b Q` i?`Qm;? +?�M;2b BM
/2#i BMbi`mK2Mib U*?�ii2`D22 �M/ 1vB;mM;Q`- kyR8c >�i+?QM/Q 2i �HX- kyReVXd >�i+?QM/Q 2i �HX
UkyR8V b?Qr i?�i- 7Q` 2KTB`B+�HHv TH�mbB#H2 p�Hm2b- +QKKBiK2Mi iQ `2T�vK2Mi vB2H/b r2H7�`2 ;�BMb
Q`/2`b Q7 K�;MBim/2 H�`;2` i?�M +QKKBiK2Mi iQ `2bi`B+iBM; 7mim`2 #Q``QrBM;X h?2v �HbQ b?Qr
i?�i � `mH2 r?B+? 2HBKBM�i2b /27�mHib +QmH/ #2 iQQ +QbiHv iQ 2M7Q`+2 iQ #2 +`2/B#H2- r?B+? K�v
2tTH�BM r?v BM T`�+iB+2 }b+�H `mH2b /Q MQi `2bi`B+i /27�mHiBM; Ub22 AJ6- kyRd 7Q` � /2b+`BTiBQM Q7
2tBbiBM; }b+�H `mH2bVX

"B�M+?B 2i �HX UkyRNV bim/v �M 1�iQM@:2`bQpBix KQ/2H rBi? T`Q/m+iBQM- MQKBM�H `B;B/BiB2b �M/
� }b+�H b2+iQ` `B+?2` i?�M i?2 QM2 r2 +QMbB/2`X h?2B` b2imT 72�im`2b � i`�/2@Qz #2ir22M i?2 `QH2
7Q` 2tT�MbBQM�`v }b+�H TQHB+B2b r?2M MQKBM�H `B;B/BiB2b #BM/ �M/ i?2 +Qbi Q7 2tT�MbBQM�`v }b+�H
TQHB+B2b BM i2`Kb Q7 ?B;?2` /27�mHi `BbFX h?2v b?Qr i?�i r?2M i?2 ;Qp2`MK2Mi +�M +QKKBi iQ
i?2 bT2M/BM; H2p2H QM2 T2`BQ/ BM �/p�M+2- �M �mbi2`Biv T`Q;`�K +�M #2 #2M2}+B�HX q2 �M�Hvx2
HQM;@H�biBM; }b+�H +QMbQHB/�iBQMb TH�Mb rBi? +QKKBiK2Mi #mi �#bi`�+i 7`QK i?2 KmHiBTHB2` 2z2+ib
+QMbB/2`2/ #v "B�M+?B 2i �HX UkyRNVX

Pm` �TT`Q�+? M22/ MQi #2 i?2 QMHv QM2 i?�i +�M #2 mb2/ iQ +QKTmi2 i?2 +QMbi`�BM2/ 2{+B2Mi
#Q``QrBM; T�i?X q2 bim/v �M QTiBKBx�iBQM T`Q#H2K rBi? 7Q`r�`/@HQQFBM; +QMbi`�BMib- r?2`2
�+iBQMb BM T2`BQ/b t + s > t +QMbi`�BM i?2 72�bB#H2 b2i �i t UBM Qm` +�b2- #Q``QrBM; �i t + s > t

�z2+i i?2 T`B+2 Q7 #QM/b Bbbm2/ �i t �M/ i?mb i?2 72�bB#H2 b2i �i tVX h?2 b2KBM�H rQ`F #v J�`+2i
�M/ J�`BKQM UkyRNV 2H�#Q`�i2b � `2+m`bBp2 7Q`KmH�iBQM 7Q` i?Bb +H�bb Q7 T`Q#H2Kb i?�i ?�b #22M
mb2/ BM b2p2`�H �TTHB+�iBQMbX h?2 �TTHB+�iBQM +HQb2bi iQ Qm` rQ`F Bb i?2 T�T2` #v 6�`�;HB� 2i �HX

dh?2 2M7Q`+2K2Mi 7Q` /2#i `2/m+iBQM T`Q;`�Kb +�M #2 T�`iB�HHv- �H#2Bi BKT2`72+iHv- T`QpB/2/ #v BMbiBimiBQMb
HBF2 i?2 AJ6 Q` 1m`QxQM2 T�`iM2`b BM i?2 +�b2 Q7 1m`QT2�M +QmMi`B2b- 7Q` 2t�KTH2X

e



UkyRe- kyRNV- r?Q T`2b2Mi `2+m`bBp2 7Q`KmH�iBQMb 7Q` KQ/2Hb rBi? #QM/b i?�i K�im`2 M T2`BQ/b
�?2�/X h?2v b?Qr i?�i mbBM; i?2 7Q`KmH�iBQM #v J�`+2i �M/ J�`BKQM UkyRNV `2[mB`2b F22TBM;
i`�+F Q7 M �//BiBQM�H +Q@bi�i2 p�`B�#H2bX aBM+2 r2 �bbmK2 i?�i i?2 ;Qp2`MK2Mi Bbbm2b T2`T2imBiB2b-
� HBi2`�H 2ti`�TQH�iBQM Q7 i?2B` �TT`Q�+? rQmH/ MQi #2 72�bB#H2 7Q` mbX Pm` +QMi`B#miBQM Bb iQ b?Qr
i?�i 7Q` i?2 T2`T2imBiB2b +QKKQMHv �bbmK2/ BM [m�MiBi�iBp2 rQ`F rBi? /27�mHi `BbF- i?2 +QK#BM2/
2z2+ib Q7 #Q``QrBM; BM T2`BQ/@t QM miBHBiv ~Qrb BM T2`BQ/b T`BQ` iQ t +�M #2 bmKK�`Bx2/ #v irQ
bi�i2 p�`B�#H2b- �HHQrBM; 7Q` � i`�+i�#H2 �H;Q`Bi?K 7Q` bQHpBM; i?2 _�Kb2v T`Q#H2KX

h?2 `2bi Q7 i?2 �`iB+H2 T`Q+22/b �b 7QHHQrbX a2+iBQM k BMi`Q/m+2b i?2 2MpB`QMK2MiX a2+iBQM j
+?�`�+i2`Bx2b i?2 QTiBK�HBiv +QM/BiBQMb BM �M 2+QMQKv rBi? � J�`FQp ;Qp2`MK2Mi �M/ BM QM2 rBi?
� _�Kb2v ;Qp2`MK2MiX a2+iBQM 9 /Bb+mbb2b i?2 +�HB#`�iBQMX a2+iBQM 8 T`2b2Mib i?2 [m�MiBi�iBp2
`2bmHibX a2+iBQM e +QM+Hm/2bX

k h?2 2MpB`QMK2Mi

q2 bim/v �M BM}MBi2@?Q`BxQM bK�HH QT2M 2+QMQKv i?�i `2+2Bp2b � biQ+?�biB+ 2M/QrK2Mi bi`2�K
{yt}∞t=0 Q7 � bBM;H2 i`�/�#H2 ;QQ/X h?2 2M/QrK2Mi T`Q+2bb yt i�F2b p�Hm2b BM i?2 b2i Y =

{y1, ..., yJ} �M/ 7QHHQrb � J�`FQp T`Q+2bb rBi? T`Q#�#BHBiB2b Pr(yt+1 = yj | yt = yi) > 0 7Q`
�HH i, j = 1, ..., J X

S`272`2M+2b Qp2` +QMbmKTiBQM bi`2�Kb �`2 +?�`�+i2`Bx2/ #v

E
∞∑

t=0

βtu(ct),

r?2`2 β ∈ (0, 1)- �M/ u Bb /2}M2/ Qp2` i?2 MQM@M2;�iBp2 `2�Hb �M/ +?�`�+i2`Bx2/ #v u′ > 0 �M/
u′′ < 0X

A7 i?2 ;Qp2`MK2Mi /27�mHib- Bi r`Bi2b Qz Bib 2MiB`2 /2#i Q#HB;�iBQMb �M/- �b BM �;mB�` 2i �HX
UkyRNV- i?2 2+QMQKv `2+2Bp2b � +QMiBMm�iBQM p�Hm2 UtX h?2 +QMiBMm�iBQM p�Hm2 mM/2` /27�mHi
7QHHQrb � biQ+?�biB+ T`Q+2bb rBi? bmTTQ`i (−∞,∞) �M/ K�v #2 +Q``2H�i2/ rBi? i?2 2M/QrK2MiX
h?�i Bb- �7i2` �M 2M/QrK2Mi `2�HBx�iBQM yt = yj- i?2 `�M/QK p�`B�#H2 Ut Bb /`�rM 7`QK � T`Q#�@

d



#BHBiv /Bbi`B#miBQM rBi? � +QMiBMmQmb TX/X7X fj �M/ +X/X7X FjX3 q2 7m`i?2` �bbmK2 i?�i
∫ ∞

x

Uf(U)dU < ∞ 7Q` �HH x ∈ (−∞,∞),

r?B+? BKTHB2b }MBi2 2tT2+i2/ +QMiBMm�iBQM p�Hm2b mM/2` /27�mHiX
�b HQM; �b i?2 ;Qp2`MK2Mi ?�b MQi /27�mHi2/- Bi #Q``Qrb #v BbbmBM; HQM;@i2`K #QM/b �b BM

>�i+?QM/Q �M/ J�`iBM2x UkyyNVX � #QM/ Bbbm2/ �i t T�vb � +QmTQM bi`2�K δ {(1− δ)s−1}∞s=1

BM T2`BQ/ t + s mMiBH i?2 ;Qp2`MK2Mi /27�mHibX h?mb- i?2 T�`�K2i2` δ ∈ [0, 1] /2i2`KBM2b i?2
2tQ;2MQmb /2#i /m`�iBQMX "QM/b �`2 T`B+2/ #v +QKT2iBiBp2 `BbF@M2mi`�H H2M/2`b i?�i /Bb+QmMi
7mim`2 T�vQzb �i i?2 `�i2 rX

hBKBM; �i i?2 #2;BMMBM; Q7 T2`BQ/ t- i?2 ;Qp2`MK2Mi Q#b2`p2b i?2 2M/QrK2Mi yt �M/ i?2
+QMiBMm�iBQM p�Hm2 mM/2` /27�mHiBM; Ut- �M/ +?QQb2b r?2i?2` iQ /27�mHiX A7 i?2 ;Qp2`MK2Mi `2T�vb-
Bi +�M Bbbm2 #QM/b Q` b�p2 #v #mvBM; #�+F Qmibi�M/BM; #QM/bX h?2 ;Qp2`MK2Mi �MMQmM+2b �M
Bbbm�M+2 pQHmK2 �M/ Bb +QKKBii2/ iQ i?Bb �MMQmM+2K2MiX "QM/b �`2 bQH/ �i i?2 T`B+2 Qz2`2/ #v
`BbF@M2mi`�H +QKT2iBiBp2 H2M/2`bX h?2b2 bi�M/�`/ iBKBM; �bbmKTiBQMb `mH2 Qmi KmHiBTHB+Biv � H¨
*�HpQ UGQ`2MxQMB �M/ q2`MBM;- kyRN �M/ L�p�``Q 2i �HX- kyR3VX q2 �HbQ `mH2 Qmi b2H7@7mH}HHBM;
+`Bb2b � H¨ *QH2@E2?Q2 U*QM2b� �M/ E2?Q2- kyRd- "Q+QH� �M/ .QpBb- kyRNVX

h?2 ;Qp2`MK2Mi K�F2b 2+QMQKB+ /2+BbBQMb QM #2?�H7 Q7 i?2 bK�HH QT2M 2+QMQKv �M/ Bib
Q#D2+iBp2 Bb iQ K�tBKBx2 +QMbmK2`bǶ r2H7�`2X q2 bim/v irQ 2+QMQKB2b /2T2M/BM; QM r?2M i?2
;Qp2`MK2Mi +?QQb2b i?2 MmK#2` Q7 #QM/b Bbbm2/ BM 2�+? T2`BQ/, UBV i?2 J�`FQp ;Qp2`MK2Mi
+?QQb2b Bib #Q``QrBM; b2[m2MiB�HHv- �M/ UBBV i?2 _�Kb2v ;Qp2`MK2Mi +?QQb2b BM T2`BQ/ y i?2
#Q``QrBM; T�i? +QMiBM;2Mi QM 7mim`2 BM+QK2 ?BbiQ`B2bX

kXR J�`FQp ;Qp2`MK2Mi

�b HQM; �b Bi ?�b MQi /27�mHi2/- i?2 J�`FQp ;Qp2`MK2Mi �+iBM; BM T2`BQ/ t +?QQb2b ?Qr K�Mv
#QM/b iQ Bbbm2 BM tX h?2 QMHv T�vQz@`2H2p�Mi bi�i2 p�`B�#H2b �i i?2 #Q``QrBM; bi�;2 �`2 i?2 BM+QK2

3h?2 K�BM `QH2 7Q` i?2 `�M/QK p�`B�#H2 U Bb iQ bKQQi? Qmi i?2 _�Kb2v ;Qp2`MK2MiǶb Q#D2+iBp2 7mM+iBQM- bQ
r2 +�M 2tTHQBi }`bi@Q`/2` +QM/BiBQMb iQ +QKTmi2 i?2 +QMbi`�BM2/ 2{+B2Mi #Q``QrBM; T�i?X h?2 /2T2M/�M+2 Q7
i?2 T`Q#�#BHBiv /Bbi`B#miBQM Q7 Ut QM i?2 BM+QK2 `2�HBx�iBQM BM i?2 T2`BQ/ Bb mb2/ BM i?2 [m�MiBi�iBp2 �TTHB+�iBQM-
r?2`2 r2 �bbmK2 i?2 2tT2+i2/ +QMiBMm�iBQM p�Hm2 mM/2` /27�mHi +QBM+B/2b rBi? i?2 +QMiBMm�iBQM p�Hm2 BKTHB2/ #v
biQ+?�biB+ 2t+HmbBQM 7`QK /2#i K�`F2ib �M/ �M 2M/QrK2Mi HQbb U�b mbm�HHv �bbmK2/ BM i?2 [m�MiBi�iBp2 /27�mHi
HBi2`�im`2VX

3



`2�HBx�iBQM yt �M/ i?2 MmK#2` Q7 #QM/b Qmibi�M/BM; �i i?2 #2;BMMBM; Q7 i?2 T2`BQ/- r?B+? r2
/2MQi2 #v btX h?2 +QMiBMm�iBQM p�Hm2 mM/2` /27�mHi Ut +�``B2b MQ �//BiBQM�H BM7Q`K�iBQM �#Qmi
i?2 T`Q#�#BHBiv /Bbi`B#miBQMb Q7 {Ut+s}∞s=1 �M/ i?mb Bb MQi T�vQz@`2H2p�Mi �7i2` i?2 ;Qp2`MK2Mi
?�b /2+B/2/ iQ `2T�vX h?2 ;Qp2`MK2Mi �+iBM; BM t +?QQb2b Bib #Q``QrBM; iQ K�tBKBx2

Et

∞∑

s=t

βs−tu (cs) .

h?2 ;Qp2`MK2Mi �+iBM; BM t +�MMQi +QKKBi iQ 7mim`2 /27�mHi �M/ #Q``QrBM; /2+BbBQMbX AMbi2�/-
Bi i�F2b BMiQ �++QmMi i?2 bi`�i2;B2b 7QHHQr2/ #v 7mim`2 ;Qp2`MK2Mib iQ 2p�Hm�i2 ?Qr +m``2Mi
#Q``QrBM; /2+BbBQMb rBHH �z2+i i?2 7mim`2 +QMbmKTiBQM bi`2�KX

q2 mb2 V iQ /2MQi2 i?2 +QMiBMm�iBQM p�Hm2 mM/2` `2T�vK2Mi- x′ iQ /2MQi2 i?2 M2ti@T2`BQ/
p�Hm2 Q7 p�`B�#H2 x- πj(y) = Pr (y′ = yj | y)- �M/ q /2MQi2b i?2 #QM/ T`B+2 7mM+iBQMX Ai Bb QTiBK�H
7Q` i?2 ;Qp2`MK2Mi iQ `2T�v QMHv r?2M i?2 `2�HBx�iBQM Q7 i?2 +QMiBMm�iBQM p�Hm2 mM/2` /27�mHiBM;
U Bb #2HQr i?2 +QMiBMm�iBQM p�Hm2 mM/2` `2T�vK2Mi V X :Bp2M i?Bb- r2 +QKTmi2 i?2 JS1 #v
bQHpBM; i?2 7QHHQrBM; "2HHK�M 2[m�iBQM,

V (b, y) = Max
b′

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

u(c) + β
J∑

j=1

πj(y)

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

_2T�vK2Mi T`Q#
7Q` y′=yj︷ ︸︸ ︷

Fj (V (b′, yj))V (b′, yj)+
∫ ∞

V (b′,yj)

U fj(U)dU

︸ ︷︷ ︸
1tTX +QMiX p�Hm2 mM/2`

/27�mHi 7Q` y′=yj

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

URV

s.t. c = y − δb+ q(b′, y) [b′ − (1− δ)b] ,

�M/

q(b′, y) =
1

1 + r

J∑

j=1

πj(y)Fj (V (b′, yj))
[
δ + (1− δ)q(b̂(b′, yj), yj)

]
. UkV

h?2 #m/;2i +QMbi`�BMi b�vb i?�i � ;Qp2`MK2Mi i?�i ?�b `2T�B/ BM i?2 +m``2Mi T2`BQ/- T�vb δ
+QmTQMb T2` Qmibi�M/BM; #QM/b UbV �M/ Bbbm2b b′−(1−δ)b M2r #QM/b �i � T`B+2 qX *QKT2iBiBQM BM
}M�M+B�H K�`F2ib #2ir22M `BbF@M2mi`�H H2M/2`b BKTHB2b i?�i H2M/2`b K�F2 x2`Q 2tT2+i2/ T`Q}ib, BM
bi�i2b r?2`2 i?2 ;Qp2`MK2Mi `2T�vb BM i?2 M2ti T2`BQ/- #QM/?QH/2`b `2+2Bp2 i?2 +QmTQM T�vK2Mi
δ �M/ +�M i`�/2 i?2 +H�BKb iQ bm#b2[m2Mi +QmTQM T�vK2Mib Ui?�i �// mT iQ 1 − δV �i T`B+2b

N



q(b̂(b′, yj), yj)- r?B+? /2T2M/ QM i?2 M2ti@T2`BQ/ BM+QK2 `2�HBx�iBQM y′ = yj �M/ M2ti@T2`BQ/
#Q``QrBM; b̂(b′, yj)X h?2 7mM+iBQM b̂ bQHp2b i?2 QTiBKBx�iBQM T`Q#H2K URV 7Q` �HH b, yXN

�TT2M/Bt � T`QpB/2b � /2b+`BTiBQM Q7 i?2 J�`FQp ;�K2 �M/ 2[mBHB#`BmK /2}MBiBQM i?�i bmT@
TQ`i i?2 �#Qp2 "2HHK�M 2[m�iBQMX q2 mb2 i?2 b�K2 2[mBHB#`BmK +QM+2Ti mb2/ BM �;mB�` �M/
:QTBM�i? UkyyeV- �`2HH�MQ Ukyy3V- �M/ i?2 T�T2`b i?�i 7QHHQr2/ i?2KX

kXk _�Kb2v ;Qp2`MK2Mi

AM i?Bb 2+QMQKv- i?2 ;Qp2`MK2Mi �+iBM; BM t > 0 /Q2b MQi +QMi`QH Bib #Q``QrBM;X AMbi2�/- Bi
BKTH2K2Mib i?2 #Q``QrBM; H2p2H T`2b+`B#2/ BM i?2 TH�M +?Qb2M #v i?2 _�Kb2v ;Qp2`MK2Mi BM
T2`BQ/ yX PM i?2 Qi?2` ?�M/- i?2 ;Qp2`MK2Mi �+iBM; BM t > 0 /2+B/2b r?2i?2` iQ `2T�v BM t �M/-
�b BM i?2 JS1- Bi +?QQb2b iQ `2T�v r?2M i?�i vB2H/b � ?B;?2` +QMiBMm�iBQM p�Hm2 i?�M /27�mHiBM;X

G2i yt = {y0, ..., yt} /2MQi2 i?2 BM+QK2 ?BbiQ`v mMiBH T2`BQ/ t �M/ Y t /2MQi2 i?2 b2i Q7 �HH TQb@
bB#H2 BM+QK2 ?BbiQ`B2b mMiBH T2`BQ/ tX AM T2`BQ/ 0- i?2 _�Kb2v ;Qp2`MK2Mi +?QQb2b i?2 #Q``QrBM;
T�i? 7Q` 2p2`v 7mim`2 T2`BQ/ �M/ BM+QK2 ?BbiQ`vX h?�i Bb- �i t = 0- i?2 _�Kb2v ;Qp2`MK2Mi
+?QQb2b i?2 T�i? b⃗ = {bt+1(yt)}∞t=0 7Q` �HH yt = {y0, ..., yt} ∈ Y tX h?Bb T�i? rBHH #2 BKTH2K2Mi2/
mMiBH i?2`2 Bb � /27�mHiX

h?2 _�Kb2v ;Qp2`MK2Mi K�v r�Mi iQ +QM/BiBQM #Q``QrBM; BM t QM i?2 `2�HBx�iBQM Q7 i?2
+QMiBMm�iBQM p�Hm2 mM/2` /27�mHiBM; Ut BM Q`/2` iQ 2tT�M/ i?2 `2T�vK2Mi b2iX q2 `mH2 Qmi
i?Bb TQbbB#BHBiv K�BMHv 7Q` i`�+i�#BHBiv `2�bQMbX A7 i?2 _�Kb2v ;Qp2`MK2Mi +QmH/ +QM/BiBQM QM
(yt, Ut)- /Bb+QMiBMmBiB2b rQmH/ �TT2�` BM i?2 _�Kb2v ;Qp2`MK2MiǶb Q#D2+iBp2X amTTQb2 i?2`2 Bb �
+miQz U∗

t (⃗b, y
t) �i r?B+? i?2 ;Qp2`MK2Mi �+iBM; BM t rQmH/ #2 BM/Bz2`2Mi #2ir22M `2T�vBM; �M/

/27�mHiBM;X aBM+2 bt+1(yt, Ut) rQmH/ �z2+i i?2 `2T�vK2Mi T`Q#�#BHBiv QMHv 7Q` Ut = U∗
t (⃗b, y

t) �M/
i?�i i?2 _�Kb2v ;Qp2`MK2Mi rQmH/ BMi2`M�HBx2 i?�i � H�`;2` `2T�vK2Mi `2;BQM BM t `�Bb2b #QM/
T`B+2b #27Q`2 t- bt+1 +�MMQi #2 +QMiBMmQmb BM UtX AM �//BiBQM- r?BH2 BM+QK2 ?�b � +H2�` 2KTB`B+�H
+QmMi2`T�`i U:.SV �M/ #Q``QrBM; `mH2b i?�i /2T2M/ QM :.S �`2 Q#b2`p2/ BM `2�HBiv U+QMbB/2`
7Q` 2t�KTH2 2b+�T2 +H�mb2b BM bQK2 }b+�H `mH2bV- Bi Bb mM+H2�` ?Qr iQ K�T i?2 miBHBiv +Qbi Q7

Nh?2 ;Qp2`MK2Mi +�M �++mKmH�i2 �bb2ib #v +?QQbBM; b′ < 0X q2 biBHH mb2 2[m�iBQM UkV iQ T`B+2 #QM/b BM i?Qb2
+�b2b- r?B+? BKTHB2b �HHQrBM; i?2 ;Qp2`MK2Mi iQ /27�mHi QM Bib �bb2ibX q2 7QHHQr i?Bb `Qmi2 iQ �pQB/ � /Bb+QMiBMmBiv
BM i?2 #QM/ T`B+2 7mM+iBQM �i b′ = 0- r?B+? rQmH/ BMp�HB/�i2 i?2 ;2M2`�H mb2 Q7 }`bi@Q`/2` +QM/BiBQMb iQ +QKTmi2
i?2 bQHmiBQM Q7 i?2 _�Kb2v ;Qp2`MK2MiǶb T`Q#H2KX q2 /Q MQi Q#b2`p2 bi�i2b rBi? b′ < 0 BM i?2 bBKmH�iBQMb Q7 i?2
2+QMQKB2b rBi? � J�`FQp Q` � _�Kb2v ;Qp2`MK2MiX

Ry



/27�mHiBM; iQ � p2`B}�#H2 p�`B�#H2 i?�i +QmH/ �z2+i #Q``QrBM; `mH2bX
h?2 +QMiBMm�iBQM p�Hm2 mM/2` `2T�vK2Mi- Vt- Bb /2i2`KBM2/ #v i?2 #Q``QrBM; T�i? +?Qb2M #v

i?2 _�Kb2v ;Qp2`MK2Mi- M�K2Hv

Vt(⃗b, y
t) = u(ct(⃗b, y

t)) + β
J∑

j=1

πj(yt)
[
Fj(Vt+1,j)Vt+1,j +

∫∞
Vt+1,j

Ufj(U)dU
]

UjV

r?2`2 Vt+1,j = Vt+1

(
b⃗, (yt, yj)

)
, �M/

ct(⃗b, y
t) = yt − δbt(⃗b, y

t−1) + qt(⃗b, y
t)
[
bt+1(⃗b, y

t)− (1− δ)bt(⃗b, y
t−1)

]
. U9V

hQ bBKTHB7v MQi�iBQM- r2 r`Bi2 i?2 p�Hm2 Q7 `2T�vK2Mi �i t �b � 7mM+iBQM Q7 i?2 2MiB`2 #Q``QrBM;
T�i? b⃗- #mi Vt QMHv /2T2M/b QM i?2 BMBiB�H /2#i BM t bt �M/ i?2 #Q``QrBM; T�i? i?�i 7QHHQrb
�7i2` ?BbiQ`v ytX h?2 ;Qp2`MK2Mi �+iBM; BM T2`BQ/ t /27�mHib r?2M2p2` i?2 `2�HBx�iBQM Q7 i?2
+QMiBMm�iBQM p�Hm2 mM/2` /27�mHiBM; Ut Bb ?B;?2` i?�M Vt(⃗b, yt)X

AMp2biQ`b Q#b2`p2 i?2 #Q``QrBM; TH�M b⃗ �M/ T`B+2 #QM/b �++Q`/BM;HvX h?2 2[mBHB#`BmK #QM/
T`B+2 7QHHQrb i?2 `2+m`bBQM

qt(⃗b, y
t) =

J∑
j=1

πj(yt)Fj

(
Vt+1

(
b⃗, (yt, yj)

)) [
δ + (1− δ)qt+1

(
b⃗, (yt, yj)

)]

1 + r
U8V

7Q` �HH t = 0, 1, ....

G2i U /2MQi2 i?2 _�Kb2v ;Qp2`MK2MiǶb Q#D2+iBp2 7mM+iBQM 2p�Hm�i2/ BM i?2 BMBiB�H T2`BQ/X Ai
/2T2M/b QM +QMbmKTiBQM ~Qrb mM/2` `2T�vK2Mi 7Q` ?BbiQ`B2b (yt, U t) rBi?Qmi � /27�mHi �M/ QM
i?2 +QMiBMm�iBQM p�Hm2 mM/2` /27�mHi Ut 7Q` ?BbiQ`B2b (yt, U t) r?2`2 i?2 ;Qp2`MK2Mi /27�mHib BM tX
6Q`K�HHv-

U (⃗b, y0) = u(c0) +
∞∑

t=1

βt
∑

yt∈Yt

Pr(yt)
t−1∏

n=1

FI(n,yt)(Vn(⃗b, y
n))

⎡

⎣ FI(t,yt)(Vt(⃗b, yt))u(ct(⃗b, yt))

+
∫∞
Vt (⃗b,yt)

U fI(t,yt)(U)dU

⎤

⎦ , UeV

r?2`2 I(n, yt) /2MQi2b i?2 BM+QK2 `2�HBx�iBQM BM/2t BM T2`BQ/ n < t 7Q` �M BM+QK2 ?BbiQ`v yt-
Pr(yt) /2MQi2b i?2 T`Q#�#BHBiv Q7 Q#b2`pBM; �M BM+QK2 ?BbiQ`v yt ;Bp2M y0- �M/ yn i?2 bm#@?BbiQ`v
Q7 BM+QK2 `2�HBx�iBQMb mMiBH T2`BQ/ n ;Bp2M ytX h?2 ;Qp2`MK2Mi /2`Bp2b miBHBiv u(ct(⃗b, yt)) BM
T2`BQ/ t �7i2` `2T�vBM; �M/ 2tT2+ib

∫∞
Vt (⃗b,yt)

U fI(t,yt)(U)dU �7i2` /27�mHiBM;X "Qi? b+2M�`BQb �`2

RR



`2H2p�Mi QMHv B7 i?2 ;Qp2`MK2Mi `2T�vb BM 2p2`v T2`BQ/ #27Q`2 t- r?B+? Q++m`b rBi? T`Q#�#BHBiv
∏t−1

n=1 FI(n,yt)(Vn(⃗b, yn))X
h?2 _�Kb2v ;Qp2`MK2MiǶb QTiBKBx�iBQM T`Q#H2K +QMbBbib Q7

Max
b⃗

U (⃗b, y0) UdV

s.t. UjV- U9V- �M/ U8V.

j PTiBK�HBiv +QM/BiBQMb

h?Bb b2+iBQM T`2b2Mib i?2 QTiBK�HBiv +QM/BiBQMb 7Q` #Qi? i?2 J�`FQp �M/ i?2 _�Kb2v ;Qp2`MK2MibX
6Q` i?2 J�`FQp ;Qp2`MK2Mi- r2 +�MMQi 2bi�#HBb? i?�i i?2 Q#D2+iBp2 7mM+iBQM Bb /Bz2`2MiB�#H2X
q2 QMHv �bbmK2 /Bz2`2MiB�#BHBiv Q7 q �M/ V rX`XiX b′ iQ BHHmbi`�i2 i?2 i`�/2@Qz 7�+2/ #v 2�+?
;Qp2`MK2MiX q2 /Q MQi `2Hv QM i?2 QTiBK�HBiv +QM/BiBQMb iQ bQHp2 i?2 JS1 MmK2`B+�HHvX >Qr2p2`-
7Q` i?2 _�Kb2v ;Qp2`MK2Mi- r2 b?Qr i?�i i?2 Q#D2+iBp2 7mM+iBQM Bb /Bz2`2MiB�#H2X

jXR PTiBK�HBiv +QM/BiBQM 7Q` i?2 J�`FQp ;Qp2`MK2Mi

h?2 M2ti 2[m�iBQM T`2b2Mib i?2 bi�M/�`/ QTiBK�HBiv +QM/BiBQM 7Q` i?2 J�`FQp ;Qp2`MK2Mi,

u′(c)

[
q(b′, y) +

∂q(b′, y)

∂b′
ι

]

︸ ︷︷ ︸
J�`;BM�H T`Q+22/b 7`QK

BbbmBM; �M 2ti`� #QM/

= β
J∑

j=1

πj(y)Fj(V
′
j )u

′(c′j)
[
δ + (1− δ)q′j

]
, U3V

r?2`2 V ′
j = V (b′, yjV- q′j = q

(
b̂(b, yj), yj

)
- c′j = ĉ(b, yj)- �M/ r2 mb2 ι = b′ − (1− δ)b iQ /2MQi2

i?2 MmK#2` Q7 #QM/b Bbbm2/ BM i?2 T2`BQ/X h?2 �#Qp2 2[m�iBQM mb2b i?2 2Mp2HQT2 +QM/BiBQM
∂V (b, y)/∂b = −u′(c)[δ + (1− δ)q(b̂(b, y), y)]X

h?2 H27i@?�M/ bB/2 Q7 2[m�iBQM U3V `2T`2b2Mib i?2 +m``2Mi K�`;BM�H #2M2}i 7`QK BbbmBM; �M
2ti`� #QM/X h?2 ;Qp2`MK2Mi +QHH2+ib q(b′, y) + ∂q(b′, y)/∂b′ι �//BiBQM�H mMBib Q7 i?2 +QMbmKTiBQM
;QQ/ r?2M Bi Bbbm2b �M 2ti`� #QM/- r?2`2 i?2 b2+QM/ i2`K b?Qrb Bi Bb +QbiHv 7Q` i?2 ;Qp2`MK2Mi
iQ HQr2` i?2 +m``2Mi #QM/ T`B+2X � HQr2` #QM/ T`B+2 HQr2`b i?2 T`Q+22/b i?2 ;Qp2`MK2Mi Q#i�BMb
7`QK BbbmBM; #QM/bX hQ K2�bm`2 i?2 2z2+i QM r2H7�`2 Q7 BbbmBM; �M 2ti`� #QM/- i?2 K�`;BM�H
+?�M;2 BM +m``2Mi +QMbmKTiBQM Bb r2B;?i2/ #v i?2 +m``2Mi +QMbmKTiBQM p�Hm�iBQM u′(c)X

Rk



h?2 `B;?i@?�M/ bB/2 Q7 2[m�iBQM U3V `2T`2b2Mib i?2 +Qbi Q7 i`�Mb72``BM; KQ`2 /2#i iQ 7mim`2
T2`BQ/bX AM i?2 bi�i2b BM r?B+? i?2 ;Qp2`MK2Mi `2T�vb BM i?2 M2ti T2`BQ/- Bi T�vb i?2 +QmTQM
δ �M/ +�``B2b � bi`2�K 1 − δ Q7 +QmTQM Q#HB;�iBQMb iQ 7mim`2 T2`BQ/bX h?2 p�Hm2 Q7 i?2 H�ii2` Bb
q
(
b̂(b, yj), yj

)
7Q` y′ = yjX

jXk PTiBK�HBiv +QM/BiBQM 7Q` i?2 _�Kb2v ;Qp2`MK2Mi

q2 }`bi 2bi�#HBb? /Bz2`2MiB�#BHBiv Q7 i?2 _�Kb2v ;Qp2`MK2MiǶb Q#D2+iBp2 Ui?2 T`QQ7 Q7 S`QTQbBiBQM
R- r?B+? BHHmbi`�i2b i?2 `QH2 TH�v2/ #v i?2 b?Q+Fb Ut BM 2MbmBM; /Bz2`2MiB�#BHBiv- Bb T`2b2Mi2/ BM
�TT2M/Bt "XRV,

S`QTQbBiBQM R U Bb +QMiBMmQmbHv /Bz2`2MiB�#H2 rX`XiX bt+1(yt) 7Q` �HH t = 0, 1... �M/ yt ∈ Y tX

.Bz2`2MiB�#BHBiv BKTHB2b i?�i i?2 QTiBK�H #Q``QrBM; T�i? +?Qb2M #v i?2 _�Kb2v ;Qp2`MK2Mi
b�iBb}2b i?2 7QHHQrBM; +QM/BiBQM 7Q` bt+1(ỹt)- 7Q` i4y-R-XXX �M/ �HH ỹt ∈ Y t,

1z2+i Q7 bt+1(ỹt) QM miBHBiv ~Qrb #27Q`2 t �HQM; i?2 BM+QK2 T�i? y0,ỹ1,...ỹt︷ ︸︸ ︷

∂

[
u(c0) +

t−1∑
k=1

βkPr(ỹk)
k−1∏
n=1

FI(n)(Vn)
[
FI(k,ỹt)(Vk)u(ck) +

∫∞
Vk

U fk(U)dU
]]

∂bt+1(ỹt)
+

βtPr(ỹt)
t∏

n=1

FI(n,ỹt)(Vn)

︸ ︷︷ ︸
S`Q# Q7 �``BpBM; �i
t rBi?Qmi /27�mHib

×

⎡

⎣ u′(ct)
[
qt +

∂qt
∂bt+1(ỹt)

ιt
]
− β

∑J
j=1 πj(ỹt)×

Fj(Vt+1,j)u′(ct+1,j) [δ + (1− δ)qt+1,j]

⎤

⎦

︸ ︷︷ ︸
1z2+i Q7 bt+1(ỹt) QM Vt, Bi `2b2K#H2b i?2 QTiBK�HBiv

+QM/BiBQM 7Q` i?2 J�`FQp ;Qp2`MK2Mi

= 0, UNV

rBi? Vt+1,j = Vt+1(⃗b, (ỹt, yj))- qt+1,j = qt+1(⃗b, (ỹt, yj))- ct+1,j = ct+1(⃗b, (ỹt, yj))- �M/ ιt(⃗b, ỹt) =

bt+1(⃗b, ỹt)− (1− δ)bt(⃗b, ỹt−1) /2MQi2b i?2 MmK#2` Q7 #QM/b Bbbm2/ BM T2`BQ/ t �7i2` ?BbiQ`v ỹtX hQ
bBKTHB7v MQi�iBQM- r2 bT�`2/ i?2 �`;mK2Mib Q7 cs- qs- �M/ Vs 7Q` s ≤ tX

*QKT�`BM; 2[m�iBQMb U3V �M/ UNV BHHmbi`�i2b i?2 iBK2 BM+QMbBbi2M+v T`Q#H2K BM i?2 bi�M/�`/
/27�mHi KQ/2H rBi? HQM;@i2`K /2#iX h?2 _�Kb2v ;Qp2`MK2Mi +QMbB/2`b i?2 2z2+i i?�i /2#i
+?QB+2b BM T2`BQ/ t Ubt+1(ỹt)V ?�p2 QM miBHBiv ~Qrb T`BQ` iQ tX h?Bb Bb `2T`2b2Mi2/ #v i?2 }`bi HBM2
BM 2[m�iBQM UNVX AM +QMi`�bi- �b BHHmbi`�i2/ BM 2[m�iBQM U3V- i?2 J�`FQp ;Qp2`MK2Mi �+iBM; BM t

QMHv i�F2b BMiQ �++QmMi i?2 2z2+ib Q7 +?�M;BM; +QMbmKTiBQM BM t �M/ t + 1X h?2 b2+QM/ HBM2 BM
2[m�iBQM UNV b?Qrb i?�i i?2 _�Kb2v ;Qp2`MK2Mi �HbQ +QMbB/2`b i?2 b�K2 i`�/2@Qz +QMbB/2`2/ #v

Rj



i?2 J�`FQp ;Qp2`MK2Mi �+iBM; BM t, #Q``QrBM; KQ`2 BM t �HHQrb 7Q` KQ`2 +QMbmKTiBQM BM t �i i?2
2tT2Mb2 Q7 HQr2`BM; +QMbmKTiBQM BM t+ 1X

am{+B2M+v Q7 i?2 }`bi@Q`/2` +QM/BiBQM q2 +�MMQi b?Qr i?�i U Bb +QM+�p2 �M/ +QM/BiBQM
UNV Bb bm{+B2Mi 7Q` }M/BM; i?2 QTiBKmKX AM i?2 MmK2`B+�H �TTHB+�iBQM- r2 +�H+mH�i2 ∂U/∂bt+1(ỹt)

7Q` � `�M;2 Q7 bt+1(ỹt) �M/ �TT`QtBK�i2 i?2 b?�T2 Q7 U(..., bt+1(ỹt), ...) Qp2` i?�i `�M;2 iQ p2`B7v
r2 �`2 }M/BM; � ;HQ#�H K�tBKmK U�TT2M/Bt * T`QpB/2b KQ`2 /2i�BHbVX

jXkXR _2+m`bBp2 QTiBK�HBiv +QM/BiBQM 7Q` i?2 _�Kb2v ;Qp2`MK2Mi

AM i?Bb bm#b2+iBQM r2 }`bi b?Qr i?2 +mKmH�i2/ 2z2+ib Q7 #Q``QrBM; BM t QM miBHBiv ~Qrb T`BQ` iQ t

+�M #2 +QM/2Mb2/ BM irQ bBM;H2 /BK2MbBQM�H bi�i2 p�`B�#H2b i?�i 7QHHQr `2+m`bBp2 H�rb Q7 KQiBQMX
a2+QM/- r2 b?Qr i?�i mM/2` � +QM/BiBQM i?�i r2 MmK2`B+�HHv p2`B7v BM Qm` [m�MiBi�iBp2 �TTHB+�iBQM-
i?Qb2 irQ p�`B�#H2b +�M #2 +QM/2Mb2/ BMiQ QM2- r?B+? 2M�#H2b mb iQ }M/ i?2 +QMbi`�BM2/ 2{+B2Mi
�HHQ+�iBQM #v bQHpBM; � `2+m`bBQM rBi? QMHv QM2 �//BiBQM�H bi�i2 p�`B�#H2 `2H�iBp2 iQ i?2 JS1X

LQi2 }`bi i?�i i?2 _�Kb2v ;Qp2`MK2MiǶb +QKKBiK2Mi iQ #Q``Qr �M 2ti`� mMBi BM t �7i2`
?BbiQ`v yt = (yt−1, yi) �z2+ib UBV qt(⃗b, yt) #v +?�M;BM; i?2 `2T�vK2Mi T`Q#�#BHBiv BM t+ 1 �M/ UBBV
i?2 `2T�vK2Mi T`Q#�#BHBiv BM t #v +?�M;BM; i?2 p�Hm2 Q7 `2T�vK2Mi BM t Vt(⃗b, yt)X h?mb- i?2 2z2+i
Q7 bt+1(yt) QM i?2 T`B+2 Q7 /2#i BM T2`BQ/ t− 1 7Q` ?BbiQ`v yt−1 +�M #2 r`Bii2M �b 7mM+iBQM Q7 i?2
2z2+i Q7 bt+1(yt) QM qt �M/ Vt,

∂qt−1(⃗b, yt−1)

∂bt+1(yt)
=

1z2+i Q7 +?�M;BM; i?2 `2T�vK2Mi T`Q#�#BHBiv BM t+ 1 QM qt−1︷ ︸︸ ︷

Pr(yi | yt−1)Fi

(
Vt(⃗b, y

t)
)(1− δ

1 + r

)
∂qt(⃗b, yt)

∂bt+1(yt)

+Pr(yi | yt−1)fi
(
Vt(⃗b, y

t)
)(δ + (1− δ)qt(⃗b, yt)

1 + r

)
∂Vt(⃗b, yt)

∂bt+1(yt)
.

︸ ︷︷ ︸
1z2+i Q7 +?�M;BM; i?2 `2T�vK2Mi T`Q#�#BHBiv BM t QM qt−1

URyV

JQ`2 ;2M2`�HHv- bt+1(yt) �z2+ib i?2 T`B+2 Q7 /2#i BM 2p2`v T`2pBQmb T2`BQ/ t − n 7Q` bm#?BbiQ`B2b
yt−n i?`Qm;? ∂qt (⃗b,yt)

∂bt+1(yt)
�M/ ∂Vt (⃗b,yt)

∂bt+1(yt)
X S`QTQbBiBQM k b?Qrb ?Qr i?2 2z2+ib Q7 bt+1(yt) QM miBHBiv ~Qrb

mMiBH t − 1 +�M #2 2tT`2bb2/ �b � r2B;?i2/ bmK Q7 ∂qt (⃗b,yt)
∂bt+1(yt)

�M/ ∂Vt (⃗b,yt)
∂bt+1(yt)

- �M/ i?�i i?2 r2B;?ib
7QHHQr � `2+m`bBp2 bi`m+im`2 Ui?2 T`QQ7 Bb BM �TT2M/Bt "XkVX

R9



S`QTQbBiBQM k h?2 QTiBK�H #Q``QrBM; TH�M 7Q` i?2 _�Kb2v ;Qp2`MK2Mi b⃗∗ b�iBb}2b }`bi Q`/2`
+QM/BiBQMb

hq
t (⃗b

∗, yt)
∂qt(⃗b∗, yt)

∂bt+1(yt)
+ hV

t (⃗b
∗, yt)

∂Vt(⃗b, yt)

∂bt+1(yt)
= 0 URRV

7Q` �HH t �M/ yt = (yt−1, yi) ∈ Y t- rBi?

hq
t =

(1− δ)Fi (Vt)

1 + r

[
hq
t−1 + u′(ct−1)ιt−1h

V
t−1

]
, URkV

hV
t =

fi (Vt) [δ + (1− δ)qt]

1 + r

[
hq
t−1 + u′(ct−1)ιt−1h

V
t−1

]
+ βFi (Vt)h

V
t−1, URjV

rBi? BMBiB�H p�Hm2b hq
0(⃗b

∗, y0) = 0 �M/ hV
0 (⃗b

∗, y0) = 1- �M/ ιt(⃗b∗, yt) = b∗t+1(y
t)− (1− δ)b∗t (y

t−1)X
hQ bBKTHB7v MQi�iBQM- i?2 �`;mK2Mib (⃗b∗, yt) �M/ (⃗b∗, yt−1) Q7 p�`B�#H2b BM T2`BQ/ t �M/ t − 1 �`2
QKBii2/ BM 2[m�iBQMb URkV@URjVX

h?2 i2`K hq
t 7�+iQ`b ?Qr � +?�M;2 BM qt �z2+ib 2tT2+i2/ miBHBiv ~Qrb 7`QK T2`BQ/ 0 mMiBH

T2`BQ/ t − 1- r?BH2 hV
t 7�+iQ`b ?Qr � +?�M;2 BM Vt �z2+ib 2tT2+i2/ miBHBiv ~Qrb 7`QK T2`BQ/ 0

mMiBH T2`BQ/ t− 1 THmb i?2 /B`2+i 2z2+i Q7 +?�M;BM; Vt QM U X 1[m�iBQMb URkV@URjV b?Qr i?�i i?2
H�r Q7 KQiBQMb 7Q` i?Qb2 i2`Kb +�M #2 2tT`2bb2/ �b � MQM@HBM2�` 7mM+iBQM Q7 p�`B�#H2b BM T2`BQ/b
t− 1 �M/ tX h?Bb 2M�#H2b mb iQ `2+�bi i?2 QTiBK�HBiv +QM/BiBQM 7Q` i?2 _�Kb2v ;Qp2`MK2Mi mbBM;
� `2+m`bBp2 bi`m+im`2X

G�r Q7 KQiBQMb 7Q` hq �M/ hV q?2M +QMi`�+iBM; KQ`2 /2#i BM t BM+`2�b2b i?2 /27�mHi
T`Q#�#BHBiv BM t + 1- Bi `2/m+2b qtX � HQr2` qt `2/m+2b #QM/ T`B+2b T`BQ` iQ T2`BQ/ tX AM 2[m�iBQM
URkV- i?2 /B`2+i 2z2+i Q7 +?�M;BM; qt QM #QM/ T`B+2b T`BQ` iQ t−1 Bb +�Tim`2/ #v hq

t−1X AM �//BiBQM-
B7 qt−1 +?�M;2b- i?�i �z2+ib ct−1 �M/ i?mb i?2 p�Hm2 Q7 `2T�vBM; BM t − 1X h?2 2z2+i Q7 i?�i QM
miBHBiv ~Qrb T`BQ` iQ t− 1 Bb +�Tim`2/ #v hV

t−1 U�M/ r2B;?i2/ #v u′(ct−1)ιt−1VX
*QMi`�+iBM; KQ`2 /2#i BM t +?�M;2b +QMbmKTiBQM BM t �M/ i?mb i?2 +QMiBMm�iBQM p�Hm2 Vt �M/

i?2 `2T�vK2Mi T`Q#�#BHBiv BM tX h?2 +?�M;2 BM i?2 `2T�vK2Mi T`Q#�#BHBiv BM t �z2+ib #QM/ T`B+2b
�M/ miBHBiv ~Qrb mMiBH t − 1X �b /Bb+mbb2/ BM i?2 T`2pBQmb T�`�;`�T?- i?2b2 2z2+ib �`2 +�Tim`2/
#v hq

t−1 + u′(ct−1)ιt−1hV
t−1- �b T`2b2Mi2/ BM i?2 }`bi i2`K Q7 i?2 H�r Q7 KQiBQM URjVX h?2 b2+QM/

i2`K BM URjV �`Bb2b #2+�mb2 #v +?�M;BM; Vt- +QMi`�+iBM; KQ`2 /2#i BM t �HbQ +?�M;2b Vt−1 �M/ i?2
`2T�vK2Mi T`Q#�#BHBiv BM t − 1- �M/ i?2 2z2+i Q7 i?�i QM miBHBiv ~Qrb T`BQ` iQ t − 1 Bb +�Tim`2/
#v hV

t−1X
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1[m�iBQMb URRV@URjV BM S`QTQbBiBQM k �`2 TQbbB#H2 #2+�mb2 Q7 i?2 `2+m`bBp2 bi`m+im`2 Q7 i?2
#QM/ T`B+2 7mM+iBQM U8V- r?B+? BM im`M Bb i?2 `2bmHi Q7 i?2 �bbmKTiBQM Q7 ;2QK2i`B+�HHv /2+HBMBM;
+QmTQM T�vK2MibX

� 7Q`KmH�iBQM rBi? QMHv QM2 bi�i2 p�`B�#H2 �b ?BMi2/ #v 2[m�iBQM URRV- r?�i K�ii2`b 7Q`
i?2 QTiBK�HBiv +QM/BiBQM Bb i?2 `2H�iBp2 r2B;?i QM ∂qt(⃗b, yt)/∂bt+1(yt) �M/ ∂V (⃗b, yt)/∂bt+1(yt)X A7
hV
t (⃗b, y

t) ̸= 0- r2 +�M /2}M2 i?2 p�`B�#H2

ht(⃗b, y
t) =

hq
t (⃗b, y

t)

hV
t (⃗b, yt)

+ u′(ct(⃗b, y
t))ιt(⃗b, y

t) UR9V

i?�i 2M+�TbmH�i2b i?2 `2H�iBp2 2z2+ib Q7 +?�M;BM; #QM/ T`B+2b BM T2`BQ/ t QM miBHBiv ~Qrb mMiBH
T2`BQ/ tX �`K2/ rBi? i?�i �mtBHB�`v p�`B�#H2- i?2 7QHHQrBM; H2KK� T`QpB/2b � bBKTHB}2/ p2`bBQM
Q7 i?2 QTiBK�HBiv +QM/BiBQM Ui?2 T`QQ7 Bb BM �TT2M/Bt "XkVX

G2KK� j A7 hV
t (⃗b, y

t) ̸= 0 7Q` �HH t = 0, 1, ... �M/ yt = (yt−1, yi) ∈ Y t- i?2 QTiBK�H #Q``QrBM;
T�i? 7Q` i?2 _�Kb2v TH�MM2` b�iBb}2b

u′(ct)qt +
∂qt

∂bt+1(yt)
ht − β

J∑

j=1

πj(yi)Fj (Vt+1,j)u
′(ct+1,j)[δ + (1− δ)qt+1,j ] = 0, UR8V

rBi? i?2 7QHHQrBM; H�r Q7 KQiBQM 7Q` h,

ht =
Fi (Vt) (1− δ)ht−1

fi (Vt) [δ + (1− δ)qt]ht−1 + β(1 + r)Fi (Vt)
+ u′(ct)ιt. UReV

h?2 i2`Kb Xt+1,j `272` iQ 7mM+iBQMb Xt+1(⃗b, (yt, yj)) 7Q` X = V, q, cX q2 �HbQ QKBii2/ i?2
�`;mK2Mib 7Q` p�`B�#H2b BM T2`BQ/b t− 1 �M/ t iQ bBKTHB7v MQi�iBQMX

1[m�iBQM UReV b?Qrb i?�i i?2 ?BbiQ`v p�`B�#H2 ht +QMbBbib Q7 � MQM@HBM2�` 7mM+iBQM Q7 #QM/
Bbbm�M+2b mMiBH T2`BQ/ t r2B;?i2/ #v i?2B` +Q``2bTQM/BM; +QMbmKTiBQM p�Hm�iBQMbX Ai `2T`2b2Mib
i?2 r2H7�`2 +Qbi Q7 `2/m+BM; i?2 #QM/ T`B+2 BM T2`BQ/ t Uhq

t V `2H�iBp2 iQ i?2 QM2 Q7 +?�M;BM; Vt

UhV
t V- �b T`2b2Mi2/ BM 2[m�iBQM UR9VX h?Qb2 r2H7�`2 +Qbib +QMbBbi Q7 +m``2Mi �M/ T`BQ` +QMbmKTiBQM

b�+`B}+2b /2`Bp2/ 7`QK HQr2`BM; i?2 T`B+2b �i r?B+? /2#i Bb Bbbm2/ BM T2`BQ/b t−n rBi? n = 0, 1, ...tX

*QKT�`BM; i?2 J�`FQp �M/ _�Kb2v QTiBK�HBiv +QM/BiBQMb h?2`2 �`2 i?`22 /Bz2`2M+2b
#2ir22M i?2 _�Kb2v QTiBK�HBiv +QM/BiBQM UR8V �M/ i?2 QM2 7Q` � J�`FQp ;Qp2`MK2Mi U3VX 6B`bi-
i?2 _�Kb2v ;Qp2`MK2Mi r2B;?ib i?2 #QM/ T`B+2 /2`Bp�iBp2 BM t #v ht �M/ i?2 J�`FQp ;Qp2`MK2Mi

Re



#v u′(ct)ιtX h?Bb K2�Mb i?�i B7 ht−1 > 0 U�b Bi Bb �Hr�vb i?2 +�b2 BM i?2 bBKmH�iBQMbV �M/ i?mb
ht > u′(ct)ιt- i?2 #QM/ T`B+2 /2`Bp�iBp2 Bb r2B;?i2/ #v � ?B;?2` MmK#2` BM i?2 _�Kb2v QTiBK�HBiv
+QM/BiBQM- BM/B+�iBM; i?�i i?2 K�`;BM�H +Qbi Q7 BbbmBM; /2#i Bb ?B;?2` 7Q` i?2 _�Kb2v ;Qp2`MK2Mi
i?�M 7Q` i?2 J�`FQp ;Qp2`MK2MiX h?Bb +�Tim`2b i?2 K�BM /Bz2`2M+2 #2ir22M i?2 irQ QTiBKBx�iBQM
T`Q#H2Kb, i?2 _�Kb2v ;Qp2`MK2Mi BMi2`M�HBx2b i?2 r2H7�`2 2z2+i Q7 +?�M;BM; i?2 T`Q+22/b 7`QK
#QM/ b�H2b BM �HH T2`BQ/b mT iQ t- #mi i?2 J�`FQp ;Qp2`MK2Mi QMHv BMi2`M�HBx2b i?2 r2H7�`2 2z2+i
Q7 +?�M;BM; i?2 T`Q+22/b 7`QK #QM/ b�H2b BM tX

a2+QM/- i?2 /2`Bp�iBp2 ∂qt
∂bt+1(yt)

BM i?2 _�Kb2v +QM/BiBQM BM+Q`TQ`�i2b i?2 2z2+i Q7 +?�M;BM;
i?2 /2#i biQ+F BM t + 1 �HQM2X AM +QMi`�bi- i?2 /2`Bp�iBp2 ∂q/∂b′ BM i?2 J�`FQp +QM/BiBQM i�F2b
BMiQ �++QmMi ?Qr +?�M;2b BM i?2 /2#i biQ+F BM i?2 M2ti T2`BQ/ Ub′V �z2+i 7mim`2 /2#i biQ+FbX

h?B`/- qt+1,j �`2 /Bz2`2Mi 7`QK i?2B` +QmMi2`T�`ib BM i?2 JS1X aBM+2 i?2 /2#i T�i? 7`QK T2`BQ/
t+2 QMr�`/b Bb mM�z2+i2/ #v +?�M;2b BM bt+1(yt)- i?2 #QM/ T`B+2b qt+1,j �`2 BMp�`B�Mi iQ +?�M;2b
BM bt+1(yt)X AM +QMi`�bi- BM i?2 JS1- M2ti@T2`BQ/ #QM/ T`B+2b +?�M;2 rBi? b′X h?Bb BMi`Q/m+2b
� /Bb+`2T�M+v BM i?2 K�`;BM�H +Qbi Q7 BM+`2�bBM; bt+1(yt), β

J∑
j=1

πj(y)Fj (Vt+1,j) u′(ct+1,j)[δ + (1−

δ)qt+1,j]X
h?2 �#Qp2 /Bb+mbbBQM K2�Mb i?�i B7 h = 0 U7Q` BMbi�M+2- BM T2`BQ/ y Q` �7i2` � /27�mHiV- i?2

i`�/2@Qzb BM i?2 QTiBK�HBiv +QM/BiBQMb 7Q` i?2 _�Kb2v �M/ J�`FQp ;Qp2`MK2Mi +QBM+B/2, i?2
/2`Bp�iBp2 Q7 i?2 #QM/ T`B+2 Bb QMHv r2B;?i2/ #v i?2 K�`;BM�H miBHBiv �M/ Bbbm�M+2b BM i?2 +m``2Mi
T2`BQ/X >Qr2p2`- i?2 /2#i +?QB+2 M22/ MQi +QBM+B/2 #2+�mb2 ∂qt/∂bt+1(yt) �M/ qt+1,j �`2 /Bz2`2Mi
7`QK i?2B` +QmMi2`T�`ib BM i?2 JS1X

*QKT�`BbQM rBi? QM2@T2`BQ/ /2#i *QKT�`BM; 2[m�iBQMb U3V �M/ UR8V �HbQ b?Qrb i?�i rBi?
QM2@T2`BQ/ /2#i Uδ = 1V- i?2 BM+2MiBp2b Q7 i?2 _�Kb2v �M/ J�`FQp ;Qp2`MK2Mib +QBM+B/2X A7
δ = 1- ht = u′(ct)bt+1 �M/ h Bb MQ HQM;2` � `2H2p�Mi bi�i2 p�`B�#H2X

G�r Q7 KQiBQM 7Q` h 1[m�iBQM UReV b?Qrb i?�i ht Bb ?B;?2` 7Q` bi�i2b rBi? � ?B;? `2T�vK2Mi
T`Q#�#BHBiv Fi(Vt)X h?2 `2�bQM Bb i?�i #Q``QrBM; ?�b � H�`;2` 2z2+i QM T`BQ` #QM/ T`B+2b �7i2`
`2�+?BM; � bi�i2 rBi? � ?B;? `2T�vK2Mi T`Q#�#BHBiv- �M/ Bi Bb i?mb QTiBK�H 7Q` i?2 _�Kb2v
;Qp2`MK2Mi iQ #Q``Qr H2bb �7i2` i`�MbBiBM; i?`Qm;? i?Qb2 bi�i2bX

Rd



1[m�iBQM UReV �HbQ b?Qrb i?�i ht /2+`2�b2b rBi? `2bT2+i iQ i?2 /2MbBiv fi(Vt)XRy � ?B;?2`
p�Hm2 Q7 i?2 TX/X7X fi(Vt) K2�Mb i?2 `2T�vK2Mi T`Q#�#BHBiv Bb KQ`2 b2MbBiBp2 iQ BM+`2�b2b BM i?2
+QMiBMm�iBQM p�Hm2 Vt- BM/m+BM; i?2 _�Kb2v ;Qp2`MK2Mi iQ BM+`2�b2 Vt #v �HHQrBM; 7Q` KQ`2
#Q``QrBM; BM t �M/ BM bm#b2[m2Mi T2`BQ/b U� HQr2` ht �+?B2p2b i?�i #v HQr2`BM; i?2 K�`;BM�H +Qbi
Q7 #Q``QrBM; BM tVX

6BM�HHv- 2[m�iBQM UReV b?Qrb i?�i 7Q` bi�i2b rBi? ?B;? K�`;BM�H miBHBiv Q` rBi? � ?B;? MmK#2`
Q7 #QM/b Bbbm2/- ht i�F2b � ?B;?2` p�Hm2X _2+�HH i?�i BM i?2 QTiBK�HBiv +QM/BiBQM- ht `2T`2b2Mib
i?2 K�`;BM�H +Qbi Q7 HQr2`BM; i?2 #QM/ T`B+2X AMimBiBp2Hv- i?2 _�Kb2v TH�MM2` r�Mib iQ BM+`2�b2
i?2 T`B+2 �i r?B+? Bi Bbbm2b /2#i BM bi�i2b rBi? ?B;? +QMbmKTiBQM p�Hm�iBQM �M/fQ` � ?B;? /2#i
Bbbm�M+2X � ?B;?2` ht �+?B2p2b i?�i #v HQr2`BM; #Q``QrBM; BM bm#b2[m2Mi T2`BQ/bX LQi2 �HbQ i?�i
ht Bb ?B;?2` r?2M ht−1 Bb ?B;?2`- �M/ ht−1 Bb ?B;?2` r?2M T`2pBQmb bi�i2b BM i?2 ?BbiQ`v 72�im`2
?B;? +QMbmKTiBQM p�Hm�iBQM �M/fQ` ?B;? /2#i Bbbm�M+2X h?Bb 2z2+i 7`QK +QMbmKTiBQM p�Hm�iBQMb
�M/ /2#i Bbbm�M+2 BM T`2pBQmb T2`BQ/b Bb �#b2Mi BM i?2 JS1X

_2+m`bBp2 `2T`2b2Mi�iBQM rBi? bi�i2 p�`B�#H2 h �`K2/ rBi? G2KK� j- r2 }M/ i?2 +QM@
bi`�BM2/ 2{+B2Mi #Q``QrBM; TH�M #v bQHpBM; i?2 `2+m`bBQM #2HQr- r?B+? `2[mB`2b F22TBM; i`�+F Q7
i?2 ?BbiQ`v p�`B�#H2 h BM �//BiBQM iQ i?2 bi�i2 p�`B�#H2b �H`2�/v mb2/ BM i?2 JS1X 6Q`K�HHv- r2
}M/ i?2 `2T�vK2Mi p�Hm2 V - #QM/ T`B+2 q- �M/ TQHB+B2b

{
ĉ, b̂, ĥ

}
i?�i b�iBb7v i?2 7QHHQrBM;,

Ryh?Bb �bbmK2b ht > 0- r?B+? Bb �Hr�vb i`m2 BM Qm` bBKmH�iBQMbX

R3



RV V bQHp2b

V (b, yi, h) = u(c) + β
∑

j

πj(yi)

[
Fj

(
V ′
j

)
V ′
j +

∫

V ′
j

Ufj(dU)

]
URV

bm#D2+i iQ i?2 `2bQm`+2 +QMbi`�BMi,

c = yi − δb+ q(b′, yi, h
′)ι, rBi? b′ = (1− δ)b+ ι; URcV

i?2 M2+2bb�`v +QM/BiBQM 7Q` �M QTiBKmK,

u′(c)q(b′, yi, h
′) +∆q(b

′, yi, h
′)h′ − β

∑

j

πj(y)Fj(V
′
j )u

′(c′j)
(
δ + (1− δ)q′j

)
= 0, URb′V

r?2`2 i?2 7mM+iBQM ∆q(b
′, yi, h

′) = −
∑

j πj(yi)fj(V
′
j )u

′(c′j)
(
δ + (1− δ)q′j

)2

1 + r

V ′
j = V (b′, yj, h

′), c′j = ĉ(b′, yj, h
′), q′j = q

(
b̂(b′, yj, h

′), yj, ĥ(b
′, yj, h

′)
)
;

�M/ i?2 H�r Q7 KQiBQM 7Q` h :

h′ =
Fi(V (b, yi, h))(1− δ)h

fi(V (b, yi, h)) [δ + (1− δ)q(b′, yi, h′)] + β(1 + r)Fi(V (b, yi, h))
+ u′(c)ι, URh′V

7Q` �HH (b, yi, h) ;Bp2M
{
q, ĉ, b̂, ĥ

}
c

kV i?2 TQHB+v 7mM+iBQMb
{
ĉ, b̂, ĥ

}
b�iBb7v 2[m�iBQMb URcV- URb′V- �M/ URh′V- 7Q` �HH (b, yi, h) ;Bp2M

{q, V }c �M/
jV i?2 #QM/ T`B+2 q b�iBb}2b

q(b′, yi, h
′) =

1

1 + r

∑

j

πj(yi)Fj(V (b′, yj, h
′))
[
δ + (1− δ)q

(
b̂(b′, yj, h

′), yj, ĥ(b
′, yj, h

′)
)]

7Q` �HH (b′, yi, h′) ;Bp2M
{
b̂, ĥ, V

}
X

1[m�iBQM URh′V Bb #�b2/ QM i?2 H�r Q7 KQiBQM 7Q` i?2 ?BbiQ`v p�`B�#H2 BM 2[m�iBQM UReVX h?2
`2+m`bBQM �#Qp2 mb2b h iQ /2MQi2 ht−1 BM i2`Kb Q7 2[m�iBQMb UR8V@UReVX h?2 �/p�Mi�;2 Q7 i?Bb
�TT`Q�+? Bb i?�i r2 QMHv M22/ iQ bQHp2 7Q` QM2 p�Hm2 Q7 h′X A7 BMbi2�/ r2 ?�/ +?Qb2M h iQ `2T`2b2Mi
ht- r2 rQmH/ ?�p2 ?�/ iQ bQHp2 7Q` J 2[m�iBQMb /2i2`KBMBM; h′

j 7Q` 2�+? TQbbB#H2 BM+QK2 `2�HBx�iBQM
BM i?2 M2ti T2`BQ/X

h?2 M2+2bb�`v +QM/BiBQM 7Q` QTiBKmK BM 2[m�iBQM URb′V Bb #�b2/ QM 2[m�iBQM UR8V �M/ i?2

RN



#QM/ T`B+2 /2`Bp�iBp2 7mM+iBQM ∆q Bb #�b2/ QM

∂qt(⃗b, yt)

∂bt+1(yt)
=

−
J∑

j=1
πj(y)fj (Vt+1,j) u′(ct+1,j)[δ + (1− δ)qt+1,j]

1 + r
.

h?2 TQHB+v 7mM+iBQMb
{
ĉ, b̂, ĥ

}
�`2 7QmM/ #v bQHpBM; i?2 bvbi2K Q7 2[m�iBQMb URcV- URb′V-

�M/ URh′V- r?B+? `2[mB`2b bQHpBM; 7Q` MQM@HBM2�` 2[m�iBQMb BM (b′, h′)X q2 }M/ i?2`2 Bb � mMB[m2
bQHmiBQM iQ #Qi? 2[m�iBQMb BM Qm` #�b2HBM2 T�`�K2i2`Bx�iBQMX 6m`i?2`KQ`2- r2 p2`B7v i?�i i?2 bB;M
Q7 i?2 H27i ?�M/ bB/2 Q7 2[m�iBQM URb′V +?�M;2b 7`QK TQbBiBp2 iQ M2;�iBp2 �`QmM/ i?2 mMB[m2 `QQi-
BM/B+�iBM; r2 �`2 }M/BM; � ;HQ#�H K�tBKmKX �TT2M/Bt * /2b+`B#2b Qm` MmK2`B+�HHv �H;Q`Bi?KX

9 *�HB#`�iBQM

q2 T`2b2Mi � bi�M/�`/ +�HB#`�iBQM bm+? i?�i i?2 bBKmH�iBQMb Q7 i?2 JS1 K�i+? /�i� 7`QK J2tB+QX
J2tB+Q Bb � +QKKQM `272`2M+2 BM i?2 /27�mHi HBi2`�im`2 #2+�mb2 Bib #mbBM2bb +v+H2 /BbTH�vb i?2
b�K2 T`QT2`iB2b i?�i �`2 Q#b2`p2/ BM Qi?2` 2+QMQKB2b rBi? bQp2`2B;M /27�mHi `BbF U�;mB�` �M/
:QTBM�i?- kyydc L2mK2v2` �M/ S2``B- kyy8VX lMH2bb Qi?2`rBb2 bT2+B}2/- r2 mb2 [m�`i2`Hv /�i�
7`QK RNNj iQ kyR3X

h?2 miBHBiv 7mM+iBQM /BbTH�vb � +QMbi�Mi +Q2{+B2Mi Q7 `2H�iBp2 `BbF �p2`bBQM- i?�i Bb-

u (c) =
c1−γ − 1

1− γ
, rBi? γ ̸= 1.

h?2 BM+QK2 T`Q+2bb Bb � /Bb+`2iBx�iBQM Q7 log(yt) = ρlog(yt−1) + (1− ρ)µ+ εtX
q2 2M/Q;2MBx2 i?2 K2�M +QMiBMm�iBQM miBHBiv Q7 /27�mHiBM; V D(y) #v BM+Q`TQ`�iBM; i?2 bi�M@

/�`/ �bbmKTiBQMb QM i?2 +Qbi Q7 /27�mHiBM; 7`QK i?2 [m�MiBi�iBp2 /27�mHi HBi2`�im`2, biQ+?�biB+
2t+HmbBQM 7`QK /2#i K�`F2ib �M/ BM+QK2 HQbb2bX h?2 +QMiBMm�iBQM miBHBiv Q7 /27�mHiBM; U BM+Q`@
TQ`�i2b � ;�mbbB�M b?Q+F iQ V D(y), U ∼ N(V D(y), σU)- r?2`2

V D(y) = u(y(1− d0 − d1y)) + β
∑

j

πj(y)
[
ψV (0, yj, 0) + (1− ψ)V D(yj)

]
, URdV

�M/ V /2MQi2b i?2 +QMiBMm�iBQM p�Hm2 mM/2` `2T�vK2Mi BM 2[m�iBQMb URV Q` `2+m`bBQM URV- 7Q`
i?2 J�`FQp �M/ _�Kb2v ;Qp2`MK2Mib- `2bT2+iBp2HvX h?2 2t+HmbBQM T2`BQ/ Bb biQ+?�biB+- rBi?

ky



h�#H2 R, S�`�K2i2` p�Hm2bX

S`2pBQmb HBi2`�im`2 Q` 2biBK�i2/ *�HB#`�i2/ iQ K�i+? i�`;2ib
r yXyR ai�M/�`/ σU yXR ai/ bT`2�/ 4 kX9W
β yXNd ai�M/�`/ d0 yXRd �p; /2#i 4 99XkW
ρ yXN9 J2tB+Q :.S d1 RXk �p; bT`2�/ 4 jXjW
σε RX8W J2tB+Q :.S γ 9Xk σ(c)/σ(y) = 1.1

µ −0.5σ2
ε E(y) = 1

ψ yXy3j 1U2t+HX /m`�iBQMV 4 j v2�`b
δ yXyj8 .2#i /m`�iBQM 4 9X3 v2�`b

ψ /2MQiBM; i?2 T`Q#�#BHBiv Q7 2tBiBM; i?Bb T2`BQ/X q?BH2 i?2 2+QMQKv `2K�BMb 2t+Hm/2/- i?2
;Qp2`MK2Mi HQQb2b � T`QTQ`iBQM d0 + d1y Q7 Bib BM+QK2X �b BM *?�ii2`D22 �M/ 1vB;mM;Q` UkyRkV-
?�pBM; irQ T�`�K2i2`b BM i?2 +Qbi Q7 /27�mHiBM; ;Bp2b mb i?2 ~2tB#BHBiv iQ K�i+? i?2 H2p2Hb Q7 /2#i
�M/ bT`2�/ BM i?2 /�i�X LQi2 i?�i BM 2[m�iBQM URdV- i?2 ?BbiQ`v p�`B�#H2 h `2b2ib iQ y �7i2` �
/27�mHiX h?Bb �bbmKTiBQM `mH2b Qmi i?2 TQbbB#BHBiv Q7 i?2 _�Kb2v ;Qp2`MK2Mi K�MBTmH�iBM; i?2
+Qbi Q7 /27�mHiBM; rBi? TQbi@/27�mHi #Q``QrBM; T`QKBb2bX

h�#H2 R T`2b2Mib i?2 p�Hm2b ;Bp2M iQ �HH T�`�K2i2`b BM i?2 KQ/2HX � T2`BQ/ BM i?2 KQ/2H
`272`b iQ � [m�`i2`X h?2 p�Hm2 Q7 i?2 `BbF@7`22 `�i2 �M/ i?2 /QK2biB+ /Bb+QmMi 7�+iQ` �`2 bi�M/�`/
BM [m�MiBi�iBp2 #mbBM2bb +v+H2 �M/ bQp2`2B;M /27�mHi bim/B2bX LQi2 i?�i �bbmKBM; β(1 + r) < 1

;Bp2b i?2 ;Qp2`MK2Mi BM+2MiBp2b iQ #Q``QrX h?2 T�`�K2i2` p�Hm2b i?�i ;Qp2`M i?2 2M/QrK2Mi
T`Q+2bb �`2 +?Qb2M iQ KBKB+ i?2 +v+HB+�H +QKTQM2Mi Q7 i?2 HQ;@HBM2�`Hv /2i`2M/2/ :.S BM J2tB+Q
7`QK RN3y iQ kyR9X a2iiBM; δ = 0.035 �M/ i�`;2iBM; J2tB+QǶb H2p2H Q7 bQp2`2B;M bT`2�/b- BKTHB2b
�M �p2`�;2 /2#i /m`�iBQM BM i?2 bBKmH�iBQMb Q7 4.8 v2�`b- `Qm;?Hv i?2 �p2`�;2 /m`�iBQM Q7 Tm#HB+
/2#i BM J2tB+QXRR

Pm` KQ/2HBM; Q7 i?2 +QMiBMm�iBQM miBHBiv Q7 /27�mHiBM; `2[mB`2b +�HB#`�iBM; i?2 p�Hm2 Q7 �M
�//BiBQM�H T�`�K2i2` `2H�iBp2 iQ Qi?2` [m�MiBi�iBp2 T�T2`b, i?2 pQH�iBHBiv Q7 i?2 miBHBiv +Qbi-
σU X AM Q`/2` iQ +�HB#`�i2 i?Bb T�`�K2i2`- r2 +?QQb2 iQ �// �b � i�`;2i i?2 pQH�iBHBiv Q7 i?2

RRq2 mb2 i?2 J�+�mH�v /2}MBiBQM Q7 /m`�iBQMX h?2 /�i� 7Q` /m`�iBQM +Q``2bTQM/b iQ i?2 �p2`�;2 JQ/B}2/
.m`�iBQM 7Q` J2tB+�M ;Qp2`MK2Mi #QM/b +QKTmi2/ #v CXSX JQ`;�M #2ir22M C�Mm�`v kyyk �M/ J�`+? kyR3X

kR



bQp2`2B;M bT`2�/- � bi�iBbiB+ Q7 BMi2`2bi 7Q` Qm` 2t2`+Bb2 r?B+? Bb bi`QM;Hv �z2+i2/ #v σU U�TT2M/Bt
1XkVX h?2 i�`;2ib 7Q` i?2 K2�M �M/ i?2 bi�M/�`/ /2pB�iBQM Q7 i?2 bT`2�/ �`2 jXjW �M/ kXjW-
`2bT2+iBp2Hv- �M/ +Q``2bTQM/b iQ i?2 CXSX JQ`;�M 1J"A bT`2�/ 7`QK i?2 }`bi [m�`i2` Q7 RNN9 iQ
i?2 }`bi [m�`i2` Q7 kyR3X �b BM "B�M+?B 2i �HX UkyR3V- r2 K�F2 i?2 /QK2biB+ `BbF �p2`bBQM T�`i
Q7 i?2 +�HB#`�iBQMX h?Bb Bb � F2v T�`�K2i2` /2i2`KBMBM; i?2 ;Qp2`MK2MiǶb rBHHBM;M2bb iQ iQH2`�i2
+QMbmKTiBQM ~m+im�iBQMb �M/ i?mb i?2 QTiBK�H +v+HB+�HBiv Q7 }b+�H TQHB+vX Pp2`�HH- r2 mb2 i?2
bBKmH�iBQMb iQ +�HB#`�i2 i?2 p�Hm2 Q7 7Qm` T�`�K2i2`b, i?2 p�Hm2b 7Q` i?2 /27�mHi +Qbi d0 �M/ d1

K�BMHv /2i2`KBM2 i?2 �p2`�;2 /2#i �M/ bT`2�/ H2p2Hb U>�i+?QM/Q �M/ J�`iBM2x- kyRdV- σU K�BMHv
/2i2`KBM2b i?2 bT`2�/ pQH�iBHBiv- �M/ γ Bb /2i2`KBM2/ K�BMHv #v i?2 +QMbmKTiBQM@pQH�iBHBiv i�`;2iX

8 Zm�MiBi�iBp2 `2bmHib

am#b2+iBQM 8XR b?Qrb i?�i i?2 2+QMQKv rBi? � _�Kb2v ;Qp2`MK2Mi 72�im`2b � bB;MB}+�MiHv HQr2`
bT`2�/ #mi � ?B;?2` �p2`�;2 K�`F2i p�Hm2 Q7 /2#i +H�BKb- �M/ i?�i i?2 r2H7�`2 ;�BM 7`QK T2`K�@
M2MiHv brBi+?BM; iQ �M 2+QMQKv rBi? � _�Kb2v ;Qp2`MK2Mi `�M;2b 7`QK yXjW iQ yXdWX am#b2+@
iBQM 8Xk b?Qrb i?�i i?2 _�Kb2v ;Qp2`MK2Mi `2/m+2b #Q``QrBM; BM HQr@BM+QK2 bi�i2b r?2`2 #QM/
T`B+2b �`2 KQ`2 b2MbBiBp2 iQ #Q``QrBM; �M/ 2tT�M/b #Q``QrBM; BM i?2 `2K�BMBM; bi�i2bX am#b2+@
iBQM 8Xj b?Qrb i?�i +QKT�`2/ rBi? � J�`FQp ;Qp2`MK2Mi- i?2 _�Kb2v ;Qp2`MK2Mi ?�b � ?B;?2`
T`Q#�#BHBiv Q7 +QKTH2iBM; � bm++2bb7mH /2H2p2`�;BM; UrBi?Qmi /27�mHiV- 2p2M r?2M bKQQi?BM; Qmi
i?2 BMBiB�H �/DmbiK2MiX am#b2+iBQM 8X9 /Bb+mbb2b irQ `Q#mbiM2bb 2t2`+Bb2b i?�i b?Qr, BV i?�i Qm`
K�BM [m�MiBi�iBp2 }M/BM;b /Q MQi /2T2M/ QM i?2 �bbmK2/ /2#i /m`�iBQM �M/ i?�i i?2 QTiBK�H
2t@�Mi2 /2#i /m`�iBQM Bb bB;MB}+�MiHv ?B;?2` 7Q` i?2 _�Kb2v ;Qp2`MK2Mi i?�M 7Q` i?2 J�`FQp
;Qp2`MK2Mi- �M/ BBV i?2 `QH2 Q7 b?Q+Fb iQ i?2 miBHBiv Q7 /27�mHiBM;X

8XR .27�mHi `BbF �M/ r2H7�`2

h�#H2 k `2TQ`ib HQM;@`mM KQK2Mib BM i?2 /�i� �M/ BM i?2 bBKmH�iBQMbX h?2 i�#H2 b?Qrb i?�i i?2
+QMbi`�BM2/ 2{+B2Mi �HHQ+�iBQM 72�im`2b � bB;MB}+�MiHv HQr2` bT`2�/ i?�M i?2 J�`FQp 2[mBHB#`BmKX
*QKT�`2/ rBi? i?2 J�`FQp ;Qp2`MK2Mi- i?2 _�Kb2v ;Qp2`MK2Mi 2HBKBM�i2b KQ`2 i?�M 3yW Q7
#Qi? i?2 �p2`�;2 H2p2H �M/ i?2 pQH�iBHBiv Q7 i?2 bQp2`2B;M bT`2�/X q?BH2 i?2 K2�M /2#i H2p2H Bb
HQr2` rBi? i?2 _�Kb2v ;Qp2`MK2Mi- i?2 K2�M K�`F2i p�Hm2 Q7 /2#i +H�BKb Bb ?B;?2`- BM/B+�iBM;

kk



i?�i i?2 _�Kb2v ;Qp2`MK2Mi /Q2b MQi #Q``Qr H2bb QM �p2`�;2 iQ HQr2` /27�mHi `BbF Ui?Bb Bb
BHHmbi`�i2/ BM i?2 `B;?i T�M2H Q7 6B;m`2 kVX Pm` �bbmKTiBQM Q7 `BbF M2mi`�H H2M/2`b �M/ +QKT2iBiBp2
/2#i K�`F2i BKTHB2b i?2 K�`F2i p�Hm2 Q7 /2#i 2[m�Hb i?2 T`2b2Mi /Bb+QmMi2/ p�Hm2 Q7 M2i T�vK2Mib
iQ H2M/2`b- bQ i?2 K�`F2i p�Hm2 Q7 /2#i Bb � #2ii2` ;�m;2 Q7 i?2 2tT2+i2/ /2#i T�vK2Mib i?�M i?2
7�+2 p�Hm2 Q7 /2#iX

h�#H2 k, .�i� �M/ KQ/2H bBKmH�iBQMb
.�i� J�`FQp _�Kb2v PM2@T2`BQ/

J2�M /2#i UW V 99Xk 99Xy jNX8 keXe
J2�M /2#i KFiX p�Hm2 UWV jdXd j3Xk keX9
J2�M bT`2�/ UBM WV jXj jXj yX8 yXk
ai/ /2p bT`2�/ kX9 kX9 yX9 yXd
*Q``UbT`2�/- vV @yX9 @yX3 @yX3 @yX8
σ(c)/σ(y) RXR RXR RX9 RX9

q2 bBKmH�i2 R-yyy b�KTH2b Q7 8yy T2`BQ/b U[m�`i2`bV 2�+?- �M/ i?2M b2H2+i

b�KTH2b Q7 33 T2`BQ/b rBi?Qmi /27�mHib �M/ rBi? i?2 H�bi /27�mHi Q++m``BM; �i

H2�bi jy T2`BQ/b #27Q`2 i?2 #2;BMMBM; Q7 i?2 b�KTH2X q2 `2TQ`i i?2 �p2`�;2

p�Hm2 Q7 2�+? KQK2MiX h?2 /2#i H2p2H BM i?2 bBKmH�iBQMb Bb +�H+mH�i2/ �b

i?2 T`2b2Mi p�Hm2 Q7 +QmTQM T�vK2Mib /Bb+QmMi2/ �i i?2 `BbF@7`22 `�i2- BX2X

bδ/(r + δ)X h?2 K�`F2i p�Hm2 Q7 /2#i +Q``2bTQM/b iQ q × bX

h?2 H27i T�M2H Q7 6B;m`2 k T`2b2Mib r2H7�`2 ;�BMb #2ir22M yXjW iQ yXdW 7`QK T2`K�M2MiHv
brBi+?BM; 7`QK i?2 JS1 iQ �M 2+QMQKv r?2`2 #Q``QrBM; Bb /2+B/2/ #v i?2 _�Kb2v ;Qp2`MK2MiX
"v +Q``2+iBM; i?2 iBK2 BM+QMbBbi2M+v T`Q#H2K- i?2 _�Kb2v ;Qp2`MK2Mi +�M �+?B2p2 � #2ii2`
�HHQ+�iBQM Q7 `2bQm`+2b �+`Qbb iBK2 �M/ bi�i2bX :Bp2M � β(1+ r) < 1 T�`�K2i2`Bx�iBQM U�b BM KQbi
Q7 i?2 [m�MiBi�iBp2 HBi2`�im`2 QM bQp2`2B;M /27�mHiV- � #2ii2` �HHQ+�iBQM Bb +?�`�+i2`Bx2/ #v ?B;?2`
+QMbmKTiBQM BM 2�`HB2` T2`BQ/b- �b BHHmbi`�i2/ BM i?2 `B;?i T�M2H Q7 6B;m`2 kX

A7 i?2 ;Qp2`MK2Mi QMHv Bbbm2b QM2@T2`BQ/ #QM/b- i?2`2 Bb MQ iBK2 BM+QMbBbi2M+v BM #Q``QrBM;
/2+BbBQMb U�;mB�` �M/ �K�/Q`- kyRNVX h�#H2 k b?Qrb i?�i BM i?Bb +�b2 /27�mHi `BbF Bb HQr2` i?�M
BM Qm` #2M+?K�`F JS1 rBi? HQM;@i2`K /2#i- #mi 6B;m`2 k b?Qrb r2H7�`2 Bb �HbQ HQr2`X h?Bb Bb-
+QMbmK2`b �`2 #2ii2` Qz rBi? � J�`FQp ;Qp2`MK2Mi i?�i Bbbm2b /2#i rBi? � /m`�iBQM Q7 9X3 v2�`b

kj
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6B;m`2 k, q2H7�`2 �M/ M2i #Q``QrBM;X h?2 BMBiB�H H2p2Hb Q7 /2#i �M/ i?2 ?BbiQ`v p�`B�#H2 h �`2 �bbmK2 iQ

#2 x2`QX q2H7�`2 ;�BMb �`2 K2�bm`2/ �b i?2 T2`K�M2Mi T`QTQ`iBQM�H +?�M;2 BM +QMbmKTiBQM i?�i rQmH/

H2�p2 +QMbmK2`b BM/Bz2`2Mi #2ir22M bi�vBM; BM i?2 2+QMQKv rBi? � J�`FQp ;Qp2`MK2Mi �M/ KQpBM;

2Bi?2` iQ �M 2+QMQKv rBi? � _�Kb2v ;Qp2`MK2Mi Q` iQ �M 2+QMQKv BM r?B+? i?2 ;Qp2`MK2Mi QMHv Bbbm2b

QM2@T2`BQ/ /2#i Uδ = 1 �M/ �HH Qi?2` T�`�K2i2` p�Hm2b �b BM i?2 #2M+?K�`F +�HB#`�iBQMVX h?2 `B;?i

T�M2H BHHmbi`�i2b i?2 �p2`�;2 M2i i`�Mb72` i?2 2+QMQKv `2+2Bp2b 7`QK H2M/2`b BM T2`BQ/b rBi? `2T�vK2MiX

i?�M rBi? QM2 i?�i Bbbm2b QM2@T2`BQ/ /2#iX q?BH2 QM2@T2`BQ/ /2#i 2HBKBM�i2b iBK2 BM+QMbBbi2M+v
BM #Q``QrBM; /2+BbBQMb- Bi K�;MB}2b i?2 2tTQbm`2 iQ b?B7ib BM #Q``QrBM; QTTQ`imMBiB2bX q?2M i?2
;Qp2`MK2Mi Bbbm2b QMHv QM2@T2`BQ/ #QM/b- Bi ?�b iQ `QHH Qp2` Bib /2#i 2p2`v T2`BQ/- �M/ i?mb Bi Bb
KQ`2 pmHM2`�#H2 iQ �/p2`b2 BM+QK2 b?Q+Fb i?�i +QMi`�+i Bib #Q``QrBM; b2iX h?2 QTiBK�H `2bTQMb2
iQ i?Bb bQm`+2 Q7 `BbF Bb iQ Bbbm2 H2bb /2#i �M/ `2/m+2 +QMbmKTiBQM 7`QMiHQ�/BM; U`B;?i T�M2H Q7
6B;m`2 kVX
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"QM/b Bbbm2/ ∂qt/∂bt+1

0.8 0.9 1 1.1
Income

-0.05

0

0.05

0.1
Markov
Ramsey

0.85 0.9 0.95 1 1.05 1.1 1.15
Income

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

*QMbmKTiBQM hq
t/h

V
t �M/ `2T�vK2Mi T`Q#X

0.8 0.9 1 1.1
Income

0.8

0.9

1

1.1

0.85 0.9 0.95 1 1.05 1.1 1.15
Income

0

2

4

Almost sure repayment in t
0

0.5

1

6B;m`2 j, *v+HB+�HBiv Q7 }b+�H TQHB+vX �HH 7mM+iBQMb THQii2/ �bbmK2 BMBiB�H /2#i H2p2Hb bt 2[m�H iQ

i?2 K2�M /2#i BM i?2 bBKmH�iBQMb Q7 2�+? Q7 i?2 irQ 2+QMQKB2b- �M/ ?BbiQ`v p�`B�#H2 ht 2[m�H iQ i?2

�p2`�;2 BM i?2 bBKmH�iBQMb Q7 i?2 2+QMQKv rBi? � _�Kb2v ;Qp2`MK2MiX h?2 `�M;2 Q7 BM+QK2 `2�HBx�iBQMb

BM+Hm/2/ BM i?2 THQib Bb bm+? i?�i i?2 2[mBHB#`BmK `2T�vK2Mi T`Q#�#BHBiv 7Q` Fi(Vt) Bb �#Qp2 8 T2`+2Mi BM

2�+? Q7 i?2 irQ 2+QMQKB2bX AM+QK2 i�F2b p�Hm2b BM � /Bb+`2i2 b2i #mi iQ 7�+BHBi�i2 i?2 +QKT�`BbQM �+`Qbb

2+QMQKB2b- +QMiBMmQmb HBM2b �`2 mb2/ iQ BHHmbi`�i2 7mM+iBQMb 7Q` i?2 _�Kb2v ;Qp2`MK2MiX
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8Xk "Q``QrBM; BM+2MiBp2b �M/ i?2 +v+HB+�HBiv Q7 }b+�H TQHB+v

h?2 iQT@H27i T�M2H Q7 6B;m`2 j b?Qrb i?�i i?2 #Q``QrBM; TQHB+B2b Q7 #Qi? i?2 J�`FQp �M/ _�Kb2v
;Qp2`MK2Mib �`2 ?mKT@b?�T2/ �+`Qbb BM+QK2 H2p2Hb- rBi? H2bb Bbbm�M+2b �i ?B;? �M/ HQr BM+QK2
`2�HBx�iBQMbX hrQ QTTQbBM; 7Q`+2b /2i2`KBM2 ?Qr 2[mBHB#`BmK #Q``QrBM; /2T2M/b QM i?2 BM+QK2
H2p2HX PM i?2 QM2 ?�M/- �b BM KQ/2Hb rBi?Qmi /27�mHi- #Q``QrBM; Bb b?�T2/ #v +QMbmKTiBQM@
bKQQi?BM; BM+2MiBp2bX h?Bb BKTHB2b i?�i #Q``QrBM; Bb HQr2` r?2M BM+QK2 Bb ?B;?2`- �b Q++m`b 7Q`
?B;? BM+QK2 H2p2Hb BM i?2 };m`2X

PM i?2 Qi?2` ?�M/- i?2 K�BM /Bz2`2M+2 #2ir22M i?2 }`bi@Q`/2` +QM/BiBQMb BM /27�mHi KQ/2Hb
U2[m�iBQMb 3 �M/ RRV �M/ BM KQ/2Hb rBi?Qmi /27�mHi `BbF- Bb i?�i BM /27�mHi KQ/2Hb- #Q``QrBM; K�v
BM+`2�b2 /27�mHi `BbF �M/ i?mb K�v HQr2` i?2 T`B+2 Q7 /2#i- r2�F2MBM; BM+2MiBp2b iQ #Q``QrX h?2
iQT@`B;?i T�M2H Q7 6B;m`2 j b?Qrb i?�i i?2 2z2+i Q7 #Q``QrBM; QM i?2 #QM/ T`B+2 Bb bi`QM;2` 7Q`
HQr2` BM+QK2 H2p2HbXRk A7 BM+QK2 Bb bm{+B2MiHv HQr- i?Bb 2z2+i #2+QK2b /QKBM�Mi- �M/ 2[mBHB#`BmK
#Q``QrBM; Bb ivTB+�HHv BM+`2�bBM; rBi? `2bT2+i iQ BM+QK2X

h?2 iQT@H27i T�M2H Q7 6B;m`2 j �HbQ b?Qrb � DmKT BM #Q``QrBM; #v i?2 _�Kb2v ;Qp2`MK2Mi
�i i?2 HQr2bi BM+QK2 `2�HBx�iBQMbX h?2 QTiBK�HBiv +QM/BiBQM URRV b?Qrb i?�i i?2 _�Kb2v ;Qp2`M@
K2Mi r2B;?ib i?2 2z2+i Q7 i?2 /2`Bp�iBp2 Q7 i?2 #QM/ T`B+2 #v hq

t/h
V
t - r?B+? BM im`M /2T2M/b QM

i?2 `2T�vK2Mi T`Q#�#BHBiv Fi(Vt)X AMimBiBp2Hv- i?2 _�Kb2v ;Qp2`MK2Mi Bb H2bb +QM+2`M2/ �#Qmi
HQr2`BM; i?2 #QM/ T`B+2 7Q` BM+QK2 `2�HBx�iBQMb r?2`2 `2T�vK2Mi Bb mMHBF2HvX h?Bb Q++m`b #2+�mb2
HQr2`BM; i?2 #QM/ T`B+2 BM i?Qb2 bi�i2b ?�b � bK�HH 2z2+i QM #QM/ T`B+2b �M/ r2H7�`2 BM T`2pBQmb
T2`BQ/bX h?2 #QiiQK@`B;?i T�M2H Q7 6B;m`2 j b?Qrb i?�i 7Q` i?2 HQr2bi BM+QK2 `2�HBx�iBQMb- Fi(Vt)

�M/ i?mb hq
t/h

V
t �`2 HQr- HQr2`BM; +Qbi Q7 #Q``QrBM; 7Q` i?2 _�Kb2v ;Qp2`MK2MiX

h�#H2 k b?Qrb i?�i rBi? 2Bi?2` i?2 J�`FQp Q` i?2 _�Kb2v ;Qp2`MK2Mi- +QMbmKTiBQM pQH�iBHBiv
Bb ?B;?2` i?�M i?2 pQH�iBHBiv Q7 BM+QK2X h?Bb BM/B+�i2b i?�i i?2 ;Qp2`MK2Mi i2M/b iQ #Q``Qr H2bb
r?2M BM+QK2 Bb HQr2`X h?Bb Bb- ;Qp2`MK2Mib T`272` iQ +QM/m+i � T`Q+v+HB+�H }b+�H TQHB+vX

h�#H2 k �HbQ b?Qrb i?�i +QMbmKTiBQM pQH�iBHBiv Bb ?B;?2` rBi? i?2 _�Kb2v ;Qp2`MK2Mi- BM@
/B+�iBM; i?�i i?2 _�Kb2v ;Qp2`MK2Mi T`272`b � KQ`2 T`Q+v+HB+�H }b+�H TQHB+vX h?Bb Bb 7m`i?2`

Rkh?2 iQT@`B;?i T�M2H Q7 6B;m`2 j �HbQ b?Qrb i?�i i?2 /2`Bp�iBp2 Q7 i?2 #QM/ T`B+2 Bb HQr2` BM i?2 2+QMQKv rBi?
� J�`FQp ;Qp2`MK2MiX AM i?Bb 2+QMQKv- �//BM; KQ`2 /2#i BM t ?�b � T2`bBbi2Mi 2z2+i QM i?2 /2#i biQ+F �M/ i?mb
`�Bb2b i?2 /27�mHi T`Q#�#BHBiv �HbQ BM bm#b2[m2Mi T2`BQ/bX h?Bb Bb i?2 +�b2 #2+�mb2 mMHBF2 i?2 _�Kb2v ;Qp2`MK2Mi-
i?2 J�`FQp ;Qp2`MK2Mi �+iBM; BM t /Q2b MQi +QMi`QH bm#b2[m2Mi #Q``QrBM;X

ke



BHHmbi`�i2/ BM i?2 H27i T�M2Hb Q7 6B;m`2 jX GQr2` /2#i Bbbm�M+2b �i HQr2` BM+QK2 BM i?2 iQT@H27i
T�M2H H2�/ iQ +QMbmKTiBQM #2BM; KQ`2 b2MbBiBp2 iQ BM+QK2 U#QiiQK@H27i T�M2HVX

h?2 _�Kb2v ;Qp2`MK2Mi +m`#b #Q``QrBM; KQ`2 i?�M i?2 J�`FQp ;Qp2`MK2Mi �i KQ/2`�i2Hv
HQr2` BM+QK2 H2p2Hb #2+�mb2 i?Qb2 �`2 i?2 bi�i2b r?2`2 #Qi?- #QM/ T`B+2b �`2 KQ`2 b2MbBiBp2 iQ
#Q``QrBM;- �M/ T`BQ` r2H7�`2 Bb KQ`2 b2MbBiBp2 iQ +?�M;2b BM #QM/ T`B+2bX AM 2z2+i- i?2 iQT@`B;?i
T�M2H Q7 6B;m`2 j b?Qrb i?�i i?2 /2`Bp�iBp2 ∂qt/∂bt+1 #2+QK2b bB;MB}+�MiHv M2;�iBp2 BM i?2 _�Kb2v
2+QMQKv 7Q` yt < 0.96- r?BH2 i?2 #QiiQK@`B;?i T�M2H b?Qrb i?�i hq

t/h
V
t Bb bB;MB}+�MiHv �r�v 7`QK

x2`Q 7Q` yt > 0.92X h?mb- 7Q` 0.92 < yt < 0.96- Bi Bb QTiBK�H 7Q` i?2 _�Kb2v ;Qp2`MK2Mi iQ +m`#
#Q``QrBM; KQ`2 i?�M i?2 J�`FQp ;Qp2`MK2MiX aBM+2 i?2 _�Kb2v ;Qp2`MK2Mi +m`#b #Q``QrBM;
KQ`2 7Q` `2H�iBp2Hv HQr H2p2Hb Q7 BM+QK2- Bi BKTH2K2Mib � }b+�H TQHB+v i?�i Bb KQ`2 T`Q+v+HB+�H
i?�M i?2 QM2 +?Qb2M #v i?2 J�`FQp ;Qp2`MK2MiX

AM i?2 2+QMQKv rBi? � _�Kb2v ;Qp2`MK2Mi- 7Q` BM+QK2 `2�HBx�iBQMb �#Qp2 i?2 K2�M- ∂qt/∂bt+1 ≃

0 UiQT@`B;?i T�M2H Q7 6B;m`2 jVX h?2 M2�`Hv x2`Q p�Hm2 Q7 i?Bb /2`Bp�iBp2 `2~2+ib i?�i- �i ?B;?
BM+QK2 `2�HBx�iBQMb- i?2 /2#i +?Qb2M #v i?2 _�Kb2v ;Qp2`MK2Mi +QKK�M/b �HKQbi MQ /27�mHi
`BbF 7Q` i?2 M2ti T2`BQ/ �M/- ;Bp2M � ;�mbbB�M /Bbi`B#miBQM 7Q` Ut+1- /27�mHi `BbF Bb BMb2MbBiBp2
iQ #Q``QrBM; �i i?2 K�`;BMX h?2`27Q`2- 7Q` BM+QK2 H2p2Hb ?B;?2` i?�M i?2 K2�M- i?2 _�Kb2v
;Qp2`MK2Mi /Q2b MQi ?�p2 bB;MB}+�Mi BM+2MiBp2b iQ Bbbm2 H2bb /2#i i?�M i?2 J�`FQp ;Qp2`MK2MiX

6BM�HHv- i?2 iQT@H27i T�M2H Q7 6B;m`2 j b?Qrb i?�i BM +QMi`�bi iQ i?2 J�`FQp ;Qp2`MK2Mi-
i?2 _�Kb2v ;Qp2`MK2Mi K�v +?QQb2 iQ #mv #�+F /2#iX q?BH2 i?2 J�`FQp ;Qp2`MK2Mi /Q2b MQi
#2M2}i 7`QK i?2 BM+`2�b2 BM #QM/ T`B+2b BKTHB2/ #v � #mv#�+F BM i?2 +m``2Mi T2`BQ/ U�;mB�`
2i �HX- kyRNc "mHQr �M/ _Q;Qz- RN33- RNNRV- i?2 _�Kb2v ;Qp2`MK2Mi K�v }M/ Bi QTiBK�H #2+�mb2
Bi BMi2`M�HBx2b i?2 #2M2}ib i?�i i?2 BM+`2�b2 BM #QM/ T`B+2b BM t ?�b QM miBHBiv ~Qrb #27Q`2 tX

>B;?2` #Q``QrBM; /BbT2`bBQM rBi? � _�Kb2v ;Qp2`MK2Mi 6B;m`2 9 BHHmbi`�i2b i?2 /Bb@
i`B#miBQM Q7 #QM/ Bbbm�M+2b BM i?2 bBKmH�iBQMbX h?2 #Q``QrBM; T�i? +?Qb2M #v i?2 _�Kb2v
;Qp2`MK2Mi 2Mi�BHb � bB;MB}+�Mi /BbT2`bBQM 2p2M �7i2` +QM/BiBQMBM; 7Q` BM+QK2- mM/2`b+Q`BM; i?2
BKTQ`i�M+2 Q7 � ?BbiQ`v p�`B�#H2 7Q` /Bb+BTHBMBM; #Q``QrBM;X h?2 };m`2 �HbQ b?Qrb i?�i _�Kb2v
#Q``QrBM; Bb KQ`2 /BbT2`b2/ KQbiHv �i HQr BM+QK2 `2�HBx�iBQMbX �b 2tTH�BM2/ #27Q`2- Bi Bb BM HQr
BM+QK2 bi�i2b r?2`2 i?2 #QM/ T`B+2 Bb KQ`2 b2MbBiBp2 iQ #Q``QrBM; UiQT@`B;?i T�M2H Q7 6B;m`2 jV
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bt+1 − (1− δ)bt BM i?2 bBKmH�iBQMb
J�`FQp _�Kb2v

0.9 1 1.1 1.2
Income

-0.1

-0.05

0

0.05

0.1

0.9 1 1.1 1.2
Income

-0.1

-0.05

0

0.05

0.1

1st percentile

25th percentile

Median

6B;m`2 9, .2#i Bbbm�M+2 BM i?2 bBKmH�iBQM T2`BQ/b mb2/ iQ +QKTmi2 i?2 KQK2Mib BM h�#H2 kX

�M/- i?mb- r?2`2 /BbT2`bBQM BM i?2 ?BbiQ`v p�`B�#H2 h ;2M2`�i2b #Q``QrBM; /BbT2`bBQMX h?2 ?B;?2`
#Q``QrBM; /BbT2`bBQM �i HQr2` BM+QK2 H2p2Hb rBi? � _�Kb2v ;Qp2`MK2Mi Bb `2~2+i2/ BM i?2 ?B;?2`
+QMbmKTiBQM /BbT2`bBQM `2TQ`i2/ BM h�#H2 kX 6BM�HHv- 6B;m`2 9 b?Qrb i?�i i?2 _�Kb2v ;Qp2`M@
K2Mi }M/b Bi QTiBK�H iQ `2T�v �i UHQrV BM+QK2 `2�HBx�iBQMb �i r?B+? i?2 J�`FQp ;Qp2`MK2Mi
M2p2` `2T�vbX h?Bb 2M�#H2b i?2 _�Kb2v ;Qp2`MK2Mi iQ #Q``Qr iQ #mz2` +QMbmKTiBQM /`QTb Qp2`
i?�i BM+QK2 `�M;2X

*`Qbb +QmMi`v 2pB/2M+2 Q7 ∂q/∂b′X
h?2 TQHB+v T`2b+`BTiBQM BKTHB2/ #v i?2 T`2pBQmb `2bmHib Bb i?�i BKTH2K2MiBM; i?2 +QMbi`�BM2/

2{+B2Mi �HHQ+�iBQM M2+2bbBi�i2b `2bi`B+iBM; /2#i Bbbm�M+2bĜ� J�`FQp ;Qp2`MK2Mi rQmH/ +?QQb2ĜBM
bi�i2b rBi? � ?B;?2` b2MbBiBpBiv Q7 #QM/ T`B+2b UbT`2�/bV iQ i?2 /2#i H2p2HX _2;�`/H2bb Q7 i?2
;Qp2`MK2MiǶb ivT2- BM i?2 KQ/2H- i?2 bT`2�/ Bb KQ`2 b2MbBiBp2 iQ i?2 /2#i H2p2H BM bi�i2b rBi?
HQr2` BM+QK2 H2p2Hb- r?B+? U�b BM i?2 /�i�V +QBM+B/2 rBi? ?B;?2` bT`2�/b Ub22 h�#H2 kVX h?Bb
72�im`2 Q7 i?2 KQ/2H b22Kb +QMbBbi2Mi rBi? i?2 /�i�X AM � T�M2H Q7 jj 2K2`;BM; 2+QMQKB2b- r2
}M/ i?�i i?2 bT`2�/ BM+`2�b2b KQ`2 rBi? /2#i BM v2�`b rBi? ?B;? bT`2�/ U�i H2bb i?�M RW bi�iBbiB+�H
bB;MB}+�M+2VX h?2 bT`2�/ �HbQ BM+`2�b2b KQ`2 rBi? /2#i BM v2�`b rBi? HQr ;`Qri?- �H#2Bi �i �
r2�F bi�iBbiB+�H bB;MB}+�M+2 UH2bb i?�M RdWVX �TT2M/Bt . T`2b2Mib KQ`2 /2i�BHb �#Qmi i?2b2
}M/BM;b- b?QrBM; i?�i i?2 JS1 +�Tim`2b `2K�`F�#Hv r2HH i?2 `2H�iBQMb?BT #2ir22M /2#i- bT`2�/-
�M/ BM+QK2 BM i?2 /�i�X h?Bb K�F2b i?2 KQ/2H � TH�mbB#H2 H�#Q`�iQ`v 7Q` i?2 TQHB+v 2t2`+Bb2b
T`2b2Mi2/ BM i?2 M2ti bm#b2+iBQMX
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8Xj .2H2p2`�;BM;

h?2 *PoA.@RN Qmi#`2�F ?�b +�mb2/ bB;MB}+�Mi BM+`2�b2b BM #m/;2i /2}+Bib- b2M/BM; Tm#HB+ /2#i
`�iBQb iQ ?BbiQ`B+�HHv `2+Q`/ H2p2Hb- �b BHHmbi`�i2/ BM 6B;m`2 RX h?Bb 2TBbQ/2 rBHH HBF2Hv 7Qbi2` /Bb+mb@
bBQMb �#Qmi i?2 #2bi bi`�i2;B2b iQ mMrBM/ i?Qb2 ?B;? /2#i H2p2HbX AM i?Bb bm#b2+iBQM r2 +QKTmi2
i?2 /2#i T�i? � _�Kb2v ;Qp2`MK2Mi rQmH/ +?QQb2 bi�`iBM; 7`QK � b+2M�`BQ rBi? ?B;? /2#i- �M/
+QKT�`2 Bi rBi? irQ �Hi2`M�iBp2 /2#i T�i?b, UBV i?2 /2#i T�i? +?Qb2M #v �M mM+QMbi`�BM2/ J�`FQp
;Qp2`MK2Mi- r?B+? �HHQrb mb iQ [m�MiB7v i?2 BKTQ`i�M+2 Q7 ?�pBM; 7mHH +QKKBiK2Mi iQ 7mim`2
#Q``QrBM;- �M/ UBBV i?2 /2#i T�i? +?Qb2M #v � J�`FQp ;Qp2`MK2Mi +QMbi`�BM2/ #v � b2[m2M+2
Q7 /2#i HBKBib- r?B+? �HHQrb mb iQ K2�bm`2 i?2 2z2+iBp2M2bb Q7 bBKTH2 }b+�H `mH2b `2H�iBp2 iQ i?2
+QMbi`�BM2/ 2{+B2Mi �HHQ+�iBQMX

q2 bim/v bBKmH�iBQMb 7Q` i?2 J�`FQp �M/ _�Kb2v ;Qp2`MK2Mib 7Q` �M BMBiB�H bi�i2 rBi? �p2`@
�;2 BM+QK2- � /2#i@iQ@BM+QK2 `�iBQ Q7 8yW- �M/ BMBiB�H ?BbiQ`v h0 = 0 7Q` i?2 _�Kb2v ;Qp2`MK2MiX
6Q` i?2 J�`FQp ;Qp2`MK2Mi- i?Bb BKTHB2b �M BMBiB�H bT`2�/ Q7 eXeW �M/ /27�mHib /m`BM; i?2 }`bi
bBt v2�`b Q7 i?2 /2H2p2`�;BM; T`Q+2bb BM jjW Q7 i?2 bBKmH�iBQM b�KTH2bX h?2 _�Kb2v ;Qp2`MK2Mi
�+?B2p2b � bB;MB}+�MiHv ?B;?2` T`Q#�#BHBiv Q7 � bm++2bb7mH /2H2p2`�;BM;- `2/m+BM; i?2 T`Q#�#BHBiv
Q7 /27�mHi /m`BM; i?2 }`bi bBt v2�`b Q7 /2H2p2`�;BM; iQ kkWX 6m`i?2`KQ`2- BM MQM2 Q7 i?2 BM+QK2
T�i?b 7Q` r?B+? i?2 _�Kb2v ;Qp2`MK2Mi /27�mHib- i?2 J�`FQp ;Qp2`MK2Mi }M/b Bi QTiBK�H iQ
`2T�vX

6B;m`2 8 BHHmbi`�i2b ?Qr i?2 _�Kb2v ;Qp2`MK2Mi BKTH2K2Mib � KQ`2 bm++2bb7mH /2H2p2`�;BM;
2p2M rBi? r2�F2` BMBiB�H �mbi2`BivX 6Q` i?2 }`bi v2�` Q7 /2H2p2`�;BM;- +QKT�`2/ rBi? i?2 J�`FQp
;Qp2`MK2Mi- i?2 _�Kb2v ;Qp2`MK2Mi +?QQb2b QM �p2`�;2 � bHQr2` /2H2p2`�;BM; UiQT@H27i T�M2HV
�M/ HQr2`b M2i i`�Mb72`b iQ +`2/BiQ`b Uyt−ctc KB/@H27i T�M2HVX h?Bb Bb � +QMb2[m2M+2 Q7 i?2 `2H�iBp2
BKT�iB2M+2 Q7 /QK2biB+ +QMbmK2`bX aBM+2 β(1+r) < 1- 2�`HB2` bi�i2b �`2 KQ`2 p�Hm�#H2 i?�M H�i2`
QM2bX lMHBF2 BM i?2 +�b2 Q7 x2`Q /2#i U6B;m`2 kV- i?2 _�Kb2v ;Qp2`MK2Mi +�MMQi 7`QMi@HQ�/
+QMbmKTiBQM r?2M Bi bi�`ib rBi? ?B;? /2#i- v2i Bi +�M KQ/2`�i2 i?2 �/DmbiK2Mi BM 2�`Hv T2`BQ/bX

h?2 H27i T�M2Hb Q7 6B;m`2 8 b?Qr i?�i �7i2` i?2 }`bi v2�`- i?2 _�Kb2v ;Qp2`MK2Mi �+?B2p2b
� 7�bi2` /2#i `2/m+iBQM rBi? � bBKBH�` H2p2H Q7 M2i i`�Mb72`b BM `2T�vK2Mi bi�i2bX h?Bb Bb � `2bmHi
Q7 i?2 ?B;?2` `2T�vK2Mi BM+2MiBp2b BM i?�i 2+QMQKv, i?2 ?B;?2` T`B+2b �i r?B+? i?2 ;Qp2`M@
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6B;m`2 8, .2H2p2`�;BM; T�i?b BM k8-yyy b�KTH2b Q7 Ry v2�`b 2�+?X h?2 �p2`�;2 �M/ bi�M/�`/ /2pB�iBQM

BM T2`BQ/ t �`2 +QKTmi2/ mbBM; b�KTH2b rBi?Qmi /27�mHib mT iQ T2`BQ/ tX �HH b�KTH2b bi�`i rBi? �i /2#i

`�iBQ Q7 8yW- K2�M BM+QK2 H2p2H �M/ BMBiB�H ?BbiQ`v h0 = 0 7Q` i?2 _�Kb2v ;Qp2`MK2MiX h?2 /2#i �M/

M2i i`�Mb72` iQ H2M/2`b Uyt − ctV �`2 2tT`2bb2/ �b � T`QTQ`iBQM Q7 i?2 mM+QM/BiBQM�H K2�M BM+QK2 E(y)X

jy



K2Mi Bbbm2b /2#i U#QiiQK@H27i T�M2H Q7 6B;m`2 8V 2M�#H2b i?2 ;Qp2`MK2Mi iQ +QHH2+i i?2 b�K2
T`Q+22/b 7`QK /2#i Bbbm�M+2b rBi? � HQr2` MmK#2` Q7 #QM/b Bbbm2/XRj h?2 #QiiQK@H27i T�M2H Q7
6B;m`2 8 b?Qrb i?�i i?2 HQr2` T`Q#�#BHBiv Q7 /27�mHi rBi? � _�Kb2v /2H2p2`�;BM; T�i? Bb `2~2+i2/
BKK2/B�i2Hv #v HQr2` bQp2`2B;M bT`2�/bX

*QMbBbi2MiHv rBi? i?2 /Bb+mbbBQM BM i?2 T`2pBQmb bm#b2+iBQM- i?2 `B;?i T�M2Hb Q7 6B;m`2 8
BHHmbi`�i2 i?�i i?2 +QM/BiBQM�HBiv BKTQb2/ #v i?2 _�Kb2v ;Qp2`MK2Mi QM Bib /2H2p2`�;BM; T�i?
BM+`2�b2b +QMbmKTiBQM �M/ /2#i pQH�iBHBiv +QKT�`2/ iQ i?2 2+QMQKv rBi? � J�`FQp ;Qp2`MK2MiX

q2H7�`2 Bb ?B;?2` r?2M i?2 /2H2p2`�;BM; TH�M Bb BKTH2K2Mi2/ #v � _�Kb2v ;Qp2`MK2MiX h?2
r2H7�`2 ;�BM Bb 2[mBp�H2Mi iQ � T2`K�M2Mi +QMbmKTiBQM BM+`2�b2 Q7 yX99W `2H�iBp2 iQ i?2 JS1X Ai
b?QmH/ �HbQ #2 2KT?�bBx2/ i?�i Qm` KQ/2H mM/2`2biBK�i2b i?2 ;�BMb 7`QK ?�pBM; +QKKBiK2Mi iQ
� HQM; i2`K /2H2p2`�;BM; TH�MX 6B`bi- r2 �`2 MQi +QMbB/2`BM; i?2 rBM/7�HH ;�BMb Q7 #QM/?QH/2`b-
r?Q #2M2}i 7`QK i?2 BM+`2�b2 BM #QM/ T`B+2b BKTHB2/ #v i?2 2M?�M+2/ +QKKBiK2MiX a2+QM/- i?2
HQr2` bT`2�/b BKTHB2/ #v +QKKBiK2Mi �`2 MQi `2~2+i2/ BM ?B;?2` �;;`2;�i2 BM+QK2X AM bmK- Qm`
`2bmHib BM/B+�i2 i?�i i?2 �#BHBiv iQ +QKKBi iQ � HQM;@i2`K /2H2p2`�;BM; TH�M �HHQrb 7Q` � bK�HH2`
2�`Hv +QMbmKTiBQM b�+`B}+2 r?BH2 ;`2�iHv BM+`2�bBM; i?2 T`Q#�#BHBiv Q7 � bm++2bb7mH /2H2p2`�;BM;
T`Q+2bb i?�i �pQB/b /27�mHiXR9

8XjXR .2H2p2`�;BM; rBi? /2#i HBKBib

AM i?Bb bm#b2+iBQM- r2 +QKT�`2 i?2 /2H2p2`�;BM; TH�M +?Qb2M #v � _�Kb2v ;Qp2`MK2Mi rBi?
i?2 QM2 +?Qb2M #v � J�`FQp ;Qp2`MK2Mi i?�i Bb +QMbi`�BM2/ #v � b2[m2M+2 Q7 /2#i HBKBibX h?Bb
2t2`+Bb2 rBHH 2M�#H2 mb iQ K2�bm`2 i?2 `2H�iBp2 2z2+iBp2M2bb Q7 bBKTH2` BKTH2K2Mi�#H2 /2H2p2`�;BM;
T�i?b- �b i?2 QM2b mbm�HHv BKTH2K2Mi2/ BM T`�+iB+2X 6Q`K�HHv- r2 bQHp2 i?2 7QHHQrBM; T`Q#H2K

RjAi b?QmH/ #2 MQi2/ i?�i i?2 _�Kb2v ;Qp2`MK2Mi `2T�vb BM KQ`2 bi�i2b �M/ i?mb QM �p2`�;2 i`�Mb72`b KQ`2
`2bQm`+2b iQ Bib +`2/BiQ`bX

R9"B 2i �HX UkyRjV b?Qr i?�i 2tT2+i�iBQMb �#Qmi 7mim`2 }b+�H +QMbQHB/�iBQMb �`2 �M BKTQ`i�Mi /2i2`KBM�Mi Q7
i?2 bm++2bb Q7 }b+�H �/DmbiK2MibX

jR



V (b, y, t) = Max
b′

{
u(c) + β

J∑

j=1

πj(y)

[
Fj

(
V ′
j

)
V ′
j +

∫ ∞

V ′
j

U fj(U)dU

]}

s.t. c = y − δb+ q(b′, y, t) [b′ − (1− δ)b] , V ′
j = V (b′, yj, t+ 1),

b′ ≤ Max
{
b̄(t+ 1), (1− δ)b

}
, UR3V

r?2`2 b̄(t+ 1) /2MQi2b i?2 /2#i HBKBi BM T2`BQ/ t �M/ i?2 +QMbi`�BMi UR3V b�vb i?�i i?2 ;Qp@
2`MK2Mi Bb MQi 7Q`+2/ iQ #mv #�+F #QM/b r?2M b̄(t+ 1) < (1− δ)bX

6Q` i`�+i�#BHBiv `2�bQMb- r2 b2�`+? Qp2` i?2 7QHHQrBM; 7�KBHv Q7 /2#i HBKBi b2[m2M+2bX 6B`bi-
r2 �bbmK2 b̄(0) = b0- r?2`2 b0 /2MQi2b i?2 MmK#2` Q7 #QM/b Qmibi�M/BM; �i i?2 #2;BMMBM; Q7 i?2
/2H2p2`�;BM; T`Q+2bbX a2+QM/- r2 �bbmK2 i?2 /2#i HBKBi 2pQHp2b �++Q`/BM; iQ b̄(t) − b̄(t + 1) =

a0+a1tX h?Bb 7Q`KmH�iBQM Bb ~2tB#H2 2MQm;? iQ �HHQr 7Q` /Bz2`2Mi �/DmbiK2Mi T�i?bX 6Q` BMbi�M+2-
Bi �HHQrb 7Q` KBH/2` BMBiB�H �/DmbiK2Mib 7Q` a0 < 0 �M/ a1 > 0- Q` 7�bi2` BMBiB�H �/DmbiK2Mib 7Q`
a0 > 0 �M/ a1 < 0X h?B`/- r2 �bbmK2 i?�i QM+2 i?2 2+QMQKv `2�+?2b T2`BQ/ T - i?2 /2#i
HBKBi #2+QK2b +QMbi�Mi- BX2X- b̄(t) = b̄(∞) ∀t ≥ T X h?Bb 2M�#H2b mb iQ BMi`Q/m+2 HQM;@`mM
/Bb+BTHBM2 rBi? QMHv QM2 T�`�K2i2`X q2 }M/ i?2 QTiBK�H b2[m2M+2 Q7 /2#i HBKBib #v QTiBKBxBM;
Qp2`

{
T, b̄(∞), a1

}
X

h?2 QTiBK�H b2[m2M+2 Q7 /2#i HBKBib 72�im`2b � i`�MbBiBQM Q7 3 v2�`b UT = 32V- � }M�H /2#i HBKBi
Q7 j3Xk8W- rBi? � bHQT2 a1 = −0.000235 �M/ a0 = 0.0223X h?2 iQT@H27i T�M2H Q7 6B;m`2 8 T`2b2Mib
i?2 T�i? Q7 �p2`�;2 /2#i- r?B+? BM i?2 +�b2 Q7 i?2 /2H2p2`�;BM; T`Q+2bb rBi? /2#i HBKBib �HKQbi
+QBM+B/2 rBi? i?2 b2[m2M+2 Q7 /2#i HBKBibX h?Bb Bb #2+�mb2 i?2 /2#i HBKBib �`2 �HKQbi �Hr�vb
#BM/BM; BM i?2 bBKmH�iBQMbX AM/22/- i?2 iQT@`B;?i T�M2H b?Qrb i?2 /2#i pQH�iBHBiv Bb +HQb2 iQ x2`Q
/m`BM; i?2 /2H2p2`�;BM; T`Q+2bbX h?2 iQT@H27i T�M2H Q7 6B;m`2 8 b?Qrb i?�i +QKT�`2/ rBi? i?2
_�Kb2v /2H2p2`�;BM;- i?2 QTiBK�H b2[m2M+2 Q7 /2#i HBKBib BKTQb2b � Km+? 7�bi2` /2H2p2`�;BM;X
h?2 _�Kb2v ;Qp2`MK2Mi BKTQb2b �mbi2`Biv BM bi�i2b r?2`2 �mbi2`Biv Bb KQbi 2z2+iBp2 �i `2/m+BM;
/27�mHi `BbF- r?BH2 TH�+BM; KBH/2` +QMbi`�BMib BM Qi?2` bi�i2bX � /2#i HBKBi +QMbi`�BMb #Q``QrBM;
BM �HKQbi �HH bi�i2b �M/ i?mb BKTQb2b 2t+2bbBp2 �mbi2`Biv BM bi�i2b r?2`2 Bi M22/ MQi #2 M2+2bb�`v-
/`BpBM; i?2 �p2`�;2 /2#i /QrMX h?2 KB//H2@H27i T�M2H Q7 6B;m`2 8 b?Qrb i?�i QM �p2`�;2 i?2
/2H2p2`�;BM; T`Q+2bb rBi? /2#i HBKBib 7Q`+2b i?2 ;Qp2`MK2Mi iQ i`�Mb72`b KQ`2 M2i `2bQm`+2b iQ
H2M/2`b /m`BM; i?2 /2H2p2`�;BM; T2`BQ/ +QKT�`2/ rBi? i?2 �p2`�;2 M2i i`�Mb72`b +?Qb2M #v i?2

jk



_�Kb2v ;Qp2`MK2MiX h?2 #QiiQK@H27i T�M2H Q7 6B;m`2 8 b?Qrb i?�i i?2 _�Kb2v ;Qp2`MK2Mi Bb
KQ`2 bm++2bb7mH BM `2/m+BM; i?2 bT`2�/ i?�M � J�`FQp ;Qp2`MK2Mi rBi? /2#i HBKBibX

h?2 BM�#BHBiv iQ }M2 imM2 i?2 bi�i2b BM r?B+? �mbi2`Biv Bb BKTQb2/ H2�/b iQ � HQr2` r2H7�`2 ;�BM
i?�M rBi? � _�Kb2v ;Qp2`MK2MiX >Qr2p2`- r2 }M/ i?�i bBKTH2 +QMbi`�BMib QM 7mim`2 #Q``QrBM;
;Q � HQM; r�v BM i2`Kb Q7 ;2M2`�iBM; r2H7�`2 ;�BMbX h?2 QTiBK�H /2H2p2`�;BM; rBi? /2#i HBKBib
�+?B2p2b � r2H7�`2 ;�BM Q7 yXkeW- 2[mBp�H2Mi iQ 8NW Q7 i?2 QM2 �+?B2p2/ #v � _�Kb2v ;Qp2`MK2MiX

8X9 _Q#mbiM2bb 2t2`+Bb2b

h?2 BM2{+B2M+v bim/B2/ BM i?2 T�T2` ?BM;2b QM i?2 ;Qp2`MK2Mi BbbmBM; HQM;@i2`K /2#iX q?BH2
r2 �bbmK2 �M 2tQ;2MQmb K�im`Biv bi`m+im`2- �`2HH�MQ �M/ _�K�M�`�v�M�M UkyRkV- >�i+?QM/Q
2i �HX UkyReV- .pQ`FBM 2i �HX UkykyV- �M/ Qi?2`b b?Qr i?�i rBi? TH�mbB#H2 +�HB#`�iBQMb Q7 i?2
;Qp2`MK2MiǶb BM+2MiBp2b iQ ?2/;2 �;�BMbi +?�M;2b BM i?2 #Q``QrBM; +Qbi- i?2 1�iQM@:2`bQpBix
KQ/2H +�M �++QmMi 7Q` i?2 /2#i K�im`BiB2b Q#b2`p2/ BM i?2 /�i�X AM �TT2M/Bt 1XR- r2 b?Qr i?�i
BV Qm` K�BM [m�MiBi�iBp2 `2bmHib /Q MQi +?�M;2 B7 r2 �bbmK2 � /2#i /m`�iBQM 2[m�H iQ i?2 QTiBK�H
2t@�Mi2 p�Hm2 T`272``2/ #v i?2 J�`FQp ;Qp2`MK2Mi UkXj v2�`b pbX 9X3 v2�`b BM Qm` #2M+?K�`FV-
�M/ BBV QM+2 i?2 _�Kb2v ;Qp2`MK2Mi +Q``2+ib i?2 iBK2 BM+QMbBbi2M+v BM #Q``QrBM; /2+BbBQMb- i?2
QTiBK�H 2t@�Mi2 /2#i /m`�iBQM Bb bB;MB}+�MiHv ?B;?2` i?�M BM Qm` #2M+?K�`F UKQ`2 i?�M jy v2�`bVX

h?2 b?Q+F iQ i?2 miBHBiv +Qbi Q7 /27�mHiBM; 2M�#H2b mb iQ 2tTHQBi }`bi@Q`/2` +QM/BiBQMb iQ
bQHp2 7Q` i?2 _�Kb2v ;Qp2`MK2MiǶb T`Q#H2KX h?2 BKTQ`i�M+2 Q7 i?2 b?Q+F iQ i?2 miBHBiv +Qbi Q7
/27�mHiBM; Bb ;Bp2M #v i?2 pQH�iBHBiv Q7 U +QM/BiBQM�H QM BM+QK2 UσUV- r?B+? BM Qm` #2M+?K�`F
+�HB#`�iBQM Bb /Bb+BTHBM2/ #v i?2 bQp2`2B;M bT`2�/ pQH�iBHBivX

q2 }M/ i?�i 7Q` i?2 T�`�K2i2` p�Hm2b BM h�#H2 R- i?2 b?Q+F iQ U TH�vb � KBMQ` `QH2 BM
/2i2`KBMBM; /27�mHi /2+BbBQMbX 6Q` BMbi�M+2- i?2 #QiiQK@`B;?i T�M2H Q7 6B;m`2 j b?Qrb i?�i
7Q` KQbi BM+QK2 `2�HBx�iBQMb- i?2 ;Qp2`MK2Mi 2Bi?2` `2T�vb Q` /27�mHib �HKQbi bm`2Hv `2;�`/H2bb
Q7 i?2 `2�HBx�iBQM Q7 U X h?Bb T`QT2`iv Bb �HbQ +QM}`K2/ BM Qm` bBKmH�iBQMb- r?2`2 /27�mHib �`2
KQbiHv /`Bp2M #v HQr BM+QK2 `2�HBx�iBQMbX PM2 +�M BMi2`T`2i b?Q+Fb iQ U �b 2M+QKT�bbBM; /27�mHi
/2i2`KBM�Mib i?�i �`2 MQi `2H�i2/ iQ BM+QK2X � ?B;?2` σU rQmH/ +�Tim`2 � ?B;?2` `QH2 7Q` i?Qb2
/27�mHi /2i2`KBM�Mib- r?B+? rQmH/ K�F2 #QM/ T`B+2b b2MbBiBp2 iQ #Q``QrBM; 2p2M �i ?B;? BM+QK2
`2�HBx�iBQMbX 1[m�iBQM URRV BM/B+�i2b i?�i BM bm+? b+2M�`BQb- i?2 _�Kb2v TH�MM2` rQmH/ �HbQ r�Mi

jj



iQ `2bi`B+i #Q``QrBM; �i ?B;? BM+QK2 `2�HBx�iBQMbX h?Bb Bb p2`B}2/ BM �TT2M/Bt 1Xk- r?2`2 r2
b?Qr i?�i ?B;?2` p�Hm2b Q7 σU KQ/2`�i2 i?2 �//BiBQM�H T`Q+v+HB+�HBiv Q7 }b+�H TQHB+v +?Qb2M #v i?2
_�Kb2v ;Qp2`MK2MiX �TT2M/Bt 1Xk �HbQ b?Qrb i?�i i?2 _�Kb2v ;Qp2`MK2Mi �+?B2p2b bB;MB}+�Mi
r2H7�`2 ;�BMb �M/ bB;MB}+�Mi `2/m+iBQMb BM bQp2`2B;M /27�mHi `BbF 7Q` /Bz2`2Mi p�Hm2b Q7 σU X

e *QM+HmbBQMb

q2 bQHp2 � [m�MiBi�iBp2 1�iQM@:2`bQpBix bQp2`2B;M /27�mHi KQ/2H rBi? HQM;@i2`K /2#i BM r?B+?
� _�Kb2v ;Qp2`MK2Mi /2+B/2b i?2 2MiB`2 #Q``QrBM; TH�M i�FBM; �b ;Bp2M 2t@TQbi QTiBK�H /27�mHi
/2+BbBQMbX h?2 _�Kb2v ;Qp2`MK2Mi BKT`Qp2b mTQM i?2 J�`FQp ;Qp2`MK2Mi #2+�mb2 Bi i�F2b BMiQ
�++QmMi ?Qr #Q``QrBM; /2+BbBQMb BM T2`BQ/ t �z2+i #Q``QrBM; QTTQ`imMBiB2b- �M/ i?mb r2H7�`2-
T`BQ` iQ tX Pm` +QMi`B#miBQM Bb iQ b?Qr i?�i i?2 2z2+i Q7 #Q``QrBM; /2+BbBQMb BM t QM miBHBiv ~Qrb
T`BQ` iQ t +�M #2 2M+�TbmH�i2/ #v irQ bBM;H2 /BK2MbBQM�H p�`B�#H2b- �M/ #v QM2 p�`B�#H2 mM/2`
+QM/BiBQMb i?�i r2 p2`B7v �`2 b�iBb}2/ BM Qm` [m�MiBi�iBp2 2t2`+Bb2X h?Bb �HHQrb mb iQ T`QTQb2
� i`�+i�#H2 �H;Q`Bi?K iQ }M/ i?2 +QMbi`�BM2/ 2{+B2Mi #Q``QrBM; TQHB+vX _2H�iBp2 iQ � J�`FQp
;Qp2`MK2Mi- i?2 _�Kb2v ;Qp2`MK2Mi /BbiQ`ib #Q``QrBM; /2+BbBQMb KQ`2 r?2M BV #QM/ T`B+2b �`2
KQ`2 b2MbBiBp2 iQ #Q``QrBM; �M/ BBV +?�M;2b BM #QM/ T`B+2b ?�p2 � KQ`2 bB;MB}+�Mi 2z2+i QM T�bi
miBHBiv ~QrbX 6Q` 2KTB`B+�HHv TH�mbB#H2 T�`�K2i2` p�Hm2b- KQ`2 i?�M 3yW Q7 i?2 /27�mHi `BbF Bb
2HBKBM�i2/ #v � _�Kb2v ;Qp2`MK2Mi- rBi?Qmi HQr2`BM; �p2`�;2 #Q``QrBM; H2p2HbX �M 2{+B2Mi
`2/m+iBQM BM /27�mHi `BbF T`2b+`B#2b � ?B;?2` pQH�iBHBiv BM #Q``QrBM; �M/ /2#i H2p2HbX h?2 r2H7�`2
;�BM Q7 ?�pBM; � _�Kb2v ;Qp2`MK2Mi BMbi2�/ Q7 � J�`FQp ;Qp2`MK2Mi `�M;2b 7`QK yXjW iQ yXdW-
/2T2M/BM; QM BMBiB�H BM+QK2X h?2 _�Kb2v ;Qp2`MK2Mi +�``B2b � KQ`2 T`Q+v+HB+�H }b+�H TQHB+v
i?�i BM+Hm/2b /2#i #mv#�+Fb BM bQK2 bi�i2b rBi? HQr BM+QK2X h?Bb ?B;?2` T`Q+v+HB+�HBiv Q7 }b+�H
TQHB+v Bb KBiB;�i2/ BM 2+QMQKB2b r?2`2 /27�mHi /2i2`KBM�Mib �`2 H2bb +Q``2H�i2/ rBi? BM+QK2X

ai�`iBM; 7`QK � bi�i2 rBi? ?B;? /2#i- i?2 _�Kb2v ;Qp2`MK2Mi ?�b � ?B;?2` T`Q#�#BHBiv Q7 +QK@
TH2iBM; � bm++2bb7mH /2H2p2`�;BM; UrBi?Qmi /27�mHibV i?�M i?2 J�`FQp ;Qp2`MK2MiX AM �//BiBQM-
+QKT�`2/ rBi? i?2 J�`FQp ;Qp2`MK2Mi- #v 2z2+iBp2Hv `2/m+BM; 7mim`2 /27�mHi `BbF- i?2 _�Kb2v
;Qp2`MK2Mi +�M �zQ`/ iQ bKQQi? Qmi i?2 BMBiB�H �/DmbiK2Mi /m`BM; i?2 /2H2p2`�;BM; T�i?X h?2
J�`FQp ;Qp2`MK2MiǶb +QKKBiK2Mi iQ � bBKTH2 /2H2p2`�;BM; TH�M +QMbBbiBM; Q7 � b2[m2M+2 Q7 /2#i
HBKBib BKTQb2b ?�`b?2` BMBiB�H �mbi2`Biv �M/ /2HBp2`b eyW Q7 i?2 r2H7�`2 ;�BMb �+?B2p2/ #v i?2
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_�Kb2v ;Qp2`MK2MiX h?2b2 `2bmHib �`2 BM/B+�iBp2 Q7 i?2 [m�MiBi�iBp2 BKTQ`i�M+2 Q7 2M?�M+BM;
HQM;@i2`K }b+�H /Bb+BTHBM2 7Q` i?2 bm++2bb Q7 /2#i `2/m+iBQM T`Q;`�KbX

Pm` K2i?Q/QHQ;v +QmH/ #2 2ti2M/2/ iQ bim/v Qi?2` �bT2+ib Q7 /2#i K�M�;2K2Mi BM r?B+?
iBK2 BM+QMbBbi2M+v TH�vb � `QH2X aBKBH�` BM2{+B2M+B2b �`Bb2 r?2M ;Qp2`MK2Mib Bbbm2 /2#i BM HQ+�H
�M/ 7Q`2B;M +m``2M+v- r?2M i?2v /2+B/2 }b+�H �M/ KQM2i�`v TQHB+v- r?2M i?2v Bbbm2 /2#i rBi?
/Bz2`2Mi K�im`BiB2b- �M/ r?2M i?2v �++mKmH�i2 /2#i �M/ �bb2ib U7Q`2B;M `2b2`p2b- b22 "B�M+?B
2i �HX- kyR3VX 1ti2M/BM; Qm` �M�HvbBb iQ bim/v �M/ [m�MiB7v i?2b2 Bbbm2b �M/ BM7Q`K i?2 QM i?2
`QH2 Q7 }b+�H `mH2b iQ `2;mH�i2 Qi?2` /2#i K�M�;2K2Mi iQQHb Bb �M BMi2`2biBM; �p2Mm2 7Q` 7mim`2
`2b2�`+?X

_272`2M+2b

�##�b- aX JX �X- "2H?Q+BM2- �X- L�xBK �M/X 1H@:�M�BMv- �M/ >Q`iQM- JX UkyRRVX ǵ>BbiQ`B+�H
S�ii2`Mb �M/ .vM�KB+b Q7 Sm#HB+ .2#iě1pB/2M+2 7`QK � L2r .�i�#�b2ǶX AJ6 1+QMQKB+
_2pB2r- pQHmK2 8N- MQX 9- dRdĜd9kX

�/�K- EX �M/ :`BHH- JX UkyRdVX ǵPTiBK�H aQp2`2B;M .27�mHiǶX �K2`B+�M 1+QMQKB+ CQm`M�H,
J�+`Q2+QMQKB+b- pQHmK2 N- MQX R- Rk3ĜRe9X

�;mB�`- JX �M/ �K�/Q`- JX UkyRNVX ǵ� *QMi`�+iBQM 7Q` aQp2`2B;M .2#i JQ/2HbǶX CQm`M�H Q7
1+QMQKB+ h?2Q`v- pQHmK2 R3j- 39kĜ3d8X AaaL yykk@y8jRX

�;mB�`- JX �M/ �K�/Q`- JX UkykyVX ǵa2H7@6mH}HHBM; .2#i .BHmiBQM, J�im`Biv �M/ JmHiBTHB+Biv BM
.2#i JQ/2HbǶX �K2`B+�M 1+QMQKB+ _2pB2rX

�;mB�`- JX- �K�/Q`- JX- �M/ 6Qm`�FBb- aX UkykyVX ǵPM i?2 q2H7�`2 GQbb2b 7`QK 1t@
i2`M�H aQp2`2B;M "Q``QrBM;ǶX AJ6 1+QMQKB+ _2pB2r- pQHmK2 e3- MQX 9- RejĜRN9X
>iiTb,ff/QBXQ`;fRyXRy8dfb9Rjy3@yRN@yyRyj@kX

�;mB�`- JX- �K�/Q`- JX- >QT2M?�vM- >X- �M/ q2`MBM;- AX UkyRNVX ǵh�F2 i?2 a?Q`i _Qmi2,
1[mBHB#`BmK .27�mHi �M/ .2#i J�im`BivǶX 1+QMQK2i`B+�- pQHmK2 3d- MQX k- 9kjĜ9ekX
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�;mB�`- JX �M/ :QTBM�i?- :X UkyyeVX ǵ.27�mHi�#H2 /2#i- BMi2`2bi `�i2b �M/ i?2 +m``2Mi �++QmMiǶX
CQm`M�H Q7 AMi2`M�iBQM�H 1+QMQKB+b- pQHmK2 eN- e9Ĝ3jX

�;mB�`- JX �M/ :QTBM�i?- :X UkyydVX ǵ1K2`;BM; K�`F2ib #mbBM2bb +v+H2b, i?2 +v+H2 Bb i?2 i`2M/ǶX
CQm`M�H Q7 SQHBiB+�H 1+QMQKv- pQHmK2 RR8- MQX R- eNĜRykX

�FBiQ#v- "X �M/ ai`�iK�MM- hX Ukyy3VX ǵ6Bb+�H SQHB+v �M/ 6BM�M+B�H J�`F2ibǶX h?2 1+QMQKB+
CQm`M�H- pQHmK2 RR3- RNdRĜRN38X

�`2HH�MQ- *X Ukyy3VX ǵ.27�mHi _BbF �M/ AM+QK2 6Hm+im�iBQMb BM 1K2`;BM; 1+QMQKB2bǶX �K2`B+�M
1+QMQKB+ _2pB2r- pQHmK2 N3UjV- eNyĜdRkX

�`2HH�MQ- *X �M/ _�K�M�`�v�M�M- �X UkyRkVX ǵ.27�mHi �M/ i?2 J�im`Biv ai`m+im`2 BM aQp2`2B;M
"QM/bǶX CQm`M�H Q7 SQHBiB+�H 1+QMQKv- pQHmK2 Rky- MQX k- R3dĜkjkX

"B- >X- G22T2`- 1X- �M/ G2Bi?- *X UkyRjVX ǵlM+2`i�BM 6Bb+�H *QMbQHB/�iBQMbǶX 1+QMQKB+ CQm`M�H-
pQHmK2 Rkj- MQX 8ee- 6jRĜ6ejX

"B�M+?B- CX- >�i+?QM/Q- CX *X- �M/ J�`iBM2x- GX UkyR3VX ǵAMi2`M�iBQM�H _2b2`p2b �M/ _QHHQp2`
_BbFǶX �K2`B+�M 1+QMQKB+ _2pB2r- pQHmK2 Ry3UNV- kekNĜkedyX

"B�M+?B- CX- PiiQM2HHQ- SX- �M/ S`2bMQ- AX UkyRNVX ǵ6Bb+�H aiBKmHmb mM/2` aQp2`2B;M _BbFǶX L"1_
qQ`FBM; S�T2` LQX kejydX

"Bx2`- .X aX �M/ .2J�`xQ- SX URNNkVX ǵa2[m2MiB�H "�MFBM;ǶX CQm`M�H Q7 SQHBiB+�H 1+QMQKv- pQHmK2
Ryy- 9RĜeRX

"Q+QH�- GX �M/ .QpBb- �X UkyRNVX ǵa2H7@6mH}HHBM; .2#i *`Bb2b, � Zm�MiBi�iBp2 �M�HvbBbǶX �K2`B+�M
1+QMQKB+ _2pB2r- pQHmK2 RyN- MQX Rk- 9j9jĜddX

"QHiQM- SX �M/ C2�MM2- PX UkyyNVX ǵai`m+im`BM; �M/ _2bi`m+im`BM; aQp2`2B;M .2#i, h?2 _QH2 Q7
a2MBQ`BivǶX _2pB2r Q7 1+QMQKB+ aim/B2b- pQHmK2 de- 3dNĜNykX

"mHQr- CX �M/ _Q;Qz- EX URN33VX ǵh?2 "mv#�+F "QQM/Q;;H2ǶX "`QQFBM;b S�T2`b QM 1+QMQKB+
�+iBpBiv- pQHmK2 RN33- MQX k- ed8Ĝdy9X
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"mHQr- CX �M/ _Q;Qz- EX URNNRVX ǵaQp2`2B;M .2#i _2Tm`+?�b2b, LQ *m`2 7Q` Pp2`?�M;ǶX Zm�`i2`Hv
CQm`M�H Q7 1+QMQKB+b- pQHmK2 Rye- MQX 9- RkRNĜj8X

*?�ii2`D22- aX �M/ 1vB;mM;Q`- "X UkyRkVX ǵJ�im`Biv- AM/2#i2/M2bb �M/ .27�mHi _BbFǶX �K2`B+�M
1+QMQKB+ _2pB2r- pQHmK2 Ryk- MQX e- ked9ĜkeNNX

*?�ii2`D22- aX �M/ 1vB;mM;Q`- "X UkyR8VX ǵ� a2MBQ`Biv �``�M;2K2Mi 7Q` aQp2`2B;M .2#iǶX �K2`B+�M
1+QMQKB+ _2pB2r- pQHmK2 Ry8URkV- jd9yĜjde8X

*QM2b�- CX *X �M/ E2?Q2- hX CX UkyRdVX ǵ:�K#HBM; 7Q` `2/2KTiBQM �M/ b2H7@7mH}HHBM; /2#i +`Bb2bǶX
1+QMQKB+ h?2Q`v- pQHmK2 e9- dydĜd9yX

.Ƕ1`�bKQ- SX- J2M/Qx�- 1X :X- �M/ w?�M;- CX UkyReVX q?�i Bb � ambi�BM�#H2 Sm#HB+ .2#i\-
pQHmK2 k- +?�Ti2` jk- T�;2b k9N9Ĝk8N9X a+B2M+2.B`2+iX

.pQ`FBM- JX �X- a�M+?2x- CX JX- a�T`Bx�- >X- �M/ um`/�;mH- 1X UkykyVX ǵaQp2`2B;M .2#i _2bi`m+@
im`BM;bǶX �K2`B+�M 1+QMQKB+ CQm`M�H@J�+`Q2+QMQKB+bX 6Q`i?+QKBM;X

1�iQM- CX �M/ :2`bQpBix- JX URN3RVX ǵ.2#i rBi? TQi2MiB�H `2Tm/B�iBQM, i?2Q`2iB+�H �M/ 2KTB`B+�H
�M�HvbBbǶX _2pB2r Q7 1+QMQKB+ aim/B2b- pQHmK2 93- k3NĜjyNX

1/r�`/b- aX URN39VX ǵG.*Ƕb 6Q`2B;M "Q``QrBM; �M/ .27�mHi _BbF, �M 1KTB`B+�H AMp2biB;�iBQMǶX
�K2`B+�M 1+QMQKB+ _2pB2r- pQHmK2 d9- MQX 9- dkeĜdj9X

1/r�`/b- aX URN3eVX ǵh?2 S`B+BM; Q7 "QM/b �M/ "�MF GQ�Mb BM AMi2`M�iBQM�H J�`F2ib, �M
1KTB`B+�H �M�HvbBb Q7 .2p2HQTBM; *QmMi`B2bǶ 6Q`2B;M "Q``QrBM;ǶX 1m`QT2�M 1+QMQKB+ _2pB2r-
pQHmK2 jy- MQX j- 8e8Ĝ83NX

6�`�;HB�- 1X- J�`+2i- �X- PBFQMQKQm- _X- �M/ a+Qii- �X UkyReVX ǵGQM; h2`K :Qp2`MK2Mi "QM/bǶX
lMBp2`bBiv Q7 *�K#`B/;2- *�K#`B/;2 qQ`FBM; S�T2`b BM 1+QMQKB+b, Re3jX

6�`�;HB�- 1X- J�`+2i- �X- PBFQMQKQm- _X- �M/ a+Qii- �X UkyRNVX ǵ:Qp2`MK2Mi .2#i J�M�;2K2Mi,
h?2 GQM; �M/ i?2 a?Q`i Q7 AiǶX _2pB2r Q7 1+QMQKB+ aim/B2b- pQHmK2 3e- MQX e- k889Ĝkey9X

:2HT2`M- �X- >�;�M- aX- �M/ J�x�`2B- �X UkykyVX ǵ.2#i bi�M/biBHHb +�M ?2HT pmHM2`�#H2 ;Qp2`M@
K2Mib K�M�;2 i?2 *PoA.@RN +`BbBbǶX S2i2`bQM AMbiBimi2 7Q` AMi2`M�iBQM�H 1+QMQKB+bX
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>�HH- :X �M/ a�`;2Mi- hX UkyR8VX ǵ� >BbiQ`v Q7 la .2#i GBKBibǶX L"1_ qQ`FBM; S�T2` LQ kRdNNX

>�i+?QM/Q- CX *X �M/ J�`iBM2x- GX UkyyNVX ǵGQM;@/m`�iBQM #QM/b �M/ bQp2`2B;M /27�mHibǶX CQm`M�H
Q7 AMi2`M�iBQM�H 1+QMQKB+b- pQHmK2 dN- RRdĜRk8X

>�i+?QM/Q- CX *X �M/ J�`iBM2x- GX UkyRjVX ǵam//2M aiQTb- hBK2 AM+QMbBbi2M+v- �M/ i?2 .m`�iBQM
Q7 aQp2`2B;M .2#iǶX AMi2`M�iBQM�H 1+QMQKB+ CQm`M�H- pQHmK2 kd UkV- kRdĜkk3X

>�i+?QM/Q- CX *X �M/ J�`iBM2x- GX UkyRdVX ǵ*�HB#`�iBM; i?2 *Qbi Q7 .27�mHiBM; BM JQ/2Hb Q7
aQp2`2B;M .27�mHibǶX BM _2i?BMFBM; 6Bb+�H SQHB+v �7i2` i?2 *`BbBb- *�K#`B/;2 lMBp2`bBiv S`2bb-
T�;2b 9R9Ĝ99yX

>�i+?QM/Q- CX *X- J�`iBM2x- GX- �M/ _Q+?- 6X UkyR8VX ǵ6Bb+�H `mH2b �M/ i?2 bQp2`2B;M /27�mHi
T`2KBmKǶX J�Mmb+`BTiX

>�i+?QM/Q- CX *X- J�`iBM2x- GX- �M/ a�T`Bx�- >X UkyRyVX ǵZm�MiBi�iBp2 T`QT2`iB2b Q7 bQp2`2B;M
/27�mHi KQ/2Hb, bQHmiBQM K2i?Q/b K�ii2`ǶX _2pB2r Q7 1+QMQKB+ .vM�KB+b- pQHmK2 Rj- MQX 9-
NRNĜNjjX

>�i+?QM/Q- CX *X- J�`iBM2x- GX- �M/ aQb�@S�/BHH�- *X UkyReVX ǵ.2#i /BHmiBQM �M/ bQp2`2B;M /27�mHi
`BbFǶX CQm`M�H Q7 SQHBiB+�H 1+QMQKv- pQHmK2 Rk9U8V- Rj3jĜR9kkX

AJ6 UkyRdVX ǵ6Bb+�H _mH2b �i � :H�M+2ǶX AMi2`M�iBQM�H JQM2i�`v 6mM/X

C�`�KBHHQ- GX �M/ h2D�/�- *X JX UkyRRVX ǵaQp2`2B;M *`2/Bi _�iBM;b �M/ aT`2�/b BM 1K2`;BM;
J�`F2ibc .Q2b AMp2biK2Mi :`�/2 J�ii2`\Ƕ AJ6 qQ`FBM; S�T2`b RRf99X

GQ`2MxQMB- :X �M/ q2`MBM;- AX UkyRNVX ǵaHQr JQpBM; .2#i *`Bb2bǶX �K2`B+�M 1+QMQKB+ _2pB2r-
pQHmK2 RyN- MQX N- jkkNĜejX

J�`+2i- �X �M/ J�`BKQM- _X UkyRNVX ǵ_2+m`bBp2 *QMi`�+ibǶX 1+QMQK2i`B+�- pQHmK2 3d- MQX 8-
R83NĜRejRX

J�i2Qb@SH�M�b- sX �M/ _őQb@_mHH- CX@oX UkyReVX ǵh?2 :2M2`�HBx2/ 1mH2` 1[m�iBQM �M/ i?2
"�MF`mTi+vĜaQp2`2B;M .27�mHi S`Q#H2KǶX lMTm#HBb?2/X
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L�p�``Q- :X- �v`2b- CX- LB+QHBMB- CX SX- �M/ h2H2b- SX UkyR3VX ǵaQp2`2B;M .27�mHi, h?2 _QH2 Q7
1tT2+i�iBQMbǶX CQm`M�H Q7 1+QMQKB+ h?2Q`v- pQHmK2 Rd8- 3yjĜ3RkX

L2mK2v2`- SX �M/ S2``B- 6X Ukyy8VX ǵ"mbBM2bb +v+H2b BM 2K2`;BM; 2+QMQKB2b, i?2 `QH2 Q7 BMi2`2bi
`�i2bǶX CQm`M�H Q7 JQM2i�`v 1+QMQKB+b- pQHmK2 8k- j98Ĝj3yX

SQi2`#�- CX JX �M/ _m2#2M- EX URNNNVX ǵai�i2 }b+�H BMbiBimiBQMb �M/ i?2 lXaX KmMB+BT�H #QM/
K�`F2iǶX AM 6Bb+�H AMbiBimiBQMb �M/ 6Bb+�H S2`7Q`K�M+2- C�K2b SQi2`#� �M/ CQ`;2M pQM >�;2M
2/BiQ`b- lMBp2`bBiv Q7 *?B+�;Q S`2bbX

_2BM?�`i- *X �M/ _Q;Qz- EX UkykyVX ǵh?2 *Q`QM�pB`mb .2#i h?`2�iǶX h?2 q�HH ai`22i CQm`M�HX

_Qii;2`- CX UkyRNVX ǵ.2#i- .27�mHi- �M/ *QKKBiK2MiǶX qQ`FBM; S�T2`- lMBp2`bBiv Q7 *QHQ;M2X

h?Q`MiQM- CX �M/ o�bBH�FBb- *X UkyRdVX ǵ6Bb+�H _mH2b �M/ :Qp2`MK2Mi "Q``QrBM; *Qbib, AMi2`M�@
iBQM�H 1pB/2M+2ǶX 1+QMQKB+ AM[mB`v- pQHmK2 8e- MQX R- 99eĜ98NX
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PMHBM2 �TT2M/Bt

� .2}MBiBQM Q7 i?2 J�`FQp S2`72+i 1[mBHB#`BmK

G2i x′ /2MQi2 i?2 M2ti@T2`BQ/ p�Hm2 Q7 p�`B�#H2 x- b̂ /2MQi2 i?2 #Q``QrBM; bi`�i2;v 7QHHQr2/
#v 7mim`2 ;Qp2`MK2Mib UMmK#2` Q7 #QM/b Qmibi�M/BM; �i i?2 2M/ Q7 i?2 T2`BQ/V- d̂ /2MQi2 i?2
/27�mHiBM; bi`�i2;v 7QHHQr2/ #v 7mim`2 ;Qp2`MK2Mib- �M/ V /2MQi2 i?2 +QMiBMm�iBQM p�Hm2 mM/2`
`2T�vK2Mi r?2M 7mim`2 ;Qp2`MK2Mib 7QHHQr i?2 bi`�i2;B2b b̂ �M/ d̂X h?2 7mM+iBQM V Bb ;Bp2M #v

V (b, y) = u(c) + β
J∑

j=1

πj(y)

{∫

U ′

[
d′jU

′ + (1− d′j)V (b′, yj)
]
f(U ′)dU ′

}
URNV

r?2`2 c = y − δb+ q(b′, y′)[b′ − (1− δ)b],

d′j = d̂(b′, yj, U
′)- �M/

b′ = b̂(b, y).

AM bi�i2b r?2`2 i?2 ;Qp2`MK2Mi �+iBM; BM i?2 M2ti T2`BQ/ /27�mHib Ud̂(b′, yj, U ′) = 1V- Bi `2+2Bp2b
i?2 +QMiBMm�iBQM p�Hm2 U ′X

*QKT2iBiBQM BM }M�M+B�H K�`F2ib #2ir22M `BbF@M2mi`�H H2M/2`b BKTHB2b � #QM/ T`B+2 7mM+iBQM
r?2`2 H2M/2`b #`2�F 2p2M BM 2tT2+i�iBQM,

q(b′, y) =

J∑
j=1

πj(y)
{∫

U ′ [1− d̂(b′, yj, U ′)]
[
δ + (1− δ)q(b′′j , yj)

]
f(U ′)dU ′

}

1 + r
. UkyV

AM bi�i2b r?2`2 i?2 M2ti@T2`BQ/ ;Qp2`MK2Mi `2T�vb- #QM/?QH/2`b `2+2Bp2 i?2 +QmTQM T�vK2Mi
δ �M/ +�M i`�/2 i?2 +H�BKb iQ bm#b2[m2Mi +QmTQM T�vK2Mib Ui?�i �// mT iQ 1 − δV �i T`B+2b
q(b′′j , yj)- r?B+? /2T2M/ QM i?2 M2ti@T2`BQ/ BM+QK2 `2�HBx�iBQM y′ = yj �M/ M2ti@T2`BQ/ #Q``QrBM;
/2+BbBQMb b′′j = b̂(b′, yj)X

G2i V /2MQi2 i?2 K�tBKmK r2H7�`2 � ;Qp2`MK2Mi +�M �ii�BM BM i?2 +m``2Mi T2`BQ/ B7 Bi +?QQb2b
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iQ `2T�v �M/ 2tT2+ib 7mim`2 ;Qp2`MK2Mib iQ 7QHHQr bi`�i2;B2b b̂ �M/ d̂XR8 6Q`K�HHv-

V(b, y) = Max
b′

{
u(c) + β

J∑

j=1

πj(y)

{∫

U ′

[
d′jU

′ + (1− d′j)V (b′, yj)
]
f(U ′)dU ′

}}
UkRV

bXiX c = y − δb+ q(b′, y′)[b′ − (1− δ)b], �M/

d′j = d̂(b′, yj, U
′).

h?2 T`Q#H2K �#Qp2 BHHmbi`�i2b i?�i i?2 +m``2Mi ;Qp2`MK2Mi ?�b � HBKBi2/ �#BHBiv iQ �z2+i
7mim`2 /2#i H2p2HbX

�i i?2 #2;BMMBM; Q7 i?2 T2`BQ/ i?2 ;Qp2`MK2Mi Q#b2`p2b Bib +QMiBMm�iBQM p�Hm2 mM/2` /27�mHi@
BM; U �M/ +?QQb2b Bib /27�mHiBM; /2+BbBQM �++Q`/BM; iQ

d = Max
d∈{0,1}

{dU + (1− d)V(b, y)} . UkkV

� J�`FQp S2`72+i 1[mBHB#`BmK Bb +?�`�+i2`Bx2/ #v bi`�i2;B2b d̂ �M/ b̂ bm+? i?�i

U�V :Bp2M d̂ �M/ b̂- i?2 p�Hm2 7mM+iBQM mM/2` `2T�vK2Mi V b�iBb}2b i?2 7mM+iBQM�H 2[m�iBQM URNVX

U#V :Bp2M d̂ �M/ b̂- i?2 #QM/ T`B+2 7mM+iBQM q b�iBb}2b i?2 7mM+iBQM�H 2[m�iBQM UkyVX

U+V h?2 7mM+iBQM d̂ bQHp2b T`Q#H2K UkkV 7Q` �HH b- y- U X

U/V h?2 7mM+iBQM b̂ bQHp2b T`Q#H2K UkRV 7Q` �HH b- yX

" S`QQ7b

"XR S`QQ7 Q7 T`QTQbBiBQM R

S`QQ7X *QMbB/2` � T�`iB+mH�` ?BbiQ`v ỹtX *?�M;2b BM bt+1(ỹt) QMHv ?�p2 2z2+ib BM T2`BQ/b s ≤ t+1X
:Bp2M i?�i i?2 /2#i T�i? �7i2` t+1 Bb MQi �z2+i2/- M2Bi?2` Bb i?2 +QMbmKTiBQM T�i? �7i2` T2`BQ/
t+ 1 �M/ i?2`27Q`2 i?2 T�i? Q7 `2T�vK2Mi T`Q#�#BHBiB2b �7i2` t+ 1X

R8h?2 ;Qp2`MK2Mi +�M �++mKmH�i2 �bb2ib #v +?QQbBM; b′ < 0X q2 biBHH mb2 2[m�iBQM UkyV iQ T`B+2 #QM/b BM i?Qb2
+�b2b- r?B+? BKTHB2b i?2 ;Qp2`MK2Mi +�M /27�mHi QM Bib �bb2ibX q2 7QHHQr i?Bb `Qmi2 iQ �pQB/ � /Bb+QMiBMmBiv BM
i?2 #QM/ T`B+2 7mM+iBQM �i b′ = 0- r?B+? rQmH/ BMp�HB/�i2 i?2 ;2M2`�H mb2 Q7 }`bi@Q`/2` +QM/BiBQMb iQ +QKTmi2 i?2
bQHmiBQM Q7 i?2 _�Kb2v ;Qp2`MK2MiǶb T`Q#H2KX q2 /Q MQi Q#b2`p2 bi�i2b rBi? b′ < 0 BM i?2 bBKmH�iBQMb Q7 i?2
2+QMQKB2b rBi? � J�`FQp Q` � _�Kb2v ;Qp2`MK2MiX
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ai2T R, .Bz2`2MiB�#BHBiv BM t+ 1X
A7 i?2 2+QMQKv bi�`ib rBi? KQ`2 /2#i BM T2`BQ/ t+1 �M/ i?2`2 Bb MQ +?�M;2 BM i?2 bm#b2[m2Mi

/2#i T�i?- i?2 QMHv 2z2+i QM Vt+1 Bb /m2 iQ i?2 /2+`2�b2 BM ct+1X h?2 7QHHQrBM; }`bi@Q`/2` /2`Bp�iBp2

∂Vt+1(⃗b, (ỹt, yj))

∂bt+1(ỹt)
= −u′

(
ct+1(⃗b, (ỹ

t, yj))
) [
δ + (1− δ)qt+1(⃗b, (ỹ

t, yj)
]
,

2tBbib �M/ Bb +QMiBMmQmb rX`XiX bt+1(ỹt) #2+�mb2 u′ Bb +QMiBMmQmb- �M/ ct+1(⃗b, (ỹt, yj)) Bb +QM@
iBMmQmb BM bt+1(ỹt)X JQ`2Qp2`- i?2 `2T�vK2Mi T`Q#�#BHBiv BM t + 1- Fj

(
Vt+1(⃗b, (ỹt, yj))

)
Bb �HbQ

+QMiBMmQmbHv /Bz2`2MiB�#H2 rX`XiX bt+1(ỹt) #2+�mb2 Fj Bb +QMiBMmQmbHv /Bz2`2MiB�#H2X
ai2T k, .Bz2`2MiB�#BHBiv Q7 2z2+ib BM tX
� ?B;?2` �KQmMi Q7 /2#i BM t+ 1 �z2+ib i?2 `2T�vK2Mi T`Q#�#BHBiv BM t+ 1 �M/ i?mb

∂qt(⃗b, ỹt)

∂bt+1(ỹt)
=

J∑
j=1

πj(ỹ)fj
(
Vt+1

(
b⃗, (ỹt, yj)

))
∂Vt+1 (⃗b,(ỹt,yj))

∂bt+1(ỹt)

[
δ + (1− δ)qt+1

(
b⃗, (ỹt, yj)

)]

1 + r

Bb +QMiBMmQmbHv /Bz2`2MiB�#H2 rX`XiX bt+1(ỹt) #2+�mb2 Q7 ai2T RX �b � +QMb2[m2M+2-

∂Vt(⃗b, ỹt)

∂bt+1(ỹt)
=u′(ct(⃗b, ỹ

t))

[
qt(⃗b, ỹ

t) +
∂qt(⃗b, ỹt)

∂bt+1(ỹt)

(
bt+1(ỹ

t−1)− (1− δ)bt(ỹ
t)
)
]

+ β
J∑

j=1

πj(ỹ)Fj

(
Vt+1

(
b⃗, (ỹt, yj)

)) ∂Vt+1(⃗b, (ỹt, yj))

∂bt+1(ỹt)

Bb �HbQ +QMiBMmQmbHv /Bz2`2MiB�#H2 rX`XiX bt+1(ỹt) #2+�mb2 u- qt �M/ Vt+1 �`2 +QMiBMmQmbHv
/Bz2`2MiB�#H2 rX`XiX bt+1(ỹt)X

ai2T j, 1p2M i?Qm;? i?2`2 Bb MQ +?�M;2 BM i?2 MmK#2` Q7 #QM/b Bbbm2/ BM T2`BQ/ t − 1- i?2
T`B+2 �i r?B+? i?Qb2 #QM/b �`2 i`�/2/ +�M +?�M;2 #2+�mb2 i?2 `2T�vK2Mi T`Q#�#BHBiv �M/ #QM/
T`B+2 BM t 7Q` i?2 BM+QK2 `2�HBx�iBQM yt = ỹt K�v +?�M;2X h?2 /2`Bp�iBp2

∂qt−1(⃗b, ỹt−1)

∂bt+1(ỹt)
=

Pr(ỹt | ỹt−1)

1 + r

⎡

⎣
fI(t,ỹt)

(
Vt

(
b⃗, ỹt

))
∂Vt (⃗b,ỹt)
∂bt+1(ỹt)

[
δ + (1− δ)qt

(
b⃗, ỹt

)]

+FI(t,ỹt)

(
Vt

(
b⃗, ỹt

))
(1− δ) ∂qt (⃗b,ỹt)

∂bt+1(ỹt)

⎤

⎦

2tBbib �M/ Bb +QMiBMmQmb rX`XiX bt+1(ỹt) #2+�mb2 qt �M/ Vt �`2 +QMiBMmQmbHv /Bz2`2MiB�#H2 rX`XiX
bt+1(ỹt)X h?2 i2`K I(t, ỹt) /2MQi2b i?2 BM+QK2 BM/2t `2�HBx�iBQM BM t 7Q` BM+QK2 ?BbiQ`v ỹtX h?2
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/2`Bp�iBp2

∂Vt−1(⃗b, ỹt−1)

∂bt+1(ỹt)
= u′(ct−1(⃗b, (ỹ

t−1)))
∂qt−1(⃗b, ỹt)

∂bt+1(ỹt)

[
bt(ỹ

t−1)− (1− δ)bt−1(ỹ
t−2)

]

+ βPr(ỹt | ỹt−1)FI(t,ỹt)

(
Vt

(
b⃗, ỹt

)) ∂Vt(⃗b, (ỹt, yj))

∂bt+1(ỹt)

2tBbib �M/ Bb +QMiBMmQmb #2+�mb2 u- qt−1- �M/ Vt �`2 +QMiBMmQmbHv /Bz2`2MiB�#H2X
ai2T 9, h?2 b�K2 HQ;B+ �TTHB2/ BM ai2T j 2ti2M/b iQ T2`BQ/b s = t− 2, t− 3, ..., 0X

"Xk S`QQ7 Q7 S`QTQbBiBQM k

S`QQ7X h?2 T`QQ7 Bb bi`m+im`2/ BM 7Qm` bi2TbX 6B`biHv- r2 b?Qr i?�i i?2 /2`Bp�iBp2 Q7 i?2 _�Kb2v
;Qp2`MK2MiǶb Q#D2+iBp2 rBi? `2bT2+i iQ bt+1(ỹt) +�M #2 2tT`2bb2/ �b � 7mM+iBQM Q7 i?2 /2`Bp�iBp2b
Q7 i?2 `2T�vK2Mi p�Hm2 BM t �M/ #QM/ T`B+2b mT iQ tX a2+QM/Hv- r2 b?Qr i?�i i?2 /2`Bp�iBp2b Q7
#QM/ T`B+2b mT iQ t +�M #2 r`Bii2M �b 7mM+iBQMb Q7 ∂qt/∂bt+1(ỹt) �M/ ∂Vt/∂bt+1(ỹt)X h?B`/Hv- r2
b?Qr ?Qr i?2 +Q2{+B2Mib i?�i r2B;?i i?2 +m``2Mi /2`Bp�iBp2b Q7 i?2 #QM/ T`B+2 �M/ i?2 2tT2+i2/
miBHBiv mM/2` `2T�vK2Mi 7QHHQr � `2+m`bBp2 bi`m+im`2X 6BM�HHv- r2 +QK#BM2 i?2 T`2pBQmb bi2Tb iQ
2bi�#HBb? i?2 `2+m`bBp2 bi`m+im`2 Q7 i?2 M2+2bb�`v +QM/BiBQM 7Q` i?2 QTiBKmKX

LQi�iBQM hQ bBKTHB7v MQi�iBQM- r2 /`QT i?2 �`;mK2Mib (⃗b, ỹs) 7Q` p�`B�#H2b 2p�Hm�i2/ BM T2`BQ/
s ≤ t �7i2` BM+QK2@?BbiQ`v ỹs- r2 mb2 I(s) iQ /2MQi2 i?2 BM+QK2 `2�HBx�iBQM BM/2t BM s- I(s, ỹt) 7Q`
s ≤ t- �M/ r2 mb2 u′

s iQ /2MQi2 u′(cs(⃗b, ỹs))X q2 mb2 Vt+1,j- qt+1,j iQ /2MQi2 Vt+1(⃗b, (ỹt, yj))- �M/
qt+1(⃗b, (ỹt, yj))- `2bT2+iBp2HvX

6B`bi- MQi2 i?�i i?2 /2`Bp�iBp2 Q7 i?2 _�Kb2v ;Qp2`MK2MiǶb Q#D2+iBp2 U rX`XiX bt+1(ỹt)- +�M
#2 r`Bii2M �b,

∂U (⃗b, y0)
∂bt+1(ỹt)

=
∂V0

∂bt+1(ỹt)
=
∂
[
u(c0) + βPr(ỹ1 | y0)

[
FI(1) (V1)V1 +

∫∞
V1

UfI(1)(U)dU
]]

∂bt+1(ỹt)
,

r?2`2 r2 �bbmK2 Bi Bb QTiBK�H iQ `2T�v BM i?2 BMBiB�H T2`BQ/X aBM+2 i?2 +QMiBMm�iBQM p�Hm2b
mM/2` `2T�vK2Mi �M/ /27�mHi �`2 B/2MiB+�H �i V1(⃗b, ỹ1)- +?�M;BM; i?2 `2T�vK2Mi T`Q#�#BHBiv
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FI(1)

(
V1(⃗b, ỹ1)

)
/Q2b MQi �z2+i i?2 2tT2+i2/ +QMiBMm�iBQM p�Hm2X h?2`27Q`2-

∂U (⃗b, y0)
∂bt+1(ỹt)

= u′
0ι0

∂q0
∂bt+1(ỹt)

+ βPr(ỹ1 | y0)FI(1) (V1)
∂V1

∂bt+1(ỹt)
UkjV

= u′
0ι0

∂q0
∂bt+1(ỹt)

+ βPr(ỹ1 | y0)FI(1) (V1)

×
[
u′
1ι1

∂q1
∂bt+1(ỹt)

+ βPr(ỹ2 | ỹ1)FI(2) (V2)
∂V2

∂bt+1(ỹt)

]
,

r?2`2 i?2 b2+QM/ HBM2 bm#biBimi2b ∂V1(⃗b, ỹ1)/∂bt+1(ỹt)X A7 r2 +QMiBMm2 bm#biBimiBM; �r�v i?2
/2`Bp�iBp2b ∂Vt−n (⃗b,ỹt−n)

∂bt+1(ỹt)
7Q` �HH 0 < n < t- r2 Q#i�BM

∂U (⃗b, y0)
∂bt+1(ỹt)

=
t∑

n=1

βt−nPr(ỹt−n | y0)
t−n∏

m=1

FI(m) (Vm) u
′
t−nιt−n

∂qt−n

∂bt+1

+ βtPr(ỹt | y0)
t∏

m=1

FI(m) (Vm)
∂Vt

∂bt+1
, Uk9V

r?2`2 bm`2 `2T�vK2Mi BM i?2 BMBiB�H T2`BQ/ BKTHB2b F (V0) = 1X
h?2 7QHHQrBM; H2KK� bi�i2b i?�i i?2 2z2+i Q7 #QM/ Bbbm�M+2b BM t QM #QM/ T`B+2b BM T2`BQ/b

t− n U ∂qt−n

∂bt+1(ỹt)
V +�M #2 r`Bii2M �b � 7mM+iBQM Q7 i?2 2z2+i Q7 #QM/ Bbbm�M+2b QM i?2 #QM/ T`B+2 BM

i?2 Bbbm�M+2 T2`BQ/ U ∂qt
∂bt+1(ỹt)

V- �M/ Q7 i?2 2z2+i Q7 #QM/ Bbbm�M+2b QM i?2 2tT2+i2/ miBHBiv BM i?2
Bbbm�M+2 T2`BQ/ U ∂Vt

∂bt+1(ỹt)
VX h?2 H�ii2` �z2+ib i?2 T`Q#�#BHBiv Q7 � /27�mHi BM i?�i T2`BQ/- r?B+? Bb

MQi +�Tim`2/ BM i?2 #QM/ T`B+2 7Q` i?�i T2`BQ/- #mi �z2+ib #QM/ T`B+2b BM T`2pBQmb T2`BQ/bX
G2KK� 9 h?2 /2`Bp�iBp2 Q7 i?2 #QM/ T`B+2 BM t− n rX`XiX bt+1(ỹt) b�iBb}2b

∂qt−n

∂bt+1(ỹt)
= Pr(ỹt−n+1, ...ỹt | ỹt−n)

[
Aq

t,t−n

∂qt
∂bt+1(ỹt)

+Bq
t,t−n

∂Vt

∂bt+1(ỹt)

]
. Uk8V

S`QQ7X
6B`bi- +QMbB/2` n = 1X h?2 /2`Bp�iBp2

∂qt−1

∂bt+1(ỹt)
=

Pr (ỹt | ỹt−1)
[
fI(t)(Vt) [δ + (1− δ)qt]

∂Vt
∂bt+1(ỹt)

+ FI(t)(Vt)(1− δ) ∂qt
∂bt+1(ỹt)

]

1 + r
, UkeV

BM/B+�iBM; i?2 #QM/ T`B+2 BM t − 1 K�v +?�M;2 #2+�mb2 i?2`2 Bb � +?�M;2 BM i?2 `2T�vK2Mi
T`Q#�#BHBiv BM t+1 U+�Tim`2/ #v ∂qt/∂bt+1(ỹ)V �M/fQ` #2+�mb2 i?2`2 Bb � +?�M;2 BM i?2 `2T�vK2Mi
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T`Q#�#BHBiv BM t U+�Tim`2/ #v ∂Vt/∂bt+1(ỹ)VX 1[m�iBQM UkeV BKTHB2b 2[m�iBQM Uk8V 7Q`

Aq
t,t−1 =

FI(t)(Vt)(1− δ)

1 + r
�M/ Bq

t,t−1 =
fI(t)(Vt) [δ + (1− δ)qt]

1 + r
.

a2+QM/- +QMbB/2` n = 2X h?2 /2`Bp�iBp2

∂qt−2

∂bt+1(ỹt)
=

Pr (ỹt−1 | ỹt−2)

1 + r

[
fI(t−1)(Vt−1)

∂Vt−1

∂bt+1(ỹt)
[δ + (1− δ)qt−1]

+ FI(t−1)(Vt−1)(1− δ)
∂qt−1

∂bt+1(ỹt)

]
,

lbBM;
∂Vt−1

∂bt+1(ỹt)
= u′

t−1ιt−1
∂qt−1

∂bt+1(ỹt)
+ βPr (ỹt | ỹt−1)FI(t)(Vt)

∂Vt

∂bt+1(ỹt)

�M/ 2[m�iBQM UkeV- ∂qt−2/∂bt+1(ỹt) +�M #2 r`Bii2M �b

∂qt−2

∂bt+1(ỹt)
= Pr(ỹt−1,ỹt|ỹt−2)

1+r fI(t−1)(Vt−1) [δ + (1− δ)qt−1] βFI(t)(Vt)
∂Vt

∂bt+1(ỹt)

+Pr(ỹt−1,ỹt|ỹt−2)
1+r

[
fI(t−1)(Vt−1) [δ + (1− δ)qt−1] u′

t−1ιt−1 + FI(t−1)(Vt−1)(1− δ)
]

×
[
Aq

t,t−1
∂qt

∂bt+1(ỹt)
+Bq

t,t−1
∂Vt

∂bt+1(ỹt)

]
,

BKTHvBM; i?�i Bi +�M #2 `2+�bi2/ �b BM 2[m�iBQM Uk8V 7Q`

Aq
t,t−2 =

[

fI(t−1)(Vt−1) [δ + (1− δ)qt−1] u′ (ct−1) ιt−1 + FI(t−1)(Vt−1)(1− δ)

]

1+r Aq
t,t−1

�M/

Bq
t,t−2 =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

fI(t−1)(Vt−1) [δ + (1− δ)qt−1] βFI(t)(Vt)+
[
fI(t−1)(Vt−1) [δ + (1− δ)qt−1] u′ (ct−1) ιt−1FI(t−1)(Vt−1)(1− δ)

]
Bq

t,t−1

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

1+r .

6Q` �Mv Qi?2` n > 2- r2 +�M `2+�bi ∂qt−n/∂bt+1(ỹt) �b BM Uk8V �7i2` Bi2`�iBM; QM i?2 #QM/
T`B+2 �M/ `2T�vK2Mi p�Hm2 7mM+iBQMb �b �#Qp2X

h?2 M2ti H2KK� b?Qrb ?Qr i?2 +Q2{+B2Mib i?�i /2i2`KBM2 i?2 2z2+i Q7 /2#i Bbbm�M+2b BM t+1

QM i?2 #QM/ T`B+2 BM T2`BQ/ t − n- Aq
t+1,t−n �M/ Bq

t+1,t−n- +�M #2 r`Bii2M �b 7mM+iBQMb Q7 Aq
t,t−n

�M/ Bq
t,t−nX
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G2KK� 8 *QMbB/2` �M BM+QK2@?BbiQ`v ỹt−1 �M/ +QMiBMm�iBQM ?BbiQ`v ỹt = (ỹt−1, yi) rBi? yi ∈ YX
6Q` �Mv n > 1- i?2 +Q2{+B2Mib �`2

Aq
t,t−n =

(
Aq

t−1,t−n +Bq
t−1,t−nu

′
t−1ιt−1

) (1− δ)Fi(Vt)

1 + r
, UkdV

Bq
t,t−n =

(
Aq

t−1,t−n +Bq
t−1,t−nu

′
t−1ιt−1

) fi(Vt) [δ + (1− δ)qt]

1 + r
+Bq

t−1,t−nβFi(Vt). Uk3V

6Q` n = 1- i?2 +Q2{+B2Mib �`2

Aq
t,t−1 =

(1− δ)Fi(Vt)

1 + r
, UkNV

Bq
t,t−1 =

fi(Vt) [δ + (1− δ)qt]

1 + r
. UjyV

S`QQ7X *?�M;2b BM #Q``QrBM; BM t �z2+i qt−1 �M/ Vt−1X �TTHvBM; G2KK� 9 iQ 2tT`2bb i?2 2z2+ib
Q7 #Q``QrBM; BM t QM qt−n i?`Qm;? +?�M;2b BM qt−1 �M/ Vt−1- BKTHB2b

∂qt−n

∂bt+1(ỹt)
= Pr(ỹt−n+1, ...ỹt | ỹt−n)

[
Aq

t−1,t−n

∂qt−1

∂bt+1(ỹt)
+Bq

t−1,t−n

∂Vt−1

∂bt+1(ỹt)

]
. UjRV

�7i2` mbBM; ∂Vt−1

∂bt+1(ỹt)
= u′

t−1ιt−1
∂qt−1

∂bt+1(ỹt)
+ βPr(yi | ỹt−1)Fi(Vt)

∂Vt

∂bt+1(ỹt)

iQ bm#biBimi2 ∂Vt−1

∂bt+1(ỹt)
BMiQ 2[m�iBQM UjRV- r2 Q#i�BM

∂qt−n

∂bt+1(ỹt)
= Pr(ỹt−n+1, ..., ỹt−1 | ỹt−n)

[
Aq

t−1,t−n

∂qt−1

∂bt+1(ỹt)

+ Bq
t−1,t−n

[
u′
t−1ιt−1

∂qt−1

∂bt+1(ỹt)
+ βPr(yi | ỹt−1)Fi(Vt)

∂Vt

∂bt+1(ỹt)

]]

∂qt−n

∂bt+1(ỹt)
=Pr(ỹt−n+1, ..., ỹt−1 | ỹt−n)

[(
Aq

t−1,t−n +Bq
t−1,t−nu

′
t−1ιt−1

) ∂qt−1

∂bt+1(ỹt)

+ Bq
t−1,t−nβPr(yi | ỹt)Fi(Vt)

∂Vt

∂bt+1(ỹt)

]
. UjkV

_2+�HH i?�i

∂qt−1

∂bt+1(ỹt)
=

Pr(yi | ỹt−1)

1 + r

[
fi(Vt) [δ + (1− δ)qt]

∂Vt

∂bt+1(ỹt)
+ (1− δ)Fi(Vt)

∂qt
∂bt+1(ỹt)

]
.
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�7i2` bm#biBimiBM; i?2 �#Qp2 2[m�iBQM BMiQ UjkV- r2 +�M `2+�bi ∂qt−n

∂bt+1(ỹt)
�b � 7mM+iBQM Q7 ∂Vt

∂bt+1(ỹt)

�M/ ∂qt
∂bt+1(ỹt)

,

∂qt−n

∂bt+1(ỹt)
= Pr(ỹt−n+1, ..., ỹt−1 | ỹt−n)

[(
Aq

t−1,t−n +Bq
t−1,t−nu

′
t−1ιt−1

) Pr(yi|ỹt−1)
1+r

×
[
fi(Vt) [δ + (1− δ)qt]

∂Vt
∂bt+1(ỹt)

+ (1− δ)Fi(Vt)
∂qt

∂bt+1(ỹt)

]

+ Bq
t−1,t−nβPr(yi | ỹt)Fi(Vt)

∂Vt
∂bt+1(ỹt)

]
.

aBM+2 Pr(ỹt−n+1, ..., ỹt−1, yi | ỹt−n) = Pr(ỹt−n+1, ..., ỹt−1 | ỹt−n)Pr(yi | ỹt−1)-

∂qt−n

∂bt+1(ỹt)
= Pr(ỹt−n+1, ..., yi | ỹt−n)

{(
Aq

t−1,t−n +Bq
t−1,t−nu

′
t−1ιt−1

) (1−δ)Fi(Vt)
1+r

∂qt
∂bt+1(ỹt)

+
[(
Aq

t−1,t−n +Bq
t−1,t−nu

′
t−1ιt−1

) fi(Vt)(δ+(1−δ)qt)
1+r +Bq

t−1,t−nβFi(Vt)
]

∂Vt
∂bt+1(ỹt)

}
.

UjjV

1[m�iBQMb Uk8V �M/ UjjV BKTHv 2[m�iBQMb UkdV �M/ Uk3VX 1[m�iBQMb UkNV �M/ UjyV 7QHHQr 7`QK
UkdV- Uk3V- Aq

t,t = 1- �M/ Bq
t,t = 0

L2+2bb�`v +QM/BiBQM 7Q` QTiBKmK �M/ H�r Q7 KQiBQMb 7Q` hq �M/ hV A7 r2 mb2 2[m�@
iBQM Uk8V iQ bm#biBimi2 i?2 /2`Bp�iBp2b ∂qt−n/∂bt+1(yt) BM i?2 /2`Bp�iBp2 Uk9V- r2 +�M `2+�bi i?2
/2`Bp�iBp2 Q7 i?2 _�Kb2v ;Qp2`MK2MiǶb Q#D2+iBp2 �b � 7mM+iBQM Q7 i?2 2z2+i Q7 #QM/ Bbbm�M+2b
QM i?2 #QM/ T`B+2 BM i?2 Bbbm�M+2 T2`BQ/ U ∂qt

∂bt+1(yt)
V- �M/ Q7 i?2 2z2+i Q7 #QM/ Bbbm�M+2b QM i?2

`2T�vK2Mi p�Hm2 BM i?2 Bbbm�M+2 T2`BQ/ U ∂Vt
∂bt+1(yt)

VX lbBM; i?2 2tT`2bbBQM 7Q` ∂U/∂bt+1(yt) BM Uk9V
�M/ i?2 T`2pBQmb H2KK�-

∂U (⃗b, y0)
∂bt+1(ỹt)

= Pr(ỹt | y0)
[
hq
t

∂qt
∂bt+1(ỹt)

+ hV
t

∂Vt

∂bt+1(ỹt)

]
Uj9V

7Q` �HH t �M/ yt ∈ Y t- rBi?

hq
t =

t∑
n=1

βt−n
t−n∏
m=1

FI(m) (Vm) u′
t−nιt−nA

q
t,t−n, �M/ Uj8V

hV
t =

t∑
n=1

βt−n
t−n∏
m=1

FI(m)(Vm)u′
t−nιt−nB

q
t,t−n + βt

t∏
m=1

FI(m)(Vm). UjeV

h?2 M2ti H2KK� b?Qrb i?2 r2H7�`2 r2B;?ib hq
t - hV

t +�M #2 r`Bii2M �b 7mM+iBQMb Q7 i?2 r2B;?ib
hq
t−1 �M/ hV

t−1 BM T2`BQ/ t− 1X
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G2KK� e :Bp2M �M BM+QK2 ?BbiQ`v mT iQ T2`BQ/ t ỹt ∈ Y t rBi? yt = yi

hq
t =

(1− δ)Fi (Vt)

1 + r

(
hq
t−1 + u′

t−1ιt−1h
V
t−1

)
, UjdV

hV
t =

fi (Vt) [δ + (1− δ)qt]

1 + r

(
hq
t−1 + u′

tιth
V
t−1

)
+ βFi (Vt)h

V
t−1. Uj3V

S`QQ7X lbBM; H2KK� 8 iQ bm#biBimi2 Aq
t,t−n #v Aq

t−1,t−n �M/ Bq
t−1,t−n BM 2[m�iBQM Uj8V- r2 Q#i�BM

hq
t =

t−1∑

n=1

βt−1−n
t−1−n∏

m=1

FI(m)(Vm)u
′
t−1−nιt−1−n ×

(Aq
t−1,t−1−n+Bq

t−1,t−1−nu
′
t−1ιt−1) (1−δ)Fi(Vt)

1+r︷ ︸︸ ︷
Aq

t,t−1−n

+ βt−1
t−1∏

m=1

FI(m)(Vm)u
′
t−1ιt−1 Aq

t,t−1︸ ︷︷ ︸
(1−δ)Fi(Vt)

1+r

=
(1− δ)Fi(Vt)

1 + r

[
t−1∑

n=1

βt−1−n
t−1−n∏

m=1

FI(m)(Vm)u
′
t−1−nιt−1−nA

q
t−1,t−1−n+

u′
t−1ιt−1

[
t−1∑

n=1

βt−1−n
t−1−n∏

m=1

FI(m)(Vm)u
′
t−1−nιt−1−nB

q
t−1,t−1−n + βt−1

t−1∏

m=1

FI(m)(Vm)

]]

=
(1− δ)Fi(Vt)

1 + r

[
hq
t−1 + u′

t−1ιt−1h
V
t−1

]
.

GBF2rBb2- mbBM; H2KK� 8 iQ bm#biBimi2 Bq
t,t−n #v Aq

t−1,t−n �M/ Bq
t−1,t−n BM 2[m�iBQM UjeV- r2

Q#i�BM
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hV
t =

t∑

n=1

βt−n
t−n∏

m=1

FI(m)(Vm)u
′
t−nιt−n

[
Aq

t−1,t−n

fi(Vt) [δ + (1− δ)qt]

1 + r

+Bq
t−1,t−n

[
u′
t−1ιt−1

fi(Vt) [δ + (1− δ)qt]

1 + r
+ βFi(Vt)

]]
+ βt

t∏

m=1

FI(m)(Vm)

=
t−1∑

n=1

βt−1−n
t−1−n∏

m=1

FI(m)(Vm)u
′
t−1−nιt−1−n

[
Aq

t−1,t−1−n

fi(Vt) [δ + (1− δ)qt]

1 + r

+Bq
t−1,t−1−n

[
u′
t−1ιt−1

fi(Vt) [δ + (1− δ)qt]

1 + r
+ βFi(Vt)

]]

+βt−1
t−1∏

m=1

FI(m)(Vm)u
′
t−1ιt−1

fi(Vt) [δ + (1− δ)qt]

1 + r
+ βt

t∏

m=1

FI(m)(Vm)

=
fi(Vt) [δ + (1− δ)qt]

1 + r

[
t−1∑

n=1

βt−1−n
t−n∏

m=1

FI(m)(Vm)u
′
t−1−nιt−1−nA

q
t−1,t−1−n+

u′
t−1ιt−1

[
t−1∑

n=1

βt−1−n
t−1−n∏

m=1

FI(m)(Vm)u
′
t−1−nιt−1−nB

q
t−1,t−1−n + βt−1

t−1∏

m=1

FI(m)(Vm)

]]

+βFi(Vt)

[
t−1∑

n=1

βt−1−n
t−1−n∏

m=1

FI(m)(Vm)u
′
t−1−nιt−1−nB

q
t−1,t−1−n + βt−1

t−1∏

m=1

FI(m)(Vm)

]

=
fi(Vt) [δ + (1− δ)qt]

1 + r

(
hq
t−1 + u′

t−1ιt−1h
V
t−1

)
+ βFi(Vt)h

V
t−1

r?2`2 i?2 b2+QM/ 2[m�HBiv mb2b Aq
t−1,t−1 = 1 �M/ Bq

t−1,t−1 = 0X aBM+2 Pr(yt | y0) > 0 7Q` �HH
yt ∈ Y t- i?2 #Q``QrBM; TH�M b⃗∗ i?�i bQHp2b i?2 _�Kb2v ;Qp2`MK2MiǶb T`Q#H2K Kmbi b�iBb7v

hq
t (⃗b

∗, yt)
∂qt(⃗b∗, yt)

∂bt+1(yt)
+ hV

t (⃗b
∗, yt)

∂Vt(⃗b∗, yt)

∂bt+1(yt)
= 0 UjNV

7Q` �HH t �M/ yt ∈ Y tX
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"Xj S`QQ7 Q7 G2KK� j

S`QQ7X Ai 7QHHQrb 7`QK UR9V- i?2 QTiBK�HBiv +QM/BiBQM URRV- �M/

∂Vt(⃗b, yt)

∂bt+1(yt)
= u′(ct(⃗b, y

t))

[
qt(⃗b, y

t) +
∂qt(⃗b, yt)

∂bt+1(yt)
ιt(⃗b, y

t−1)

]

− β
J∑

j=1

πj(y)Fj

(
Vt+1

(
b⃗, (yt, yj)

))
u′(ct+1(⃗b, y

t+1))[δ + (1− δ)qt+1(⃗b, y
t+1)].

* *QKTmi�iBQM

q2 bQHp2 i?2 JS1 #v Bi2`�iBM; QM i?2 p�Hm2 �M/ #QM/ T`B+2 7mM+iBQMb �b /2b+`B#2/ BM >�i+?QM/Q
2i �HX UkyRyVX q2 �bbmK2 i?2 BMBiB�H Bi2`�iBQM +Q``2bTQM/b iQ i?2 }M�H T2`BQ/ Q7 i?2 }MBi2 ?Q`BxQM
KQ/2H- BKTHvBM; i?�i i?2 2[mBHB#`BmK r2 }M/ Bb i?2 HBKBi Q7 i?2 }MBi2 ?Q`BxQM ;�K2X q2 mb2 8y
;`B/ TQBMib 7Q` b �M/ kR ;`B/ TQBMib 7Q` yX q2 mb2 +m#B+ bTHBM2 BMi2`TQH�iBQM iQ 2p�Hm�i2 V �M/ q

7Q` /2#i H2p2Hb BM i?2 ;`B/ [−0.4, 4]- �M/ r2 p2`B7v i?Qb2 HBKBib �`2 M2p2` #BM/BM; BM i?2 bBKmH�iBQMbX
q2 /Q MQi 2ti`�TQH�i2 Qp2` bX q2 Bi2`�i2 mMiBH i?2 K�tBKmK /2pB�iBQM �+`Qbb Bi2`�iBQMb 7Q` i?2
7mM+iBQMb V �M/ q Bb #2HQr 10−6X

q2 bQHp2 i?2 _�Kb2v ;Qp2`MK2MiǶb T`Q#H2K #v bQHpBM; i?2 }t2/ TQBMi /2b+`B#2/ BM T�;2 RN
�M/ �bbmKBM; �M BMBiB�H Bi2`�iBQM B/2MiB+�H iQ i?2 H�bi T2`BQ/ Q7 i?2 }MBi2 ?Q`BxQM KQ/2HX q2
�bbmK2 h ∈ [h, h̄]XRe q2 mb2 i?2 b�K2 ;`B/b 7Q` b �M/ y mb2/ 7Q` i?2 JS1- �M/ r2 BMi2`TQH�i2
HBM2�`Hv Qp2` hX q2 /Q MQi 2ti`�TQH�i2 Qp2` b Q` hX h?2 irQ +QKTmi�iBQM�H +?�HH2M;2b `2H�iBp2
iQ i?2 bi�M/�`/ /27�mHi KQ/2H �`2 }M/BM; (h′, b′) i?�i bQHp2 i?2 MQM@HBM2�` 2[m�iBQMb URb′V@URh′V
�M/- KQ`2 BKTQ`i�MiHv- ;m�`�Mi22BM; r2 �`2 }M/BM; � ;HQ#�H K�tBKmKX

*XR aQHpBM; 7Q` h′ ;Bp2M (b, yi, h, b′)

1�+? iBK2 r2 2p�Hm�i2 2[m�iBQMb URV@URh′V- r2 }`bi bQHp2 7Q` i?2 p�Hm2 Q7 h′ i?�i bQHp2b i?2 H�r
Q7 KQiBQM URh′V ;Bp2M i?2 BMBiB�H bi�i2 (b, y, h) �M/ /2#i +?QB+2 b′X h?Bb BKTHB2b bQHpBM; 7Q` i?2

Req2 BKTQb2 h = 0 �M/ h̄ = 6- �M/ p2`B7v i?2b2 #QmM/b �`2 M2p2` #BM/BM;X

8y



0 1 2 3 4 5 6
0

2

4

6

3.62

3.622

3.624

6B;m`2 e, 6BM/BM; i?2 }t2/ TQBMi h′ = g(h′)X h?2 };m`2 �bbmK2b Ub- hV i�F2b i?2 �p2`�;2 p�Hm2b BM
i?2 bBKmH�iBQMb- � K2�M BM+QK2 yi- �M/ b′ = b̂(b, h, yi)X h?2 #Hm2 /�b?2/ HBM2 /2TB+ib g(h′)- /2}M2/ BM
2[m�iBQM U9yVX h?2 H27i p2`iB+�H �tBb +Q``2bTQM/b iQ i?2 98 /2;`22b HBM2 �M/ i?2 `B;?i �tBb iQ g(h′)X

MQM@HBM2�` 2[m�iBQM h′ − g(h′) = 0 r?2`2

g(h′) =
Fi(V )(1− δ)h

fi(V ) [δ + (1− δ)q] + β(1 + r)Fi(V )
h+ u′ (c) [b′ − (1− δ)b], U9yV

rBi? V = V (b, yi, h) �M/ q = q(b′, yi, h′)X �bbmKBM; i?�i h′− g(h′) Bb BM+`2�bBM; BM h′ Ub22 #2HQrV-
r2 bQHp2 h′ − g(h′) mbBM; i?2 7QHHQrBM; bi2Tb,

RX A7 h− g(h) > 0- r2 BKTmi2 h′ = hX q2 /Q i?Bb iQ �pQB/ 2ti`�TQH�iBM; BM hX

kX A7 h̄− g(h̄) < 0- r2 BKTmi2 h′ = h̄X

jX A7 RX �M/ kX /Q MQi ?QH/- r2 b2�`+? Qp2` � ;`B/ {h1, ...hn} bi�`iBM; 7`QK h1 = h �M/ }M/
i?2 HQr2bi BM/2t i rBi? hi − g(hi) < 0 �M/ hi+1 − g(hi+1) > 0X q2 i?2M b2�`+? 7Q` � `QQi
rBi?BM i?2 BMi2`p�H (hi, hi+1) mbBM; � #Bb2+iBQM K2i?Q/X

6B;m`2 e T`2b2Mib � `2T`2b2Mi�iBp2 +�b2 r?2`2 i?2 `QQi h′∗ bXiX h′∗ − g(h′∗) = 0 ∈ (h, h̄)X h?2
};m`2 b?Qrb i?�i i?2 bHQT2 Q7 g Bb bB;MB}+�MiHv #2HQr i?2 98 /2;`22b HBM2- r?B+? p�HB/�i2b Qm`
+QMD2+im`2 Q7 �M BM+`2�bBM; h′ − g(h′)X q2 b?Qr #2HQr i?Bb T`QT2`iv Bb KQ`2 ;2M2`�H i?�M i?2
+�b2 /2TB+i2/ BM i?2 };m`2X

8R



lMB[m2M2bb Q7 bQHmiBQM Q7 h′ − g(h′) = 0 PM+2 r2 ?�p2 7QmM/ � }t2/ TQBMi BM
{
V, b̂, ĥ, ĉ, q

}
-

r2 p2`B7v i?�i Bi b�iBb}2b i?2 }t2/ TQBMi +QM/BiBQMb r?2M r2 mb2 irQ �Hi2`M�iBp2 T`Q+2/m`2b iQ
bQHp2 7Q` h′ − g(h′) = 0X AM i?2 }`bi T`Q+2/m`2, �V r2 BKTmi2 h′ = h QMHv r?2M hi − g(hi) > 0

7Q` �HH i = 1, ..., nc #V r2 BKTmi2 h′ = h̄ QMHv r?2M hi − g(hi) < 0 7Q` �HH i = 1, ..., nc �M/ +V
Qi?2`rBb2- r2 mb2 � #Bb2+iBQM K2i?Q/ iQ }M/ � `QQi BM [h, h̄]X q2 }M/ i?�i i?2 }t2/ TQBMi r2
Q`B;BM�HHv 7QmM/ �HbQ b�iBb}2b i?2 }t2/ TQBMi +QM/BiBQMb r?2M mbBM; i?Bb �Hi2`M�iBp2 T`Q+2/m`2X
h?2 b2+QM/ T`Q+2/m`2 Bb B/2MiB+�H iQ i?2 QM2 /2b+`B#2/ �#Qp2 #mi r?2`2 i?2 b2�`+? 7Q` h′ BM bi2T
j bi�`ib 7`QK i?2 ?B;?2bi h QM i?2 ;`B/ UBMbi2�/ Q7 7`QK i?2 HQr2bi h �b BM bi2T jVX q2 �HbQ }M/
i?Bb +?�M;2 K�F2b MQ /Bz2`2M+2- BM/B+�iBM; i?�i i?2 }t2/ TQBMi r2 }M/ 72�im`2b � mMB[m2 bQHmiBQM
7Q` h′ − g(h′) = 0 7Q` �HH (b, yi, h, b′VX

*Xk 6BM/BM; i?2 ;HQ#�H K�tBKmK

q2 2tTHQBi i?2 i`�+i�#H2 7Q`KmH�iBQM 7Q` ∂U/∂bt+1(yt) iQ MmK2`B+�HHv p2`B7v i?2 bQHmiBQM 7Q`
2[m�iBQM URb′V r2 }M/ Bb � K�tBKmKX h?2 #Q``QrBM; TH�M +?Qb2M #v i?2 _�Kb2v ;Qp2`MK2Mi
U⃗b∗V b�iBb}2b

∂U (⃗b∗, y0)
∂bt+1(yt)

=Pr(yt | y0)
[
[ht − u′(ct)ιt]

∂qt
∂bt+1(yt)

+
∂Vt

∂bt+1(yt)

]
× U9RV

[
fi (Vt) [δ + (1− δ)qt]

1 + r
ht−1 + βFi (Vt)

]
hV
t−1

︸ ︷︷ ︸
hV
t

= 0.

7Q` �HH t �M/ ytX 6Q` bBKTHB+Biv- r2 QKBi i?2 �`;mK2Mi (⃗b∗, yt) BM 2[m�iBQM U9RVX h?2 2[m�iBQM
bi2Kb 7`QK i�FBM; hV

t (⃗b
∗, yt) �b +QKKQM 7�+iQ` BM 2[m�iBQM URRV- �M/ �TTHvBM; i?2 H�r Q7 KQiBQM

URjV �M/ ht−1 = hq
t−1/h

V
t−1 + u′(ct−1)ιt−1X

"�b2/ QM 2[m�iBQM U9RV- 7Q` 2�+? BMBiB�H bi�i2 (b, h, yi)- r2 /2}M2 i?2 7mM+iBQM

O(b′) =

∫ b′

b

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

[
u′(c)q(b′, yi, h′)−

∑
j πj(yi)fj(V ′

j )u
′(c′j)(δ+(1−δ)q′j)

2

1+r h′

−β
∑

j πj(y)Fj(V ′
j )u

′(c′j)
[
δ + (1− δ)q′j

]]

×
[
fi(W (b,yi,h,b′))[δ+(1−δ)q(b′,yi,h′)]

1+r h+ βFi (W (b, yi, h, b′))
]

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

db′, U9kV

rBi? V ′
j = V (b′, yj, h′)- q′j = q(b′, yj, h′)- �M/ r?2`2
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W (b, h, yi, b
′) = u (c) + β

∑

j

πj(yi)

[
Fj

(
V ′
j

)
V ′
j +

∫

V ′
j

Ufj(dU)

]

/2MQi2b i?2 +QMiBMm�iBQM p�Hm2 �7i2` `2T�vBM; �M/ +?QQbBM; b′X h?2 p�Hm2 Q7 h′ mb2/ BM 2[m�iBQM
U9kV Bb i?2 QM2 i?�i bQHp2b 2[m�iBQM URh′V ;Bp2M (b, yi, h, b′)X

h?2 7mM+iBQM O �TT`QtBK�i2b i?2 b?�T2 Q7 i?2 _�Kb2v ;Qp2`MK2MiǶb Q#D2+iBp2 rBi? `2bT2+i
iQ bt+1 = b′ �7i2` �``BpBM; �i t rBi? (bt, ht, y) = (b, h, yi)XRd Ai /Q2b bQ #2+�mb2 i?2 BMi2;`�M/ BM
2[m�iBQM U9kV Bb T`QTQ`iBQM�H iQ i?2 /2`Bp�iBp2 Q7 i?2 _�Kb2v ;Qp2`MK2MiǶb Q#D2+iBp2X AM i2`Kb
Q7 2[m�iBQM U9RV- i?2 +QMbi�Mi Q7 T`QTQ`iBQM�HBiv Bb Pr(yt | y0)hV

t−1(B⃗, yt)- r?2`2 B⃗ = b⃗∗ 7Q` �HH
+QKTQM2Mib 2t+2Ti 7Q` bt+1(yt)XR3 1[m�iBQM U9RV +�M #2 mb2/ iQ b22 ?Qr ∂U(B⃗,y0)

∂bt+1(yt)
/2T2M/b QM

hV
t−1(B⃗, yt−1)- r?B+? /2T2M/b QM i?2 +?QB+2 Q7 bt+1(yt)X h?Bb 2z2+i Bb �#b2Mi BM i?2 +QKTmi�iBQM

Q7 OX 6Q` i?Bb `2�bQM- i?2 7mM+iBQM O Bb mb27mH iQ B/2MiB7v HQ+�H K�tBK� #mi MQi i?2 ;HQ#�H
K�tBKmKX q2 b?Qr #2HQr i?Bb Bb MQi � T`Q#H2K BM Qm` [m�MiBi�iBp2 �TTHB+�iBQMX

q2 �TT`QtBK�i2 O Qp2` � ;`B/ 7Q` b′ �M/ mb2 Bib b?�T2 iQ p2`B7v B7 i?2 +�M/B/�i2 7Q` i?2
QTiBKmK Bb �i i?2 #QmM/�`B2b b- b̄ Q` B7 Bi Bb BMi2`BQ`X AM i?2 }`bi +�b2- r2 /Q MQi 2ti`�TQH�i2
�M/ �bbmK2 b′ Bb �i QM2 Q7 i?2 #QmM/bX AM i?2 b2+QM/ +�b2- r2 }M/ b′∗ = Argmax

b′∈{b1,,....bn}
O(b′) �M/ mb2

� MQM@HBM2�` 2[m�iBQM bQHp2` rBi? BMBiB�H ;m2bb b′∗ iQ bQHp2 2[m�iBQM URb′VX 6B;m`2 d /2TB+ib i?2
b?�T2 Q7 O 7Q` i?2 �p2`�;2 p�Hm2b Q7 (b, h, y) BM i?2 bBKmH�iBQMbX h?2 ~�i b2;K2Mi +Q``2bTQM/b iQ
b′ +?QB+2b �i r?B+? i?2 ;Qp2`MK2Mi #mvb #�+F bQ K�Mv #QM/b i?�i +m``2Mi +QMbmKTiBQM Bb iQQ
HQr iQ K�F2 `2T�vK2Mi QTiBK�H 7Q` �HKQbi �Mv TQbbB#H2 `2�HBx�iBQM Q7 i?2 +QMiBMm�iBQM p�Hm2 Q7
/27�mHiBM; U X

lMB[m2M2bb Q7 HQ+�H K�tBK� h?2 b?�T2 Q7 O BM 6B;m`2 d `2b2K#H2b i?2 QM2b r2 }M/ 7Q`
Qi?2` bi�i2bX AM 7�+i- QM+2 r2 ?�p2 7QmM/ i?2 7mM+iBQMb

{
V, b̂, ĥ, ĉ, q

}
i?�i b�iBb7v i?2 }t2/

Rdh?2 /2`Bp�iBp2 mb2/ BM O /Bz2`b 7`QK i?2 QM2 BM URRV #2+�mb2 r?BH2 BM URRV r2 �bbmK2 � QM2@iBK2 /2pB�iBQM BM
i?2 /2#i T�i?- BM 2[m�iBQM U9kV r2 �bbmK2 i?2 ;Qp2`MK2Mi `2QTiBKBx2b Bib 7mim`2 #Q``QrBM; T�i? �7i2` +?�M;BM;
bt+1X h?Bb Bb bQ #2+�mb2 r2 �`2 mbBM; V ′

j = V (b′, h′, yj)- c′j = ĉ(b′, h′, yj)- �M/ q′j = q(b̂(b′, h′, yj), ĥ(b′, h′, yj), yj)-
r?B+? +?�M;2 rBi? b′X q2 p2`B7v B7 i?2 }t2/ TQBMi b�iBb}2b i?2 QTiBK�HBiv +QM/BiBQM rBi? QM2@iBK2 /2pB�iBQMb �M/
}M/ i?�i Bb i?2 +�b2X

R3q2 p2`B7v BM Qm` bBKmH�iBQMb i?�i hV
t �Hr�vb i�F2b TQbBiBp2 p�Hm2b- r?B+? BKTHB2b i?�i O BM+`2�b2b U/2+`2�b2bV

B7 �M/ QMHv B7 i?2 _�Kb2v ;Qp2`MK2MiǶb Q#D2+iBp2 BM+`2�b2b U/2+`2�b2bV BM bt+1X
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-1 -0.5 0 0.5 1

0

1

2

3

6B;m`2 d, �TT`QtBK�i2/ b?�T2 Q7 i?2 Q#D2+iBp2 7mM+iBQM Q7 i?2 _�Kb2v ;Qp2`MK2MiX h?2 };m`2
�bbmK2b i?2 �p2`�;2 H2p2Hb Q7 b- h- �M/ y BM i?2 bBKmH�iBQMbX

TQBMi +QM/BiBQMb QM T�;2 RR- r2 p2`B7v i?�i i?Qb2 +QM/BiBQMb �`2 �HbQ b�iBb}2/ r?2M r2 mb2 irQ
�Hi2`M�iBp2 T`Q+2/m`2b iQ +QKTmi2 b′, BV +?QQb2 i?2 HQ+�H K�tBKmK rBi? i?2 HQr2bi b′ �M/ BBV
+?QQb2 i?2 HQ+�H K�tBKmK rBi? i?2 ?B;?2bi b′X h?�i Bb- r2 }M/ i?�i #Qi? HQ+�H K�tBK� +QBM+B/2-
7Q` �HH (b, h, yi) QM i?2 ;`B/- BM/B+�iBM; i?�i i?2 bQHmiBQM r2 }M/ Bb � ;HQ#�H K�tBKmKX

_Q#mbiM2bb rBi?Qmi BM+QK2 mM+2`i�BMivX q2 T2`7Q`K � bBKBH�` 2t2`+Bb2 rBi? i?2 BM}MBi2@
?Q`BxQM p2`bBQM Q7 i?2 KQ/2H #mi rBi?Qmi BM+QK2 mM+2`i�BMiv Uσε = 0- �M/ �HH Qi?2` T�`�K2i2`
p�Hm2b �b BM i?2 #2M+?K�`F +�HB#`�iBQMVX AM i?Bb +�b2- i?2`2 Bb MQ ?2/;BM; KQiBp2 7Q` BbbmBM;
HQM;@i2`K /2#i- �M/ Bi Bb QTiBK�H iQ Bbbm2 QM2@T2`BQ/ #QM/b U�;mB�` 2i �HX- kyRNV- 2HBKBM�iBM; i?2
iBK2 BM+QMbBbi2M+v T`Q#H2K �M/ i?mb K�FBM; i?2 QTiBK�H bQHmiBQM 7Q` i?2 J�`FQp �M/ _�Kb2v
;Qp2`MK2Mi +QBM+B/2X q2 }M/ i?�i i?2 QTiBK�H T�i?b Q7 +QMbmKTiBQM rBi? QM2@T2`BQ/ #QM/b-
�M/ i?2 QTiBK�H T�i?b Q7 +QMbmKTiBQM BKTHB2/ #v Qm` �H;Q`Bi?K UrBi? HQM;@i2`K #QM/b �M/
+QKKBiK2Mi iQ 7mim`2 #Q``QrBM;V �`2 �HKQbi B/2MiB+�HX

. *`Qbb@+QmMi`v 2pB/2M+2

�FBiQ#v �M/ ai`�iK�MM Ukyy3V �M/ C�`�KBHHQ �M/ h2D�/� UkyRRV /Q+mK2Mi i?�i }b+�H p�`B�#H2b
�M/ ;`Qri? `�i2b ?�p2 bi�iBbiB+�HHv bB;MB}+�Mi 2z2+ib QM bQp2`2B;M bT`2�/bX q2 #mBH/ QM i?Qb2
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T�T2`b iQ 2biBK�i2 ?Qr i?2 `2H�iBQMb?BT #2ir22M i?2 bT`2�/ �M/ Tm#HB+ /2#i /2T2M/b QM BM+QK2
�M/ bT`2�/ H2p2HbX q2 mb2 �MMm�H /�i� 7`QK � b�KTH2 Q7 jj 2K2`;BM; K�`F2i +QmMi`B2b `�M;BM;
7`QK RNN9 iQ kyR8X AM Q`/2` iQ 7�+BHBi�i2 i?2 +QKT�`BbQM Q7 i?2 KQ/2HǶb i2bi�#H2 BKTHB+�iBQMb
rBi? i?2 /�i�- r2 bm#i`�+i iQ :.S ;`Qri? `�i2b i?2 �p2`�;2 ;`Qri? `�i2 7Q` 2�+? +QmMi`v U:.S
Bb �bbmK2/ iQ #2 bi�iBQM�`v BM i?2 KQ/2HVX q2 `2KQp2 +QmMi`v@v2�` Q#b2`p�iBQMb BM r?B+? i?2
+QmMi`v r�b BM /27�mHi �++Q`/BM; iQ i?2 /2}MBiBQM Q7 ai�M/�`/ � SQQ`ǶbX

h?2 2KTB`B+�H bi`�i2;v BM �FBiQ#v �M/ ai`�iK�MM Ukyy3V- C�`�KBHHQ �M/ h2D�/� UkyRRV- �M/
KQbi Q7 i?2 `272`2M+2b i?2`2BM Bb #�b2/ QM 1/r�`/b URN39- RN3eV �M/ +QMbBbib Q7 `2;`2bbBM; i?2
HQ;�`Bi?K Q7 i?2 bT`2�/ QM � b2i Q7 2tTH�M�iQ`v p�`B�#H2bX h�#H2 j b?Qrb i?2 `2bmHi Q7 +QM/m+iBM;
i?�i `2;`2bbBQM mbBM; i?2 bBKmH�iBQMb Q7 i?2 2+QMQKv rBi? i?2 J�`FQp ;Qp2`MK2Mi Ur2 �bbmK2
i?�i i?2 /�i� Bb ;2M2`�i2/ #v ;Qp2`MK2Mib i?�i H�+F +QKKBiK2Mi iQ 7mim`2 #Q``QrBM;VX �HH
`2;`2bbBQMb b?Qr i?�i KQ`2 /2#i �M/ HQr2` ;`Qri? `�i2b �`2 �bbQ+B�i2/ rBi? � ?B;?2` bT`2�/X
_2;`2bbBQM UkV b?Qrb i?�i i?2 bT`2�/ Bb KQ`2 b2MbBiBp2 iQ /2#i r?2M �;;`2;�i2 BM+QK2 Bb #2HQr
Bib HQM;@`mM K2�MX _2;`2bbBQM UjV b?Qrb i?2 b�K2 `2bmHi r?2M i?2 bT`2�/ Bb �#Qp2 Bib K2�MXRN

q2 +QMi`�bi i?2 i2bi�#H2 BKTHB+�iBQMb T`2b2Mi2/ BM h�#H2 j rBi? /�i� #v 2biBK�iBM; � }t2/
2z2+ib T�M2H `2;`2bbBQM rBi? `Q#mbi bi�M/�`/ 2``Q`bXky L�K2Hv- r2 2biBK�i2

log (aT`2�/)it = α + βXit + δi + ηit, i = 1, ..., N, t = 1, ..., T,

r?2`2 i /2MQi2b i?2 +QmMi`v BM/2t- Xit Bb � p2+iQ` Q7 +QMi`QH p�`B�#H2b 7Q` +QmMi`v bT2+B}+ �M/
;HQ#�H K�+`Q2+QMQKB+ 7�+iQ`bc δi �`2 +QmMi`v }t2/ 2z2+ibc �M/ ηit `2T`2b2Mib /Bbim`#�M+2b i?�i
�`2 BM/2T2M/2Mi �+`Qbb +QmMi`B2b �M/ iBK2X

h?2 `2bmHib �`2 bmKK�`Bx2/ BM h�#H2 9X �b BM C�`�KBHHQ �M/ h2D�/� UkyRRV- �FBiQ#v �M/
ai`�iK�MM Ukyy3V- �M/ Qi?2` bim/B2b- �HH i?2 `2;`2bbBQMb BM i?2 i�#H2 b?Qr i?�i i?2 bT`2�/ BM@
+`2�b2b rBi? i?2 /2#i H2p2H �M/ /2+`2�b2b rBi? :.S ;`Qri?X h?2 KQ/2H Bb +QMbBbi2Mi rBi? i?Bb
�M/ 2p2M BKTHB2b � `2K�`F�#Hv bBKBH�` +Q2{+B2Mi 7Q` i?2 ;`Qri? `�i2X h?2 +Q2{+B2Mi 7Q` /2#i Bb

RN_2;`2bbBQM URV b?Qrb i?2 `2H�iBQMb?BT #2ir22M bT`2�/ �M/ /2#i /Q2b MQi /2T2M/ QM i?2 ;`Qri? `�i2X h?Bb Bb
�M �`iB7�+i Q7 ?�pBM; � KQ/2H rBi? � bi�iBQM�`v BM+QK2 T`Q+2bb BM r?B+? ?B;?2` ;`Qri? /Q2b MQi M2+2bb�`BHv K2�M
� ;QQ/ BM+QK2 bi�i2X

kyh?2 `Q#mbi p�`B�M+2 K�i`Bt 2biBK�iQ` BM qQQH/`B/;2 Ukyyk- TX R8kV Bb BKTH2K2Mi2/ rBi? i?2 QTiBQM ǳ?++K2
4 j +Hmbi2`Ǵ BM a�aX
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h�#H2 j, _2;`2bbBQMb mbBM; bBKmH�iBQMb Q7 i?2 JS1

_2;`2bbBQM URV UkV UjV

*QMbi�Mi @RXdRj yXedd yXey9

Sm#HB+ /2#i iQ :.S yXRed yXRye yXRyN

_2�H :.S ;`Qri? @yXy98 @yXykNR @yXyk8

.2#i × I U;`Qri? <yV yXyyy

.2#i × I U:.S < J2�M :.SV yXyRR

.2#i × I UaT`2�/ > J2�M bT`2�/V yXyR9

R2 yXejd yXd99 yX3Re

�MMm�H p�`B�#H2b �`2 +`2�i2/ Qmi Q7 i?2 [m�`i2`Hv KQ/2H bBKmH�iBQMb

BM i?2 2+QMQKv rBi? � J�`FQp ;Qp2`MK2MiX h?2 /2T2M/2Mi p�`B�#H2

Bb HQ;UbT`2�/VX h?2 /mKKv p�`B�#H2b I i�F2 � p�Hm2 Q7 R r?2M i?2

+QM/BiBQM BM #`�+F2ib Bb b�iBb}2/ �M/ y Qi?2`rBb2X

?B;?2` i?�M i?2 QM2 BM i?2 /�i� #mi i?2 KQ/2H �#bi`�+ib 7`QK Qi?2` /2i2`KBM�Mib 7Q` #Q``QrBM;
�M/ /27�mHiBM;X _2;`2bbBQM UkV b?Qrb i?�i 2p2M i?Qm;? i?2`2 b22Kb iQ #2 2pB/2M+2 i?�i i?2 bT`2�/
BM+`2�b2b KQ`2 rBi? /2#i BM v2�`b rBi? HQr ;`Qri?- i?2 bi�iBbiB+�H bB;MB}+�M+2 Bb r2�F URdWVX
_2;`2bbBQM UjV b?Qrb i?2 bT`2�/ BM+`2�b2b KQ`2 rBi? /2#i BM v2�`b rBi? ?B;? bT`2�/X _2;`2bbBQM
U9V b?Qrb i?�i i?2 bT`2�/ b22Kb iQ BM+`2�b2 KQ`2 rBi? ;Qp2`MK2Mi M2i #Q``QrBM; #mi �HbQ �i �
HQr bB;MB}+�M+2 H2p2H URNWVX 6BM�HHv- `2;`2bbBQM U8V b?Qrb i?2 bT`2�/ BM+`2�b2b KQ`2 rBi? M2i
;Qp2`MK2Mi #Q``QrBM; BM v2�`b rBi? ?B;? bT`2�/X
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h�#H2 9, S�M2H `2;`2bbBQMb

_2;`2bbBQM URV UkV U jV U9V U8V

Sm#HB+ /2#i iQ :.S yXyky yXyRN yXyy9 yXyky yXyRd

UyXyy9V UyXyy9V UyXyykV UyXyy9V UyXyyjV

_2�H :.S ;`Qri? @yXy9k @yXyj9 @yXyjR @yXyje @yXyje

UyXyyeV UyXyyNV UyXyy9V UyXyydV UyXyyeV

_2b2`p2b iQ :.S @yXyjj @yXyjj @yXykk @yXyjj @yXykd

UyXyRdV UyXyRdV UyXyRyV UyXyRdV UyXyR9V

L2i ;Qp #Q``QrBM; iQ :.S yXyky yXykR yXyRd yXyRk @yXykj

UyXyR9V UyXyR8V UyXyyNV UyXyR8V UyXyRdV

oAs yXyj9 yXyj9 yXyRN9 yXyj8 yXyk3

UyXyyjV UyXyyjV UyXyy9V UyXyyjV UyXyy9V

.2#iit × I U;`Qri?it < K2�MiU;`Qri?VV yXyyk

UyXyyRV

.2#iit × I UbT`2�/it > K2�MiUbT`2�/VV yXyRj

UyXyyRV

L:"it × I U;`Qri?it < K2�MiU;`Qri?VV yXyky

UyXyReV

L:"it × I UbT`2�/it > K2�MiUbT`2�/VV yXRyk

UyXyReV

P#b2`p�iBQMb 8kj 8kj 8kj 8kj 8kj

_@b[m�`2/ yXdd yXdd yX3d yXdd yX3k

LmK#2` Q7 +QmMi`B2b jj jj jj jj jj

h?2 /mKKv p�`B�#H2b I(x) = 1 r?2M +QM/BiBQM x Bb K2i �M/ 0 Qi?2`rBb2X L:" bi�M/ 7Q`

M2i ;Qp2`MK2Mi #Q``QrBM; iQ :.SX _Q#mbi bi�M/�`/ 2``Q`b BM T�`2Mi?2b2bX
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h�#H2 8, aBKmH�iBQMb rBi? � /2#i /m`�iBQM Q7 kXj v2�`b

J�`FQp _�Kb2v

J2�M /2#i@iQ@BM+QK2 `�iBQ UBM WV j8X9 j8XR

J2�M /2#i K�`F2i p�Hm2 UBM WV j9Xj j9X3

J2�M bT`2�/ UBM WV RX8 yX8

ai/ /2p bT`2�/ RX3 yXe

σ(c)/σ(y) RXj RX9

1 _Q#mbiM2bb 2t2`+Bb2b

1XR PTiBK�H 2t@�Mi2 /2#i /m`�iBQM

q2 +�H+mH�i2 i?2 QTiBK�H 2t@�Mi2 /m`�iBQM #v +?QQbBM; i?2 p�Hm2 Q7 δ BM �M BMBiB�H T2`BQ/ rBi? x2`Q
/2#i �M/ BM+QK2 2[m�H iQ i?2 K2�M- �M/ �bbmKBM; i?2 ;Qp2`MK2Mi +QKKBib iQ BbbmBM; #QM/b rBi?
i?�i δ i?2`2Q7X q2H7�`2 Bb K2�bm`2/ `2H�iBp2 iQ i?2 2+QMQKv rBi? QM2@T2`BQ/ #QM/bX h?2 QTiBK�H
2t@�Mi2 δ = 0.0963- BKTHvBM; �M �p2`�;2 /2#i /m`�iBQM Q7 kXj v2�`b- �`QmM/ ?�H7 i?2 p�Hm2 mb2/
BM Qm` T�`�K2i2`Bx�iBQMX >�i+?QM/Q �M/ J�`iBM2x UkyRjV [m�MiB7v i?2 QTiBK�H 2t@�Mi2 /m`�iBQM
�M/ i?2 2M/Q;2MQmb /m`�iBQM BM �M 1�iQM@:2`bQpBix KQ/2H +�HB#`�i2/ iQ J2tB+QX h?2v }M/ i?2
2M/Q;2MQmb /m`�iBQM Bb ?B;?2` i?�M i?2 QTiBK�H 2t@�Mi2 /m`�iBQM- bm;;2biBM; i?�i B7 r2 �HHQr2/
7Q` �M 2M/Q;2MQmb /2#i TQ`i7QHBQ- i?2 �p2`�;2 /m`�iBQM rQmH/ #2 �#Qp2 kXj v2�`bX

h�#H2 8 b?Qrb i?�i i?2 J�`FQp ;Qp2`MK2Mi Bbbm2b H2bb /2#i �M/ �i � HQr2` bT`2�/ 7Q` � /2#i
/m`�iBQM Q7 kXj v2�`bX h?2 BMimBiBQM Bb bBKBH�` iQ i?2 HQr2` /2#i �M/ bT`2�/ /Bb+mbb2/ BM i?2
2+QMQKv rBi? QM2@T2`BQ/ #QM/b BM b2+iBQM 8X >Qr2p2`- /27�mHi `BbF Bb biBHH BM2{+B2MiHv ?B;? �M/ �
_�Kb2v ;Qp2`MK2Mi i?�i Bbbm2b #QM/b rBi? i?2 b�K2 +QmTQM bi`m+im`2 rQmH/ +?QQb2 � #Q``QrBM;
T�i? rBi? � HQr2` /27�mHi `BbF �M/ ?B;?2` �p2`�;2 #Q``QrBM;X h?2 r2H7�`2 ;�BM 7`QK T2`K�M2MiHv
brBi+?BM; iQ � _�Kb2v ;Qp2`MK2Mi BM � T2`BQ/ rBi? MQ /2#i �M/ K2�M BM+QK2 Bb yXReW UBi Bb
yX9kW 7Q` Qm` #2M+?K�`F T�`�K2i2`Bx�iBQMVX
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q2 +QmH/ MQi }M/ �M BMi2`BQ` bQHmiBQM 7Q` i?2 2t@�Mi2 QTiBK�H /2#i /m`�iBQM 7Q` i?2 _�Kb2v
T`Q#H2KX q2 bQHp2/ i?2 _�Kb2v ;Qp2`MK2MiǶb T`Q#H2K 7Q` /2#i /m`�iBQMb Q7 mT iQ jy v2�`b �M/
7QmM/ r2H7�`2 �Hr�vb BM+`2�b2b rBi? /m`�iBQM Qp2` i?�i BMi2`p�HX � /2#i /m`�iBQM Q7 jy v2�`b
+Q``2bTQM/ iQ δ = −0.0016- BX2X- #QM/ T�vK2Mib BM+`2�b2 Qp2` iBK2 #mi �i � HQr2` T�+2 i?�M i?2
`BbF@7`22 BMi2`2bi `�i2XkR >�i+?QM/Q 2i �HX UkyReV b?Qr i?�i KBiB;�iBM; i?2 ;Qp2`MK2MiǶb iBK2
BM+QMbBbi2M+v T`Q#H2K rBi? /2#i +Qp2M�Mib rQmH/ H2�/ i?2 J�`FQp ;Qp2`MK2Mi iQ +?QQb2 HQM;2`
K�im`BiB2bX PM+2 i?2 BM2{+B2M+v BM i?2 #Q``QrBM; T�i? Bb +Q``2+i2/- i?2 _�Kb2v TH�MM2` #2M2}ib
7`QK 2ti2M/BM; i?2 /2#i /m`�iBQM iQ 2tTHQBi i?2 ?2/;BM; #2M2}ib Q7 HQM;@i2`K /2#i /2b+`B#2/ #v
�`2HH�MQ �M/ _�K�M�`�v�M�M UkyRkVX

1Xk a?Q+Fb iQ i?2 miBHBiv +Qbi Q7 /27�mHiBM;

h�#H2 e T`2b2Mib bBKmH�iBQM `2bmHib 7Q` /Bz2`2Mi p�Hm2b Q7 σU - r?BH2 F22TBM; i?2 #2M+?K�`F
p�Hm2b 7Q` �HH Qi?2` T�`�K2i2`bX h?2 i�#H2 b?Qrb i?�i 7Q` #Qi? i?2 _�Kb2v �M/ i?2 J�`FQp
;Qp2`MK2Mib- � ?B;?2` σU BKTHB2b HQr2` /2#i H2p2Hb �M/ � ?B;?2` K2�M �M/ bi�M/�`/ /2pB�iBQM
Q7 bQp2`2B;M bT`2�/b Ui?2 H�ii2` #2BM; +QMbBbi2Mi rBi? Qm` +�HB#`�iBQM bi`�i2;vVX AMimBiBp2Hv- �
?B;?2` σU BM+`2�b2b i?2 K�bb Q7 bi�i2b BM r?B+? Bi Bb QTiBK�H iQ /27�mHiX G2M/2`b �MiB+BT�i2 i?�i
�M/ Qz2` rQ`b2 #QM/ T`B+2 b+?2/mH2b- �M/ i?2 ;Qp2`MK2Mi #Q``Qrb H2bbX "v i?2 b�K2 HQ;B+- �
?B;?2` σU �HbQ BM+`2�b2b i?2 b2MbBiBpBiv Q7 #QM/ T`B+2b iQ /2#i �i ?B;? BM+QK2 bi�i2bX AM i?Bb
b+2M�`BQ- 2[m�iBQM URRV BKTHB2b i?2 _�Kb2v ;Qp2`MK2Mi rQmH/ �HbQ r�Mi iQ /BbiQ`i #Q``QrBM; BM
i?Qb2 bi�i2b- KQ/2`�iBM; i?2 T`Q+v+HB+�HBiv Q7 }b+�H TQHB+vX h?Bb 2z2+i +�M #2 b22M BM +QHmKM 8,
7Q` BMbi�M+2 r?2M σU = 1- i?2 _�Kb2v ;Qp2`MK2Mi +?QQb2b �M �HHQ+�iBQM rBi? i?2 b�K2 `2H�iBp2
+QMbmKTiBQM pQH�iBHBiv �b i?2 QM2 +?Qb2M #v i?2 J�`FQp ;Qp2`MK2MiX

.2bTBi2 i?2 �#Qp2 /Bz2`2M+2b BM i2`Kb Q7 /2#i �M/ +QMbmKTiBQM pQH�iBHBiv- h�#H2 e �HbQ b?Qrb
i?�i i?2 _�Kb2v ;Qp2`MK2Mi �+?B2p2b bB;MB}+�Mi r2H7�`2 ;�BMb �M/ bB;MB}+�Mi `2/m+iBQMb BM
bQp2`2B;M /27�mHi `BbF 7Q` /Bz2`2Mi p�Hm2b Q7 σU X �b 2tT2+i2/- r2H7�`2 ;�BMb /2+`2�b2 rBi? σU X
h?2 HQr2` i?2 `2H�iBp2 BKTQ`i�M+2 Q7 BM+QK2 b?Q+Fb �b � /27�mHi /2i2`KBM�Mi- i?2 HQr2` i?2 ;�BM
7`QK +QM/BiBQMBM; #Q``QrBM; QM BM+QK2 ?BbiQ`B2bX

kRq2 `2b+�H2 i?2 b2[m2M+2 Q7 +QmTQM T�vK2Mib iQ �HHQr 7Q` HQM;2` /m`�iBQMbX 6Q`K�HHv- r2 �bbmK2 � #QM/ Bbbm2/
�i t T�vb � +QmTQM (r + δ)(1− δ)n−1 BM T2`BQ/ t+ n- 7Q` n = 1, 2, ...X
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h�#H2 e, AKTQ`i�M+2 Q7 i?2 b?Q+F iQ i?2 miBHBiv +Qbi Q7 /27�mHiBM;

ai/X /2pX J2�M J2�M ai/ /2p σ(c)/σ(y) q2H7�`2

b?Q+F iQ V D /2#i UWV bT`2�/ UWV bT`2�/ ;�BM UWV

J�`FQp

yXy3 99Xj jXy kXk RXR

yXRy 99Xj jXj kX9 RXR

yXk8 9yXd jXN kX3 RXR

yXd8 keX9 3XN 9Xd RXy

RXyy kkX8 RkXR 8Xk RXy

_�Kb2v

yXy3 9yX9 yX8 yX9 RX9 yX9j

yXRy jNX8 yX8 yX9 RX9 yX98

yXk8 j9X8 yXN yXe RXj yX9R

yXd8 RdX3 9X9 kXR RXR yXRd

RXyy RjX3 3X9 jX8 RXy yXRj

_Qrb BM #QH/ ivT27�+2 +Q``2bTQM/ iQ Qm` #�b2HBM2 +�HB#`�iBQMX

ey


