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Abstract

We study envy-free allocations in a many-to-many matching model with con-
tracts in which agents on one side of the market (doctors) are endowed with sub-
stitutable choice functions and agents on the other side of the market (hospitals)
are endowed with responsive preferences. Envy-freeness is a weakening of stabil-
ity that allows blocking contracts involving a hospital with a vacant position and
a doctor that does not envy any of the doctors that the hospital currently employs.
We show that the set of envy-free allocations has a lattice structure. Furthermore,
we define a Tarski operator on this lattice and use it to model a vacancy chain
dynamic process by which, starting from any envy-free allocation, a stable one is
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1 Introduction

Models of many-to-many matching with contracts subsume as special cases many-to-
many matching markets and buyer-seller markets with heterogeneous and indivisible
goods.

In this paper, we study envy-free allocations in a many-to-many matching model
with contracts in which agents on one side of the market (that we call doctors) are en-
dowed with substitutable choice functions and agents on the other side of the market
(that we call hospitals) are endowed with responsive preferences. Loosely speaking,
(doctor) envy-freeness is a weakening of stability that allows blocking contracts involv-
ing a hospital with a vacant position and a doctor that does not envy any of the doctors
that the hospital currently employs.

In this setting, we study the set of envy-free allocations and prove that it has a
lattice structure under a partial order by which an allocation dominates another one if,
for each doctor, when the contracts of both allocations are available, she selects only
the contracts of the first one. Moreover, we define a Tarski operator on this lattice and
show that the set of its fixed points consists of the set of stable allocations.

The Tarski operator allows us to model vacancy chain dynamics as well. Consider
a situation in which some doctors retire and the vacant positions generated are filled
by doctors who do not have envy towards any of their new co-workers. If the market
is stable before the retirements, then it will be envy-free after. Moreover, if our goal is
to study how to restore stability, a re-equilibration process can be carried out within
the envy-free allocations. To do this, we apply repeatedly the Tarski operator. In each
stage, starting from an envy-free allocation, the signing of new contracts filing vacant
positions (and generating new vacant positions elsewhere) produces a new envy-free
allocation. We show that the sequence of envy-free allocations thus generated always
converges to a stable allocation.

This process can be described more precisely if we also ask doctors’ choice functions
to satisfy the “law of aggregate demand”. This condition says that when a doctor
chooses from an expanded set of contracts, she signs at least as many contracts as
before. We show two further results under this requirement: (i) the fixed point of
the Tarski operator starting from an arbitrary envy-free allocation is equal to the join
of that allocation and the hospital-optimal stable allocation, and (ii) the number of
contracts signed by a doctor in an envy-free allocations is at most equal to the number
of contracts she signs in any stable allocation.

The use of Tarski operators is not new in the matching literature. Results on the
existence of stable allocations rely on the construction of a lattice and a Tarski operator
on that lattice that has as its fixed points elements that are in correspondence with the
stable allocations (see Adachi, 2000; Fleiner, 2003; Echenique and Oviedo, 2004; Hat-



tield and Milgrom, 2005; Hatfield and Kominers, 2017, for more details). However,
in most cases, the elements of the lattice are not allocations themselves, and their eco-
nomic interpretation is not clear. The contribution of our paper, that generalizes the
approach first presented by Wu and Roth (2018) for the many-to-one model with re-
sponsive preferences and then extended to substitutable preferences by Bonifacio et al.
(2022), is to provide a simpler and more economically meaningful construction.

The model and results studied in this paper encompass the many-to-one models of
Wu and Roth (2018) and Bonifacio et al. (2022) and the results therein. When each doc-
tor can be assigned to at most one hospital and hospitals have responsive preferences,
our model is equivalent to the one presented in Wu and Roth (2018). When each doctor
has substitutable preferences, and each hospital can be assigned to at most one doctor,
our model is equivalent to the one presented in Bonifacio et al. (2022) in which doctors
play the role of firms and hospitals play the role of workers. Although the results in
this paper are generalizations of the ones presented in Bonifacio et al. (2022) for the
many-to-one case, the fact that our setting has a many-to-many nature and involves
contracts demands new techniques of proof for almost all results.

It is worth mentioning that many-to-many markets (let alone the inclusion of con-
tracts) are non-trivial extensions of one-to-one markets: many properties of one-to-
one markers do not extend to this wider class. Although many-to-one markets (with
responsive preferences) are isomorphic to one-to-one markets (Roth and Sotomayor,
1990), there is no such isomorphism for many-to-many markets, even under responsive
preferences. Furthermore, (pairwise) stability is no longer equivalent in this broader
framework to other solution concepts introduced in the literature such as core stability,
group stability or setwise stability, and stable allocations may even be inefficient (see
Blair, 1988; Roth and Sotomayor, 1990; Sotomayor, 1999; Echenique and Oviedo, 2006,
for more detailed discussions).

The rest of the paper is organized as follows. Section 2 presents the model and
some preliminaries. All the results of the paper are presented in Section 3: the lattice
structure of the set of envy-free allocations, the Tarski operator with its related re-
equilibration process, and some further results assuming that doctors” choice functions
satisfy, besides substitutability, the “law of aggregate demand”. In Section 4 some
concluding remarks are in order. Finally, an Appendix contains all the proofs for our
results.

2 Model and preliminaries

A model of many-to-many matching with contracts is specified by a set of doctors D, a
set of hospitals H, and a set of contracts X. For each contract x € X, xp € D is the doctor



associated to x and xg € H is the hospital associated to x. Given a set of contracts
Y C Xandanagenta € DUH,letY, = {x € Y :a € {xp,xy}} be the set of contracts
in Y that name agent a.

Each doctor 4 € D in endowed with a choice function C; that fulfills the following
properties:

(i) Cs(Y) CYyandif x,x" € Cy(Y) and x # ¥/, then xy # x/;.
(ii) Substitutability: C;(Y)NY’ C C4(Y’) whenever Y/ C Y C X.!
(iii) Consistency: C;(Y’) = C4(Y) whenever C4(Y) CY' C Y.

(iv) Path independence: C; (Y UY’) = C; (C4(Y) UY’) for each pair of subsets Y and
Y’ of X.

Property (i) says that, given a set of contracts Y, the choice function of doctor d selects
a subset of contracts of Y that name doctor d and that different contracts of this choice
set must name different hospitals. Property (ii) requires the choice function to be sub-
stitutable in the sense that no contract becomes desirable when some other contract
becomes available. Property (iii) says that the choice set of a subset of Y that is a su-
perset of the choice set of Y is equal to the choice set of Y. Lastly, Property (iv) says
that the choice over a set remains the same when the set is segmented arbitrarily, the
choice applied to one segment and finally the choice applied again to all chosen con-
tracts from the segments. It is straightforward to see that Properties (ii) and (iii) imply
Property (iv).

Given a set of contracts Y, as a consequence of Properties (i) and (iii), since C4(Y) C
Y; C Y we have Cy(Yy) = Cy4(Y). This fact is going to be used extensively throughout
the paper.

Each hospital & € H has a quota denoted by g;, and a strict preference relation
~p, over all subsets of contracts in a responsive manner. This is formalized by the
following properties:

(v) foreach Y C X such that |Y},| > g5, @ =1, Y3,
(vi) foreach Y C X such that |Y;,| < g, ,each x € Y, U{®@},and each X’ € X}, \ Y},

(Yp \ {x}) U{x'} =}, V), if and only if x’ =, x.?

IThis is equivalent to the following: x € C4(Y) implies x € C4(Y’ U {x}) whenever x € X and
Y CYCX.
2For a thorough account of responsive preferences, see Roth and Sotomayor (1990) and references

therein.



Property (v) says that, for each hospital, each subset of contracts of cardinality
greater than its quota is not acceptable. Lastly, Property (vi) says that, for each hos-
pital, when a subset of contracts that name it has cardinality less than or equal to its
quota, replacing any contract of this subset for a more preferred one leads to a more
preferred subset of contracts. Given preference >, define the choice function Cj, as
follows: for each Y C X, C,(Y) is the most preferred subset of Y} according to >,
Notice that C;, also fulfills Conditions (i) to (iv) in the definition of C,.

A set of contracts Y C X is an allocation if:

(i) for distinct x,x’ € Y, xp # x|, or xyg # xp;, and
(i) |Yn| < gy foreach h € H.

The empty allocation is denoted by Y? and contains no contract. Furthermore, denote
by A the set of all allocations. Condition (i) says that, in an allocation, no doctor-
hospital pair can sign more than one contract. Condition (ii) says that, in an allocation,
no hospital can sign more contracts than its quota.

Given Y € A, we say that Y is an individually rational allocation if C, (Y) = Y,
for each a € D U H. This implies, by substitutability, that for each contract x € Y we
have x € Cy, ({x})and x € Cy,, ({x}) .> Denote by Z the set of all individually rational
allocations. Given Y € A, x € X\ Y is a blocking contract for Y if x € C,, (Y U {x})
and x € Cy, (Y U {x}). Furthermore, allocation Y is stable if Y is individually rational
and there is no blocking contract for Y. Denote by S the set of all stable allocations.

Remark 1 Given Y € A, x € X\ Y and h = xy, the fact that x € Cy(Y U {x}) is, by
responsiveness, equivalent to x >=;, @ when |Y,| < qy, and to the existence of x' € Y}, such
that x >y, X’ when |Yy| = qy,.

The key notion that we introduce in this paper is the concept of envy-freeness. In
an envy-free allocation no doctor has justified envy towards any other doctor. This is
formalized in the following definition.

Definition 1 Given Y € A, doctor d' has justified envy towards doctor d at Y (possibly
d=d')ifthereare x € Yyand x' € Xy \ 'Y such that:

(i) Xy =xg=h,
(it) x' =y xand x' € Cyp(Y U {x'}).

An allocation Y is (doctor) envy-free if it is individually rational and no doctor has justified
envy at'Y.

3Notice that, by responsiveness, x € Cy,, ({x}) is equivalent to x =, @.
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When a doctor has justified envy towards another doctor in an allocation there are two
contracts involved: one in the allocation, that names the doctor who is envied; and an-
other one outside the allocation, that names the envious doctor. Condition (i) says that
these two contracts name the same hospital. Condition (ii) says that the named hos-
pital prefers the contract that names the envious doctor over the contract that names
the envied doctor, and that the envious doctor wishes to sign the new contract with
that hospital. Envy-freeness, therefore, is a weakening of stability that allows blocking
contracts involving a hospital with a vacant position and a doctor that has no justified
envy towards any doctor that the hospital currently employs. This is, if Y is an envy-
free allocation and x is a blocking contract for Y, then x € Cy, (YU {x}), [Yay| < gy,
X >y, @, and x” >, x for each ¥’ € Y. Denote by & the set of all envy-free allocations.

3 Results

In this section, we present our results. First, we show that the set of envy-free alloca-
tions has a lattice structure. To do this, we define a partial order and a binary operation
within the set of envy-free allocations and prove that this binary operation is the join
with respect to that partial order. Second, we define a Tarski operator on the lattice of
envy-free allocations and show that has the stable allocations as the set of fixed points.
This operator models a re-equilibration process that, starting from any envy-free allo-
cation, leads to a stable one. Moreover, in the final subsection, we present some results
that follows from requiring that doctors’ choice functions fulfill, in addition, the law of
aggregate demand. All proofs are relegated to the Appendix.

3.1 Lattice structure of the set of envy-free allocations

In a many-to-many matching model, Blair (1988) defines a partial order that can be
generalized to a many-to-many model with contracts as follows. A set of contracts
dominates another if each doctor wishes to keep the contracts signed under the first
set, even if all contracts of the second set are also available, and do not wish to sign
any new contract. Formally, given two sets of contracts Y,Y’ € X, we say that Y
weakly Blair-dominates Y/ and write Y >p Y/ when Y = C; (Y UY’) foreach d € D.
IfY =p Y and Y # Y/, we say that Y Blair-dominates Y’ and write Y >p Y.
Given two doctor envy-free allocations Y and Y’, we define AYY C 2X as follows:

(i) foreachd € D, /\dY’Y/ =C; (YUY,
(ii) foreach i € H, AV = {x € Ugep AT : xpy = h}.

Under AYY', (i) doctors want to sign the best subset of contracts among those signed
by them in either allocation, and (ii) hospitals agree with doctors that want to sign a
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contract with them. Notice that by item (i), if Y; = Y; = @, then /\;/’Y/ = @. The

following proposition shows that AYY

the join of Y and Y4

is an envy-free allocation, and that it is actually

Proposition 1 Let Y and Y’ be two distinct envy-free allocations. Then,
(i) AYY isa envy-free allocation.

(i) AYY' is the join of Y and Y' under the partial order > p.

From now on, given two envy-free allocations Y and Y, we denote AY"Y as Y VV Y.
Now we are in a position to present the main theorem of this subsection. This result
states that the set of envy-free allocations has a lattice structure with respect to Blair’s
partial order.

Theorem 1 The set of envy-free allocations is a lattice under the partial order = p.

In the following example, given two envy-free allocations, we show how to com-

pute the join between them.

Example 1 Consider a market in which D = {dy,dy} is the set of doctors and H = {hy,hy}
is the set of hospitals with quotas q,, = 2,1 = 1,2. A contract x that is signed between doctor
d; and hospital h; is denote by x;;. The hospitals have the following responsive preferences:

~hy " hy

X11, Y11 || X12, Y12
Y11, Y21 || Y12, Y22
X21, Y11 || X12, Y22
X11, Y21 || X22, Y12
X11, %21 || X12,X22
X21,Y21 || X22,Y22

Y1 Y12
X11 X12
Y21 Y22
X21 X22

4Given a partially ordered set (£, >), and two elements x,y € £, an element z € L is an upper bound
of xand yif z = x and z = y. An element w € L is the join of x and y if and only if (i) w is an upper
bound of x and y, and (ii) t = w for each upper bound ¢ of x and y. The definitions of lower bound and
meet of x and y are dual and we omit them.



The doctors are endowed with the following choice functions:

Xdl Cd1 Xd2 Cd2
X11, X12, Y11, Y12 | X¥11, X12 || X21, X22, Y21, Y22 | X21,X22
X11, Y11, Y12 X11 X21,Y21,Y22 X21,Y22

X12, Y11, Y12 X12, Y11 X22,Y21,Y22 X22,Y21
X11, X12, Y11 X11, X12 X21,X22,Y21 X21,X22
X11, X12, Y12 X11,X12 X21,X22,Y22 X21,X22

X11, X12 X11, X12 X21, X22 X21, X22
X11, Y11 X11 X21, Y21 X21
X11, Y12 X1 X21,Y22 X21,Y22
X12, Y11 X12, Y11 X22, Y21 X22, Y21
X12, Y12 X12 X22,Y22 X22
Y11, Y12 Y11, Y12 Yo1, Y22 Y21, Y22
X11 X11 X21 X21
X12 X12 X22 X22
Y11 Y11 Y21 Y21
Y12 Y12 Y22 Y22

where, for instance, X, are all the possible subsets of contracts that name doctor dy. For the
subset of contracts Y = {x11,X12,y11, Y12}, Caq,(Y) = {x11, x12}. It is easy to see that the
choice functions satisfy substitutability and consistency.

Notice that this market has twelve envy-free allocations, and only four of them are also sta-
ble allocations. Now, consider the following two envy-free allocations: Y = {y11, Y12, Y21}
and Y' = {y11,v12,y22}. In allocation Y = {y11,y12,y21} d1 signs two contracts, one
with hy (y11) and the other one with hy (y13) and dy signs contract yp1 with hy. Since
Co, ({y1v,y12} Ui yiz}) = {1, yie} and Cy,({y21} U{y22}) = {y21,y2}, YVY' =
{y11, y12, Y21, Yoo }. It is easy to see that Y V' Y' € E. Moreover, Y VY' € S. In Figure 1

we present all envy-free allocations and its lattice structure. Stable allocations are depicted in
boldface.

3.2 Re-equilibration process

In this subsection, we define a Tarski operator in the envy-free lattice that describes
a possible re-equilibration process. This process models how, starting from a worker-
quasi-stable matching, a decentralized sequence of offers in which unemployed work-
ers are hired and cause new unemployments, produces a sequence of worker-quasi-
stable matchings that converges to a stable matching. In the first subsection, we present
the operator, show some of its properties, and prove that the set of its fixed points is
the set of stable matchings. In the second subsection, we discuss the re-equilibration

8



{xn, X12,X21, xzz}
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{y11,y21} {yn,ylz} {yu, yz1}

NN S

{yu} {y12}

@
Figure 1: The lattice of Example 1.

process, based on our Tarski operator, that models a vacancy chain that leads towards
a stable matching.
Foreach Y € &, define the following sets:

BY = {x € X\ Y : x is a blocking contract for Y}

BZ ={xe BY : thereisno x’ € BY such that x’ —n x where h = xpy = x};}

and for eachd € D,
BY = {xeBf:xp=d}.

Given an envy-free allocation Y, BY denotes the set of all blocking contracts of Y.
BZ contains, for each hospital, the most preferred contract of BY among those that
name it. Finally, B}{ contains all contracts from B) that name doctor d. Note that for
each i € H, there is at most one contract in B) that names it.

Our Tarski operator 7 : £ — &£ assigns to each envy-free allocation Y € £ another
envy-free allocation 7Y € £ and is defined as follows:

9



(i) foreachd € D, 7)Y = C4 (YU BY)
(ii) foreachh € H, T,Y = {x € TY : xy = h}.

The following theorem presents some good properties of operator 7. It states that:
(i) the image of an envy-free allocation under the operator is also envy-free, (ii) the
operator is weakly Pareto improving for the doctors, and (iii) its set of fixed points is
the set of stable allocations.

Theorem 2 Forany Y € &, the following hold:
i) T €&,

(i) TY =p Y,

(iii) TY =Y ifand only if Y € S.

Another important property of operator 7 is its isotonicity. This is, 7¥ >=p T for
envy-free allocations Y, Y’ such that Y’ =p Y’.> This facts toghether with Tarski’s fixed
point theorem® and Theorem 2 (iii) allow us to state the following result.

Theorem 3 The set of stable allocations is non-empty and forms a lattice with respect to the
partial order >=p .

We can further observe that the repeated application of operator 7 can be inter-
preted as a vacancy chain dynamic within envy-free allocations as follows. Consider a
situation in which hospitals have vacant positions (for instance, after the retirement of
some doctors) and no doctor envies the position filled by another doctor, i.e. and envy-
free allocation Y. Applying operator 7 to the aforementioned allocation involves the
following steps:

(i) Among the possible blocking contracts of the envy-free allocation, each hospital
selects its most preferred one (BY defined in the previous subsection).

(if) Each doctor selects the most preferred subset of contracts among those blocking
contracts selected in the previous step that name her and her currently signed
contracts (generating the new envy-free allocation 7).

(iii) Once each doctor signs the new contracts, either some hospitals have new vacant
positions (7Y € £\ S) or no new blocking contract can be formed (7 € S).

SThis property is proven in Lemma 1 in the Appendix.

6Remember that Tarski’s theorem (Tarski, 1955) states that if (L£,>)isacomplete latticeand T : L —
L is isotone, then the set of fixed points of T is non-empty and forms a complete lattice with respect to
>.
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If the T is stable, the process ends reaching a stable allocation. If 7 is not sta-
ble, the process continues applying operator 7 to the envy-free allocation 7. The
sequence of allocations generated by this process belongs to the set of envy-free al-
locations by Theorem 2 (i) and each allocation in the sequence Pareto improves (for
the doctors) upon the previous allocation in the sequence by Theorem 2 (ii). This pro-
cess continues until, by finiteness, it reaches a fixed point that turns out to be a stable
allocation by Theorem 2 (iii).

In order to prove existence of stable allocations, both Hatfield and Milgrom (2005)
and Hatfield and Kominers (2017) define a lattice over the cartesian product of con-
tracts X x X. On this lattice, Hatfield and Kominers (2017) define a Tarski operator and
show that the fixed points of such operator are in one-to-one correspondence with the
stable allocations, while Hatfield and Milgrom (2005) define a similar operator with-
out such one-to-one correspondence. Hatfield and Milgrom (2005) also study vacancy
chain dynamics by means of their Tarski operator. However, we believe that our de-
scription of this process in terms of (envy-free) allocations instead of ordered pairs of
contracts is simpler and has a clearer economic interpretation.

3.3 Further results with LAD

In this subsection, by requiring an additional condition on doctors” choice functions,
we can describe more accurately the re-equilibration process by means of the lattice
structure of the set of envy-free allocations. This additional condition is the “law of
aggregate demand”, that says that when a doctor chooses from an expanded set of
contracts, she signs at least as many contracts as before. Formally,

Definition 2 Choice function C, satisfies the law of aggregate demand (LAD) if Y C Y C
X implies |Cq(Y")| < |C4(Y)].

We know that, starting from an envy-free allocation and iterating our operator 7, we
reach a fixed point of 7. Assuming LAD, the lattice structure can help us to identify this
fixed point: it is the join of the original envy-free allocation and the hospital-optimal
stable allocation Y'!.” To formally present this result, for Y € &, let F¥ denote the fixed
point of 7 obtained by iterating it starting at allocation Y.

The set of stable allocations under substitutable choice functions is very well-structured. It contains
two distinctive stable allocations: the doctor-optimal stable allocation YP and the hospital-optimal sta-
ble allocation YH. The allocations Y is unanimously considered by all hospitals to be the best among
all stable allocations and by all doctors to be the pessimal stable allocation (see Hatfield and Kominers,
2017, for more details). Analogous opposition of interests results have been identified in most match-
ing settings, including those of Roth (1984); Blair (1988); Hatfield and Milgrom (2005); Echenique and
Oviedo (2006).
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Theorem 4 Let Y be an envy-free allocation. If doctors” choice functions satisfy LAD, then
Fr=vvYH

The following corollary presents an important feature of the structure of the set
of envy-free allocations. It states that any envy-free allocation Y that Blair-dominates
YH is actually a stable allocation. This happens because as Y Blair-dominates Y the
join between them is Y and, at the same time, that join is equal to F¥ by Theorem 4.
Therefore, Y = FY. Moreover, by Theorem 2 (iii), F Y is a stable allocation.

Corollary 1 Let Y be an envy-free allocation. If doctors’ choice functions satisfy LAD and
Y =p YH, then Y is a stable allocation.

Since, YH is the doctor-pessimal stable allocation, the implications of this corollary
are twofold: (i) an envy-free allocation that Blair-dominates any stable allocation is also
stable, and (ii) an allocation that is envy-free but not stable is either Blair-incomparable
to or Blair-dominated by Y*.

The following proposition states that, for each doctor, the amount of contracts
signed in an envy-free allocation is always less or equal to the amount of contracts
signed in any stable allocation. The proof of this proposition uses the rural hospitals
theorem that, adapted to the setting of many-to-many matching markets with con-
tracts, states that when preferences are substitutable and satisfy LAD, each agent signs
the same number of contracts at every stable allocation (see Theorem 4 in Appendix B
in Hatfield and Kominers, 2017).

Proposition 2 Let Y be an envy-free allocation and let Y' be a stable allocation. If doctors’
choice functions satisfy LAD, |Y,| < |Y)| for each d € D.

The following example shows that the requirement of LAD is necessary for all the
results of this subsection to hold.

Example 2 Consider a market in which D = {dy,d,} is the set of doctors and H = {hy, hy, h3}
is the set of hospitals with quotas q,, = 1,i = 1,2,3. The hospitals have the following prefer-
ences:

>‘h1 >‘h2 >‘h3

X21 || X22 || X13
X11 || X12 || X23

12



The doctors are endowed with the following choice functions:

X4 Ca Ca

X11, X12, X¥13 | X11,X12 || X21, X22, X23 X23

1 1 Xdz 2

X11, X12 X11, X12 X21,X22 X21,X22

X11,X¥13 X11 X21,X23 X23
X12, %13 X12 X22,X23 X23
X11 X11 X21 X21
X12 X12 X22 X22
X13 X13 X23 X23

It is easy to see that >, is substitutable for i = 1,2, but >4, does not fulfill LAD. Consider the
following sets of contracts {x21, X22, X3} and {x21, x25 }. We can observe that |Cy, ({x21, X202, X23})| =
H{x23}| < {x21, x0}| = [Cy, ({x21, x22})| contradicting the definition of LAD. Now, con-
sider the following allocations: YP = {x11,x12,x3}, Y = {x11, x5}, YH = {x13, %01, x20}
and Y' = {xp1,x20}. Note that Y,Y' € £\ S (contract x1, blocks Y and contract xq3 blocks
Y'), and YP and YH are the doctor-optimal and the hospital-optimal stable allocations respec-
tively. Now, we can make the following observations: (i) Y V YH =Y showing that Theo-
rem 4 does not hold without LAD. (ii) YP =p Y =p YH =p Y’ showing that Corollary
1 does not hold without LAD. (iii) Consider allocations YP and Y', and doctor dy. Then,
{x23}| = |Y£ | < |Yg,| = [{x21,x22}| showing that Proposition 2 does not hold without
LAD.

4 Concluding remarks

The main motivation of this paper was to provide a framework to study a re-equilibration
process for the most general two-sided model in which stability can be guaranteed
(substitutable many-to-many matching with contracts). We accomplish this goal by in-
troducing the concept of envy-free allocation that in itself has a meaningful economic
interpretation.

The full set of stable allocations has been computed by means of several algorithms
in the matching literature, starting from the one-to-one model all through the many-
to-many model with contracts (see McVitie and Wilson, 1971; Irving and Leather, 1986;
Martinez et al., 2004; Dworczak, 2021; Pepa Risma, 2022; Bonifacio et al., 2022, among
others). An interesting future line of research is the development of an algorithm to
compute the full set of envy-free allocations.
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Appendix

Proof of Proposition 1. LetY,Y’ € £.
(i) In order to see that AYY" € £, we proceed in three steps.
Step1: AYY' € A.Letx, x’ € AYY with x # x’ and letd € D. By definition of AY"Y" and
propoerty (i) of C; we have xy # x;. It remains to see that |/\Z’Y/| < gy foreachh € H.
Assume there is h € H such that MZ’Y/\ > qy. Since Y and Y’ are allocations, we have
that |Y;| < g, and |Y]| < g, Therefore, there are x, x" € X such that x € AZ’Y/ \ 'Y/ and
x' e A%’Y/ \ Y},. Moreover, as /\Z’Y/ C (Y, UY])\Y], itfollows thatx € Y} \ Y]. Similarly,
x" € Y]\ Y. Hence, x # x’. Letd = xp and d’ = xJ,. Since x € )\};’Y/ = Cy(YUY') and
x ¢ Y], by substitutability,

x € Cy(Y U{x}). (1)
If x >, «/, then (1) implies that doctor d has justified envy towards doctor d" at Y/,
contradicting that Y’ € £. Thus,

x' = x. )

Since x’ € /\g,’y/ = Cy(YUY')and x" ¢ Y}, by substitutability,

x' € Cd/(Y U {x'}). 3)

Now, (2) and (3) imply that doctor d’ has justifed envy towards doctor d at Y, contra-
dicting that Y € £. Therefore, |AZ’Y/| < gp,. We conclude that AYY' € A.
Step 2: AY"Y' € Z.Letd € D. By definition of AY"" and path-independence of Cg,

C, (A”’) — Cy (C4(YUY')) = Ca(YUY') = AV 4)

Now, take any 1 € H and any x € AZ’Y/. By definition of AY"Y', x € Y UY’. Hence,
x € Yorx € Y. Since both Y and Y’ are individually rational allocations, x >} @.
Then, by responsiveness, Cj, <AY'Y/> = AZ’Y/. This fact together with (4) proves that
A e T,

Step 3: AYY' ¢ €. Assume this is not the case. Then, there is a doctor d’ € D that has
justified envy towards a doctor d € D (possibly d = d’) at AY"Y'. This implies that there
are x € AT and ¥’ € Xy \ AY"Y such that x}; = xp = I,

X =y xand ¥’ € Cp (A U{x'}). (5)
By definition of AY"Y', x" € Cy (Cy (YU Y’) U {x'}) and, by path independence,
x'eCy (YUY U{x'}). (6)

Notice that ¥’ ¢ Y UY’. Otherwise, (6) implies x' € AY"', contradicting our hypothesis.
Since x € AYY' C YUY/, assume w.lo.g. that x € Y. By (6) and the substitutability of
Cas

x'e Cyp(YU{x'}). 7)
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By (5), x' >, x. Therefore, by (7), doctor d’ has justified envy towards doctor d at Y
since. This contradicts that Y € £. We conclude that AY"Y € &.

(ii) In order to see that AYY' is the join of Y and Y’ under the partial order =p, we
proceed as follows. By Proposition 1 (i), AYY' € £ First, we prove that AYY s an upper
bound of Y and Y’ for the doctors. By definition of AYY" and path independence,

Cs(AYY UY) = Ca(Ca(YUY)UY) = Cu(YUY' UY) = Cy(YUY') = ATV

for each d € D. This implies that AYY = p Y. Similarly, AYY = p Y. Second, we prove
that AY"Y' is the join of Y and Y’ for the doctors. Let Y € & such that Y =p Y and
Y =p Y. Thatis,

Yd = Cd(YUY) and Yd = Cd(YUY/) (8)
for each d € D. We need to show that Y =p AYY', thatis Y; = Cz(Y UAY"Y') for each
d € D. Using repeatedly path independence, (8), and the definition of AY-Y’,

Yd = Cd(?U Y) = Cd(Cd(YUY’) uyY) = Cd(?U Y’ uyY) =

Ca(YUC4(Y'UY)) = Cu(YUAYY)
foreachd € D. Thus, Y =p AYY Therefore, AYY is the join for Y and Y’ U
Proof of Theorem 1. First, by Proposition 1 (ii), the set of envy-free allocations £ forms a
join-semilattice under the partial order = p.® Second, the empty allocation Y? in which
all hospitals have their positions unfilled (that is by definition an envy-free allocation)
is the minimum element of £ under the partial order =p. To see this, let Y € £. Since
Y; = C4(YUY?) for each d € D, it follows that Y = Y VvV Y?. Thus, Y =p Y? for
each Y € &. Finally, given that the set of envy-free allocations is finite and is a join-
semilattice with a minimum element, it follows that the set of envy-free allocations
forms a lattice under the partial order = (see Stanley, 2011, for more details). Il

Proof of Theorem 2. LetY € £.
(i) Inorder to see that 7Y € £, we proceed in three steps.
Step 1: 7Y € A. We need to show that
for distinct x,x' € TV, xp # xpy or xy # x4y, 9)

and
|7;1Y| < gy foreach h € H. (10)

If there are distinct x, x’ € T such that xp # xp, we are done, so assume xp =
xpy = d. Since x,x" € C4 (Y U B}{) , by definition of Cy, xy # x};. This proves (9).

8 A partially ordered set L is called a join-semilattice if any two elements in £ have a join. If any two
elements in £ also have a meet, then £ is called a Iattice (see Stanley, 2011, for more details).

15



To see (10), assume otherwise. Then, there is h € H such that |7;1Y| > gp,. Since
Y € A, we have that |Y;| < g;,. Hence, there is x € 7,7 \ Y}, Letd = xp. Then
x€TYand, as T = C; (YUBY) C YUBY, x € B) because x ¢ Y. Hence, x is a
blocking contract for Y, i.e.

x€Cs(YU{x}) andx € C, (YU {x}) (11)

Now, we claim |Y},| < gj,. Assume otherwise that |Y}| = g;,. Since x is a blocking
contract for Y, thereis x’ € Y with xy = x}; = hsuch that (Y, \ {x'}) U{x} >, Y},
and, by responsiveness, this happens if and only if

x =y (12)

Thus, by (11) and (12) d has justified envy towards doctor x}, at Y. This contradicts
that Y € £. Then, |Y},| < gy, proving our claim. Furthermore, since |Y},| < g;, and
we assume that | 7,Y| > gy, thereis ¥ € X such that ¥ # x and ¥ € 7,7 \ Vj,. Let
d' = Xp. Then ¥ € T and, as 7:},/ =Cy (YU B}{,) CYU BB{,, X € B}{, because
X ¢ Y. Remember that x € BY, thus x > y for each blocking contract y for Y
such that i = yp. In particular, x >, X. Then ¥ ¢ B!, contradicting that X € B),.
Therefore, (10) holds. We conclude that 7Y € A.

Step 2: 7Y € Z. Assume otherwise, then there is x € T such that x ¢ Cy(7T")
or x ¢ C,(TY) where d = xp and h = xy. By definition of 7 and path indepen-
dence, T = C; (YUBY) =C4 (C4 (YUBY)) = C4(TY). Hence, x € 7' implies
x € C4(TY) and, by our contradiction hypothesis, x ¢ C;,(T). Since C,(TY) C
T,Y C TY, by consistency of Cy, it follows that C,(7,Y) = C»(TY). Hence, x ¢
CU(TY). As [T\ {x}] < g, by Remark (1), x # Cu(T¥) = Gy (T \ {x}) U {x})
is equivalent to

D =y x. (13)

The fact that Y € Z and (13) imply that x ¢ Y. Moreover, as TY =C4 (Y U B}{) C
YU Bg, X € 7}/ implies x € Bg and, therefore, x is a blocking contract for Y.
Thus, x € C,(Y U {x}). Notice that, by consistency of Cj,, we have C,(Y U {x}) =
Cp(Y,U{x}), so x € Cy(Y, U{x}). There are two cases to consider. If |Y},| = gy,
by Remark 1, there is a contract y € Y such thatx >, y. AsY € Z wehavey >, @
and, by transitivity, x >, @.If | Y| < g, by Remark 1, we also obtain x >, @. In
either case, we contradict (13). We conclude that 7Y € Z.

Step 3: 7Y € £. Assume otherwise. Then, thereare x € 7Y and x’ € X\ T with
xp =d, x}, =d,and xy = x}; = hsuch that ¥’ >, xand x’ € Cp(TY U {x'}).
By definition of 7 and path-independence, Cy (7Y U {x'}) = Cy(Cy(YUB)) U
{x'}) = Cy(YU B} U {x'}). Therefore,

X' € Cu(YUB)U{X}). (14)
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Ifx' € Y, thenx’ € Cy(YUB)) = T}/ This contradicts that x’ € X \ 7. Hence,
x'e X\Y. (15)

Furthermore, (14) and substitutability imply
x' e Cp(YU{x'}). (16)

AsTY =Cy(YUBY) CYUB) and x € T}, we have x € Y U BY. There are two
cases to consider:

1. x € Y. Then, (15) and (16) together with the facts that xp = d, x[, = d/,
xg = Xy = h,and x’ >}, x imply that d’ has justified envy towards d at Y,
contradicting that Y € £.

2. x € BY. Then, x € B!. This implies that x is a blocking contract for Y and,
asY €& |V <gn.AsTY €Zandx € TY, x =, @. Moreover, as x’ =, x
by this step’s hypothesis, it follows that x’ ) @. This last fact together with
(16) and |Y;,| < gy imply that x’ € BY. Then, x’ =}, x contradicts that x € B},

In either case we reach a contradiction. We conclude that 7Y € &.

(ii) Letd € D. By definition of 7 and path-independence,
Ca(TFUY) =Ca(Ca(YUBH)UY) =Ca(YUBYUY) = Cy(YUBY) = T}.
Thus, C4(7T' UY) = T). As d is arbitrary, T¥ =p Y.

(iii) (=) Assume Y € £\ S. Thus, BY # @. Therefore, there is d € D such that
BY # @. This implies that 7Y = C;(YUBY) # Y. Hence, TY # Y.

(«<=) Assume Y € S. Thus, BY = @. Therefore, Bg = @ for each d € D. Then, by
definition of T, 7? =Y, foreachd € D.Hence, 7Y =Y.

O

In order to prove Theorem 3, we first prove the following lemma.

Lemma 1 If Y and Y’ are two doctor envy-free allocation such that Y =p Y', then TY =p
T

Proof. Let Y,Y' € & be such that Y =p Y’ and assume that 7' >=p TY" does not hold.
This implies the existence of d € D such that

TY £ ¢, (TY U TY’) . 17)
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Using the definition of 7 and path-independence,
C; (TY U TY’) —Cy (Cd <Y U 55) uc, (Y’ U B}{’))
=G (YuBfuC (Y'UBY)) =ci(YuB UY UBY)
=i (Yuy'uByuBy).
Using again path-independence, it follows that
Cs (YUY UBJUBY') = Cq (Ca(YUY)UBUBY)
as by hypothesis C; (YU Y’) =Y, using (18) and (19) we get
i (TYUTY) =Cs(YUBYUBY)
Now, using the definition of 7 and (17), (19) becomes
Cs(YUBY) #Ca(YUBTUBY).
By (21), there is a contract x € X such that
xeCy <YUB§UB}{'>

and
xe B\ (Yusy).

(18)

(19)

(20)

(21)

(22)

(23)

Since Y’ € £ and Y’ has a blocking contract x, |Y}| < g;, with h = xp. There are two

cases to consider:

1. |Yy| = qn. Letx’ € Y3\ Y} and let d’ = x},. Notice that,as Y =p Y/, ' € ¥ =

Cy (YUY’) . This, together with x" € Y}, \ Y} implies, by substitutability, that

x' € Cy (YU {x')).

(24)

By (23), x ¢ Y. This fact together with x’ € Y imply x’ # x. Furthermore, by (23),

x =5 x.
Now, by (22), (23), and substitutability,

x € Cy(YU{x}).

(25)

(26)

Since ¥’ € Y, x ¢ Y, (25), and (26), it follows that d has justified envy towards d’

at Y, contradicting that Y € £.
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2. |Yu| < qp. By (22), (23), |Y3| < g5, and substitutability, it follows that x € C;(Y U
{x}) and x =}, @. Therefore, x € BY. Since, by (23), x ¢ B;, it follows that there
is x' € BY such that x’ =, x. Letd’ = x},. Then,

x' € Cy(YU{x'}). (27)

By consistency, Cy (YU {x'}) = Coy(Yp U{x'}). AsY =p Y, Yy = Cx(YUY’).
Therefore, using also path independence,

Co(YU{¥'}) = Ca(Ca(YUY) U{x'}) = Ca(YUY U {x'}).

Then, x' € Cy(Y U {«x'}) implies x’ € Cy (YUY U {x'}) and in turn, by substi-
tutability,

x' € Cd/(Y/ U {X/}). (28)
As|Y;| < g, by (28) we have that x’ € BY'.Moreover, as ' =, xwehavex ¢ BY,
contradicting (23).

As in each case we reach a contradiction, we conclude that 7Y >=p TY OJ

Proof of Theorem 3. We need to see that operator 7 verifies the hypothesis of Tarski’s
theorem. First, notice that the envy-free lattice is finite and therefore complete. Second,
by Theorem 2 (i), 7 maps the envy-free lattice to itself. Finally, 7 is isotone by Lemma
1. Then, by Tarski’s theorem, the set of fixed points of 7 is non-empty and forms a
lattice under > p. Moreover, by Theorem 2 (iii), the set of fixed points of operator 7 is
the set of stable allocations. 4

The following two lemmata are needed to prove Theorem 4.
Lemma 2 Let Y be an allocation. Then, Y e |Yn| = Zacep | Yal-

Proof. Let Y be an allocation. Recall that Y is the subset of contracts in Y that name
doctor d and, similarly, Y}, is the subset of contracts in Y that name hospital 4. There-

fore, Yep |Vl = |Y| = Laep |Yal- O

Lemma 3 Let Y be an envy-free allocation and Y' be a stable allocation. Then, Y V' Y' is a
stable allocation.

Proof. Let Y be an envy-free allocation and Y’ be a stable allocation. By, Proposition 1
(i), YVY € &. Assumethat Y VY’ ¢ S. Thus, there is a blocking contract x for Y vV Y'.
Leth = xyand d = xp. Then, x € C4(Y VY U{x}), x € C,(Y VY U{x}), and

[(Y VY)u] < gp. (29)
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By definition of Y V Y’ and path independence, C;(Y VY U {x}) = C4(Ca(Y UY") U
{x}) =Cs(YUY'U{x}). Thus, x € C4(Y UY'U {x}). Furthermore, by substitutability,

x € Ca(Y'U{x}). (30)

Since x is a blocking contract for Y V' Y/, Remark 1 and (29) imply x =, @. This last fact
together with the stability of allocation Y and (30) imply that

Yyl = qn- (31)

(Otherwise, x is a blocking contract for Y’ which is a contradiction). Next, we claim
that there is i € H such that
0V Y] > Y. (32)

Assume that (32) does not hold. Then, |(Y VY’),| < |Y]| foreachh € H. Notice that, by
(29) and (31), for h € Hwehave |[(Y VY’),| < |Y;|. This implies that } ey [(Y VY')| <
Y nen |Yj|- Thus, by Lemma 2,

vyl < vl 33)

deD deD
Furthermore, since Y/ C YUY’ we have, by LAD and the fact that Y’ € Z, |Y}| =
|Ca(Y")| < |Cq(YUY')|. This implies that, by definition of Y VY’, ¥y p | Y]] < Lgep [(YV
Y")4]. This contradicts (33), implying that (32) holds and the claim is proven. Thus,
there is h € H such that (Y V Y');| > |Yh/'| Then, there is a contract X € (Y VY’)\ Y’
such that Xy = h. Letd = Xp.Since YVY' € Z,YVY' = C{YVY') = C;(Y VYU
{x}). Therefore, x € Y VY’ implies x € C;(Y V Y' U {x}). Furthermore, by definition
of YV Y" and path independence, ¥ € C;(Y U Y’ U {X}) and, by substitutability,

X e Ci(Y'u{x}). (34)

Given that Y VV Y’ is an allocation, by (32) we have that |Yé| < [(YVY');| < g;. Thus,
Vi < g5, X ¢ Y',and X =; @ imply, by Remark 1, that

¥e G (Y U{R}). (35)

Then, (34) and (35) imply that X is a blocking contract for Y/, contradicting the stability
of allocation Y’. Therefore, Y VV Y’ is a stable allocation. O

Proof of Theorem 4. LetY € £. By Lemma 3, Y V YH is a stable allocation. By Lemma 1
and Theorem 2 (iii), Y V YH =p Y implies that Y VvV YH =p F Y Moreover, given that
T is a weakly Pareto improving operator by Theorem 2 (ii), F¥ =p Y. Since Y is
the doctors” pessimal stable allocation, F Y b YH. As FY =p Y and FY =p YH, by
definition of join, F¥ =p Y V Y. Thus, by antisymmetry, F¥ =Y Vv YH. O]
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Proof of Proposition 2. LetY € £ andd € D. By LAD and individual rationality of Y, we
have that |T)Y| = |C4(Y U BY)| > |C4(Y)| = |Y,]. Iterating we obtain that | F)| > |Yy].
By definition, FY is a fixed point of our Tarski operator. Thus, 7" is stable by Theorem
2 (iii). Then, by the Rural Hospital Theorem |F)| = |Y}| for each Y’ € S and each
d € D. Therefore, |Y;| < |F)| = |Y}| foreach Y’ € S and each d € D. O
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