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Resumen

We study stable ans strongly stable matchings in the marriage market with indifference
in their preferences. We characterize the stable matchings as integer extreme points of a
convex polytope. We give an alternative proof for the integrity of the strongly stable
matching polytope. Also, we compute men-optimal (women-optimal)stable and strongly
stable matchings using linear programming. When preferences are strict we find the men-
optimal (women-optimal) stable matching.
tenxtbfKeywords: Matching markets, The marriage market with indifferences, Optimal
Stable matchings, Linear programming

1. Introduction

The marriage market describes a matching problem in which agents are divided into two
disjoint subsets: the set of men and the set of women. The objective of this market is to assign
a woman to a man, allowing the possibility for men and/or women to stay single. In this paper,
we allow agents to be indifferent among agents on the other side of the market.

Many results for the matching market when preferences are strict cannot be extended when
agents have preferences with indifferences.!

In matching markets, stability is a desirable property to be satisfied by any matching. Unlike
the marriage market with strict preferences, in which there is a unique stability notion, when
indifferences are allowed there are several notions. A matching is stable if each agent is matched
to an acceptable partner, and there is no man-woman pair such that they are unmatched to
each other and strictly prefer each other to their current partners.? Irving [10] formulates two
other possible definitions of stability for the marriage market with indifferences. A matching is
strongly stable if each agent is matched to an acceptable partner, and there is no man-woman
pair such that they are unmatched to each other and one of them strictly prefers the other
one to their current partner, the other weakly prefers the other one to their current partner.
A matching is super stable if each agent is matched to an acceptable partner, and there is no
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man-woman pair such that they are unmatched to each other and weakly prefer each other to
their current partners.

Gale and Shapley [8] show that at least one stable matching for the marriage market always
exists, even when agents may have indifferences in their preferences. Usually, the procedure
to compute a stable matching is breaking ties and then applying Gale and Shapley’s Deferred
Acceptance Algorithm. How these indifferences may be ordered has both strategic and welfare
consequences. (See Erdil and Ergin [6] and Abdulkadiroglu et al. [1]). On the other hand,
strongly stable matchings and super stable matchings may not exist. Irving [10] presents an
algorithm that computes a strongly stable matching when it exists. The same algorithm can
also compute a super stable matching. [15] shows that the set of strongly stable matchings forms
a distributive lattice. Ghosal el al. [9] present a polynomial-time algorithm the generation of
all strongly stable matchings. They also prove that the set of strongly stable matching forms a
distributive lattice (an alternative proof).

Many instances of matching problems are studied using a linear programming approach.
Rothblum [19] introduces a list of linear inequalities which generate a convex polytope.® He
characterizes the stable matchings of the marriage market with strict preferences as extreme
points of this convex polytope. Roth et al. [18] present a linear program and use linear pro-
gramming theory to give alternative proofs to already well-know results in the marriage market
with strict preferences.

Kwanashie and Manlove [14] study the hospital resident market with indifferences. They
present an integer linear program for calculating a maximum stable matching. That is, a stable
matching with a maximum number of pairs assigned. Finding this stable matching is known
to be NP-hard. (See Irving et al. [15]). Kwanashie and Manlove [14] introduce a list of linear
inequalities that generate a convex polytope. They show that the integer extreme points are
the stable matchings.

The case in which all hospitals have quota equal to one is called a marriage market. In this
market when preferences are strict, the convex polytope of Kwanashie and Manlove [14] may
have non-integer vertices. The constraints of Kwanashie and Manlove’s linear program, do not
coincide with the linear inequalities of our linear program. Even in the marriage market when
preferences are strict, the linear inequalities of Kwanashie and Manlove [14] do not coincide
with the linear inequalities of Rothblum [19]. Anyway, the integer solutions of both convex
polytopes coincide with the stable matchings. In this paper, we generalize the linear inequalities
of Rothblum [19].

Here, we present a linear inequality system that characterizes the stable matchings for the
marriage market with indifferences. The convex polytope of stable matchings may have strictly
fractional extreme points (see Example 1).

Kunysz [13] study strongly stable matchings in the marriage market with indifferences. He
analyses this market as an undirected bipartite graph. For this market, he considering a weight
function that does not depends on the agents’ preferences. He finds a strongly stable matching
that maximizes this weight function. To this end, he presents a linear inequality system that
characterizes the strongly stable matchings as extreme points of a convex polytope. In this
paper, we give an alternative proof for the integrality of this convex polytope. Unlike Kunsy’s
proof, which uses graph theory techniques, our proof uses matching techniques. The structure
of our proof is inspired by the one presented in Roth et al. [18], (for the marriage market with
strict preferences).

For the marriage market with indifferences, Spieker [20] proves that the set of super stable
matchings is the intersection of the set of stable matchings each of which is for a possible tie-
breaking. That is, a super stable matching is a stable matching in each marriage market with

3Vande Vate [21] characterizes stable matchings as extreme points of a linear inequality system in a market
when all agents are mutually acceptable, and the set of men and women has the same number of agents.



strict preferences obtained by breaking ties in some strict order. To obtain a system of linear
inequalities that characterizes super stable matchings, it is only necessary to list the linear
inequalities for each marriage market with strict preferences (using the characterization result
presented in Rothblum [19] for each market with strict preferences).

A stable matching is men-optimal at a preference profile if it is not dominated by another
stable matching (Pareto dominated) according to men’s opinions. In the marriage market with
strict preferences, a unique men-optimal stable matching always exists. However, when indif-
ferences in preferences are allowed, the optimal stable matching may not be unique. That is,
some times there are more than one stable matchings that are not Pareto dominated by another
stable matching.

A social planner may need to compute an optimal stable matching for one side of the
market, for instance, a men-optimal stable matching. One can be tempted to break ties and
use the Deferred Acceptance Algorithm (Gale and Shapley [8]) to compute the men-optimal
stable matching at the strict preference profile associated. Despite this, the men-optimal stable
matching at this strict preference profile may not be a men-optimal stable matching at the
original preference profile (with indifferences) (See Example 2). Erdil and Ergin [7] establish
an algorithm that computes optimal stable matchings in the college admission problem with
indifferences. To this end, they break ties and apply Pareto improvement cycles and Pareto
improvement chains.

In this paper, we present an integer linear program that computes one of the men-optimal
(women-optimal) stable matchings in the marriage market with indifferences without using
any tie-breaking. For the same market, using the linear inequality system presented in Kunysz
[13], we present a linear program (not integer) that computes a men-optimal (women-optimal)
strongly stable matching. In both cases, we define a new objective function in the linear program
that is correlated with men’s (women’s) preferences. To each pair of agents, we associate a
weight that depends on the preferences of the agents.

Other authors study stable matchings using linear programming in matching markets with
strict preferences. Baiou and Balinski [2] compute the optimal stable matching in a many-to-
one matching market with strict preferences. Given a pair of agents (a, ), they define a weight
Way, to be a cost or profit associated with the assignment of agent a to agent u. To solve this
problem, once they find the set of stable matchings, they compute the stable matching p such
that maximizes >°; ;y¢, wi;. Despite this, for computing the optimal stable matching, they need
to compute all stable matchings ex-ante. The main difference with our approach is that we
compute directly the optimal stable matching (without computing all stable matchings).

On the other hand, Kiraly and Pap [11] introduce weights that do not depend on the
preferences of agents and study the stable marriage polytope with strict preferences. Chen,
Ding, Hu, and Zang [5] study the problem of finding the maximum-weight stable matching in
a more general strict market, which is known to be NP-hard. They use linear programming,
polyhedral approaches and graph theory to study this problem. They present a polynomial-time
algorithm for the maximum-weight stable matching problem under certain conditions.

The paper is organized as follows. In Section 2, we introduce the market, preliminary no-
tations and definitions. In Section 3, we characterize the set of stable matchings as integer
extreme points of a convex polytope. For the strongly stable matchings polytope, we present
an alternative proof that this polytope is integral. In Section 4, we present two linear pro-
grams that compute optimal stable matchings and optimal strongly stable matchings. Finally,
an Appendix with two examples.



2. The Marriage Market

In the marriage market with indifferences, there are two finite sets of agents, M = {my, ..., m, }
of men and the set W = {wy, ..., w,} of women. Each agent ¢ € M U W has a complete and
transitive preference order for the agents on the other side of the market and the prospect of
being alone. A preference profile R = (R;),. ), is a vector of weak orders. We denote by P
and I; the antisymmetric and symmetric parts of the binary relation R;, respectively. Then,
P, is an antisymmetric, transitive and irreflexive (strict preference relation), and I; is reflexive,
symmetric and transitive (indifference preference relation).

For instance, the preferences R,,, for the man m, where w P,,,wa, we Pws, wo Py wy, wal,,wy
(and by transitivity wy P,,w3 and w; P,,wy), will be denoted by

Rm © Wy, Wa, [U)g, w4] .

A preference profile R satisfies no indifference to the single set if any agent is not indifferent
between remaining single or being assigned to another agent of the other side of the market.?
For instance, the following preference does not satisfy no indifference to the single set.

R, wy, we, [ws, m].

We denote the marriage market with indifferences by (M, W, R). We say that (m,w) €
M x W is an acceptable pair if mP,w and wP,,m. Let A be the set of all acceptable pairs.

Definition 1 A matching p is a injective function p: M UW — M UW such that:
1. u(m) # m implies p(m) € W.
2. p(w) # w implies p(w) € M.

8. u(m) = w if and only if u(w) = m.5

Let M denote the set of all matchings. If u(m) = w, then man m and woman w are said
to be matched to each other. If p(i) = ¢, then agent ¢ is said to be single or unmatched.
Given a preference R; of agent ¢, we extend these binary relations to the set of matchings in a
natural way. Let p and p’ be two matchings, R,y if and only if pu(i)R; 1/ (7). Moreover, given a
preference profile R and a subset of agents X C M U W, then uRx ' if and only if u(:) R;p/(7)
for all 7 € X. In a similar way, we extend the relations Ix and Px.

A matching p is individually rational if it is not blocked by any individual agent, i.e.,
for all i € M UW we have that pu(i)R;i. Given a preference profile R, we denote the set of
individually rational matchings by I R(R).

Definition 2 Let i be a matching and let m € M and w € W.
» A pair (m,w) is said to form a blocking pair if mP,u(w) and wP,,pu(m).

» A pair (m,w) is said to form a strongly blocking pair if either m P, u(w) and wR,pu(m),
or mRy,p(w) and wh,,pu(m).

Definition 3 Let p be a matching for a marriage market (M, W, R).

= 1 is stable if it is individually rational and if there is no blocking pair.

4This assumption is commonly used in the literature; see Erdil and Ergin [6] and [7] and Biré and McBride
[4].
STtem 3 is equivalent to say that p is a homogeneous function of order two, i.e., u? (i) = 4, for all i € M UW.
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» 1 s strongly stable if it is individually rational and there is not a strongly blocking pair.

Given a preference profile R, we denote the set of stable matchings by S(R). Also, we denote
the set of strongly stable matchings by SS(R).

Notice that, from Definition 2 and 3 it follows that SS(R) C S(R).

Given a matching p, we can define the incidence vector z# € {0, 1}‘M|X|W| , as follows:
the entry o#, = 1if and only if y (m) = w and the entry z#, , = 0 otherwise. We identify each
matching with its incidence vector.

Let Crr(ry be the convex polytope generated by the following inequalities:

Z Ty <1 forallme M (1)

jeW

Y 2w <1 forallweW (2)

eM

Tmw > 0 forall (m,w) € A (3)
T =0 forall (m,w)e (M xW)\A (4)

Notice that inequalities (4) are called individual rationality linear inequalities. The extreme
points of Crp(r) are exactly the individually rational matchings. This follows from the Birkhoff-
von Neumann Theorem [3].

Rothblum [19] defines the convex polytope Cg(py generated by adding to the linear inequa-
lities of Crgr(r), the following linear inequalities:

ST o+ Y it T > 1 forall (m,w) € A (5)

JPmw iPym

Linear inequalities (5) assure that there is no blocking pair. These linear inequalities are
called stability linear inequalities.

For the marriage market with strict preferences, Rothblum [19] characterizes the stable
matchings as integer solutions of the linear inequality system (1)—(5).

3. A Polyhedral Approach

3.1. Stable Marriage Polytope

For the marriage market with indifferences (M, W, R), we introduce modifications to the
convex polytope Cg(py. These modifications will characterize the stable matchings as the integer
extreme points of a new convex polytope.

For m € M and w € W, we define

Ry (w) = {w": w'Ryw and w' # w}

and
Ry(m) ={m' : m'R,m and m' # m}.

Let Cg(r) be the convex polytope generated by (1)—(4) and

Z Y Z Tiw + Tmw > 1 forall (m,w) e A (6)
JERm (w) 1€ Ry (m)



Notice that, the only linear inequalities modified from the marriage market with strict
preferences are the ones that represent the stability restrictions. When preferences are strict,
linear inequalities (5) and (6) are equivalent.

We define a stable fractional matching to be a (not necessarily integer) solution of
(1)—(4) and (6).

The following theorem characterizes stable matchings as integer extreme points of the convex
polytope Cgr)

Theorem 1 Let (M, W, R) be a marriage market with indifferences. A matching u is stable, if
and only if its incidence vector is an integer point of Cg(r).

Proof.

=) Assume that u € S(R). Let z* be its incidence vector. Is easy to check that z# satisfies
linear inequalities (1)—(4). Assume that x* does not satisfy (6); that is, there is a pair (m,w) € A
such that,

Z xfm—l— Z xﬁfw—i—xﬁ%w < 1.
JERm (w) 1€ Ry (m)

Notice that each entry of z* is either zero or one. Then,

d>ooah =0, ) JJW =0 and zf, , = 0. (7)

FERm (w) zeRw(

Since x4, , = 0, we have that m and w are not matched.
Now we consider the following cases:

(D) X o= 2 a7,

jeW ieM
Since (m,w) € A, wP,m = u(m) and mP,w = p(w). Then (m,w) is a blocking pair of
p. This is a contradiction to the assumption that pu is stable.

(i) > @y, ; = 0 and there is m' € M, m' # m such that x}, , = 1.
jew 7 '
Observe that > icr, (m = 0. Then mP,m’ = p(w). Since x,,; = 0 for each j € W
and (m,w) € A, then mem = p(m). That is, (m,w) is a blocking pair of p. This is a
contradiction to the assumption that pu is stable.

1) > 2%, =0 and there is w’ € W, w’ # w such that z,, ., = 1.
7,W )
ieM

This case is similar to case (ii), and we omit the proof.

(rv) There is m’ € M, m/ 7§ m and w’ € W, w" # w such that ), , =1 and z}, ,, = 1.

Observe that e, (m = 0 and Yjer, (w) Tm; = 0, then m' ¢ Ry(w) and w' ¢
Ry, (m). Since X, 4 —0 then mP,m’ = u(w) and wP w' = p(m).

Thus, the pair (m,w) is a blocking pair of u. This is a contradiction to the assumption
that p is stable.

<) Let z be an integer point of Cyg(p). Since z satisfies (1)—(4), from Birkhoff-von Neumann
Theorem we have that x is the incidence vector of an individually rational matching, i.e., there
is an individually rational matching p such that x = z#. We will prove that pu € S(R).
Assume that there is a pair (m,w) € A that blocks p, i.e., wP,u(m) and mP,pu(m). This
implies that
b =0 (8)

m,w



and

D Tiw =Ty, = Land D0 wm =l e, = 1.
i Ruw (m) JEm ()

Since each entry of x* is either zero or one, it holds that:
> af,=0and > ah ;=0 (9)

i€ Ry (m) JE€Rm(w)
Then, (8) and (9) imply that linear inequalities (6) fails for the pair (m,w) € A. This is a

contradiction to the assumption that z* is an integer point of Cygg).
O

The following example shows that the convex polytope Cg(ry may have non-integer extreme
points.

Example 1 Let (M, W, R) be a marriage market with indifferences. Let M = {mq, mg, ms},
W = {wy,wy, w3} and the preference profile R be such that

le . [’LUQ,UJl] , W3. Rw1 cMMq, Mo, Ms.
Rm2 . [wg,wl] , Ws. ng L Mmg, My, My.
ng LWy, [’UJQ,"LUg] . Rw3 LMy, Mo, Ms.

There are only three stable matchings:

1 00 010 1 00
=101 0]|; 2=1100]; 2=[001
001 001 010
But the stable fractional matching
; 3 0
01y,
3 03

is also a vertex of the convex polytope Cg(ry.

3.2. Strongly Stable Marriage Polytope

For marriage market with indifferences (M, W, R), Kunysz [13] presents a linear inequality
system to characterize the strongly stable matching as the extreme points of the convex polytope
generated by these linear inequalities. Each extreme point of this convex polytope is an integer
point, and the extreme points coincide with the strongly stable matchings. In this section, we
present an alternative proof of Theorem 13 in Kunysz [13].

Let Css(ry be the convex polytope generated by (1)—(4) and

S @i+ D> Tiwt Y. Tiw>1  for each (m,w) € A (10)
jPnw iPym ilym

> T+ Y Tiwt+ Y, Tm;>1  for each (m,w) € A (11)
jPmw tPym Jmw

Notice that, the only linear inequalities modified from the marriage market with strict
preferences are the ones that represent the stability restrictions. When preferences are strict,
linear inequalities (10) and (11) are equivalent to (5).

We define a strongly stable fractional matching to be a (not necessarily integer) solution
of (1)—(4), (10) and (11).

The following lemma is taken from Kunysz [13] (Lemma 12).
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Lemma 1 Kunysz [13] Let x be a strongly stable fractional matching. Then, for each (m,w) €
M x W the following hold:

Tmaw > 0= 3 ipw Tmg T 2iPom Tiw + 2jlmw Tmyg = 1

T > 0= 3 25pw Tm,g + 2iPum Tiw + 2ifym Tiw = 1

Tmaw > 0= Y jew Tmy =1

Tmaw > 0= Y iew Tmy =1

Remark 1 Note that for each feasible solution x if Tp > 0 then 32i1 0 Tmj = 2ifym Tiaw-
This implies that, if there is w' € W such that, Ty > 0 and wl,w', then there is at least
m' # m with T,y ., > 0 and there is at least m # m with x4, > 0 (where m' and m may or
may not be the same man). This means that if xy, ., > 0 then, |{j € W : jL,w, xy,; > 0} > 2
if and only if |{i € M :il,m,x;, >0} > 2.

Given a strongly stable fractional matching x, we define for each m € M the optimal class
of indifference within those women that fulfill z,,,, > 0. Formally,

(pz](m) = {w € W : x4 > 0 and wR,,j for each j € W with z,,; > 0}.

Analogously, we define for each w € W the pessimal class of indifference within those women
that fulfill z,,,, > 0. Formally,

[pz](w) ={m e M : z,,,,, > 0 and iR, m for each i € M with z;,, > 0}.
Lemma 2 Let x be a strongly stable fractional matching. Then,
(1) w € [ug](m) if and only if m € [u.](w).
() If w € [pa](m) and |[pa](m)] = 2, then |[pz)(w)] = 2.
(1) If m € [pa](w) and [[pa](w)| = 2, then [[pa)(m)] = 2.
Proof. Let x be a strongly stable fractional matching.

I et w € |ug|(m). en, ) . Ty = 0. 51nce Ty o > 0, emma 1 we have that,
(1) Let w € [p,](m). Then, Syp, , @ j = 0. Since @y, > 0, by Lemma 1 we have th

Z Tiaw + Z Tiw = L.

iPym iTym
This means that },,p,; i = 0. Since x,,,, > 0 we have that m € [p,](w).
Let m € [p,](w). This means that
Z Tiw + Z Tiw = 1.
iPgm ilym
Since T, > 0, by Lemma 12 we have that 3°;p ,, ©n,; = 0. Since z,,,,, > 0 we have that
w € [pg)(m).

The proof of items (ii) and (iii) is straightforward using Remark 1.
(|

Given a strongly stable fractional matching, and a set of men M C M. We have that M is
partitioned in two subsets as follows:

My ={m e M :|[u,)(m)| = 1} and My = {m € M : |[i,)(m)| = 2},

that is, . . .

If M, # () we define a cycle of agents as follows. Let m; € My and Crny = {my,wy, ..., wr_1, My, wy}
with m; # m;, w; # w; and



(1) w; € [pz](m;) withi=1,... k.
(11) m; € [pe|(wi—q) with i =2,... k.
(1) my € [pa](wi).

Define Wy, = {w € W : there is m € M, w € [p,](m)}.

Given m’ € My, we denote by My(Cyy) = {m € My : m € Cpy} and Wo(Chp) = {w € W :
w € Cpy }.

The following lemma is used to prove that given a strongly stable fractional matching, there
is always a strongly stable matching that assign to each man a woman in the optimal class,
and to each woman a man in the pessimal class.

Lemma 3 If M2 # (), then there are m' € M, and a cycle of agents C' generated by m' such
that My(C) C My and Wy(C) C W,

Proof. Let my € M, then there is w; € [u,](my). Then, by Lemma 2 (i) and (ii) we have
that my € [p,](wy) and |[pz](wi)] > 2. Then, there is my # my such that my € [p.](wy).
Lemma 2 (i) implies that wy € [u;](msa). By Lemma 2 (iii) we have that |[u,](m2)| > 2 and
there is wq # wy such that we € [u,](m2). Lemma 2 (ii) implies that |[p.|(w2)| > 2 and there is
mg # mg such that mg € [p.|(ws). If mg = m; we are done and C' = {my, wy, ma, wy}. If not,
by Lemma 2 (i) and (iii) there is w3 # wy such that ws € [p,](m3). If w3 = w; we are done and
C' = {my, wz, m3,w; }. If not, we continue this procedure until we have that the cycle is closed
by the finiteness of My. By construction we have that MQ(C’) C M, and Wg((]) C Wh.

U

Procedure to construct cycles in the men optimal indifference class:

Given M and W be the set of men and women respectively.
Step 1: We have that M = M! = M} U M3 by decomposition (12). Denote by Wy = {w €
W : there is m € My, w € [u,](m)} and W} = W \ Wj.

If My = () the procedure stops.

If M} # (), Lemma 3 implies that there are m’ € M, and a cycle of agents C' generated by
m/ such that M} (C*) C MJ and Wi(C') C W

Let M? = M)\ Mj(C).
Step k > 1: We have that M* = MU M} by decomposition (12). Denote by W = {w € W :
there is m € My, w € [u,](m)} and Wl =W \ Wi.

If M} = () the procedure stops.

If Mé“ # (), by Lemma 3 we have that there are m’ € M} and a cycle of agents C* generated
by m’ such that M¥(C*) C M¥ and W(C) C Wi

Let M*t = My\ MY(CY).

Remark 2 By the finiteness of the set of men M, there is a step k such that the procedure
stops.

Given a strongly stable fractional matching x, [u,](m) for each m € M and the procedure

to construct cycles in the optimal class for men, we define p, as follows

w  if m e My(C¥), w € [pg](m) and w € Wy(C*) for each k =1,... K
pe(m) =< w ifme My, we [u,](m) and w € W* for each k =1,...,k
m otherwise

In the following lemma we prove that the assignment p, is a strongly stable matching.

9



Lemma 4 Let x be a fractional solution of LP. Then, u, defined before is a strongly stable
matching such that p.(m) € [pu,|(m) for each m € M.

Proof. Notice that by construction and Lemma 1, it is straightforward that x#+ fulfills inequali-
ties (1), (2) and (3), then p, is a matching. Also, by construction, we have that p,(m) € [p.](m)
for each m € M. Now we prove that z#+ fulfills inequalities (4) and (5). Assume that (m,w)
is a strongly blocking pair for ju,. Then, either m P, u,(w) and wR,, . (m), or mR,u,(w) and

WPy, i (m).

Case 1: Assume that mR,u,(w) and wP,, i, (m). By construction of p, we have that

Y Tyt D Ty =0.

JPmw Jjlmw

Then, since x satisfies inequalities (1) and (4) we have that

Z Liw = 1.

iPym

Hence, we have that p,(w)P,m. Therefore, the pair (m,w) can not be a strongly
blocking pair.

Case 2: Assume that mP,u,(w) and wR,, i, (m). By construction of p, we have that

Z Lm,j = 0.

JPmw

Then, since « satisfies inequalities (1) and (5) we have that

Z L w + Z Tiw = 1.

1Pym ilym

Hence, we have that u,(w)R,m. Therefore, the pair (m,w) can not be a strongly
blocking pair.

Hence, pu, is a strongly stable matching. ([l

The following theorem states that the extreme points of the convex polytope coincide with
the strongly stable matchings.

Theorem 2 The extreme points of Csg(r) are exactly the strongly stable matchings.

The proof follows similarly to the proof of Theorem 13 in Roth et al. [18]. Proof. It is straight-
forward that every integer solution of Csg(g) is an extreme point of Crp(r).® Then, strongly
stable matchings are an extreme point of Cggr). We only need to prove that each extreme
point of LP is a strongly stable matching. Let x be a fractional solution of LP that is not a
matching. Let x#* be the incidence vector of p,. Since x is not a matching, then = # z#=. We
show that x is not an extreme point of LP. Then consider for 0 < o < 1, the following vector

— H
o T —omh

Y 11—«

Since, = azt* + (1 — a)y® for each 0 < o < 1, we only need to prove that y® is a solution of
CSS(R)- That iS,

5The extreme points of C; Rr(R) are exactly the individually rational matchings.
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Inequality (1): If m € M has z,,; = 0 for each j € W, then z};, = 0 for each j € W and
Y ; = 0 for each j € W, assuring that y* satisfies (1). If m € M has dew Ty > 0, then
pe(m) # m. Hence, 3 e 2y ; = 1. As x satisfies (1), then it follows that y* satisfies inequality
(1) for all 0 < a < 1.

Inequality (2): Analogous to inequality (1).

Inequality (3): Observe that a%s, = 0 whenever z,,, = 0. Hence, for a sufficient small
positive a we have that y“ satisfies inequality 3.

Inequality (4): If (m,w) € (M x W)\ A, then we have that z,,,, = 0. Hence, we have that
Y = The,, = 0 for each 0 < a < 1. Therefore, y* satisfies inequality (4).

Inequality (10): Now we show that for a small positive a, y* satisfies inequality (10). As

Doymit D Ut D U

JPmw iPym ilwm

1—a [(;wxm’]+ Z Tiaw + Z xlw) —

iPym ilym

o[£t S otir 5 o
JPmw iPym ilym

for each pair (m,w) and as x satisfies inequality (10), it suffices to prove that whenever z
satisfies inequality (10) as an equality so does z#*. Then, assume that for (m,w), = satisfies
inequality (10) as an equality. As pu, is a strongly stable matching, then x#+ satisfies inequality
(10). Further, a#= satisfies inequality (10) strictly for (m,w) if and only if one of the following
two cases may happen: either p,(m)P,w and p,(w)P,m, or pu,(m)P,w and p,(w)lL,m.

If p,(m)P,w and p,(w)P,m, by construction of u, we have that

Z Tm,; > 0 and Z Tiw = 1

FPmw 1Pym

If p,(m)Ppw and p,(w)l,m, by construction of p, we have that

Z Tpm; > 0 and Z Tiw + Z Tiw = 1.

JPmw iPym ilwm

Both cases, contradict the assertion that x satisfies inequality (10) for the pair (m,w) as an
equality. This contradiction proves that whenever x satisfies inequality (10) as an equality, so
does z#=. Therefore, we have that for a small positive «, y* satisfies inequality (10).
Inequality (11): Analogous to inequality (10).

4. Men-Optimal Matchings

Gale and Shapley [8] showed the existence of optimal stable matchings for the marriage mar-
ket with strict preferences. The Deferred Acceptance algorithm is a mechanism that computes
the men-optimal stable matching (ups) when men offer, and it computes the women-optimal
stable matching (uy ) when women offer. The stable matching 3, is men-optimal in the sense
that there is no other stable matching p # pjs such that assigns to each man m a partner
that m prefers to the agent assigned by puj;. This is also the case for the women-optimal stable
matching pyy.

If we consider the marriage market with indifferences, we say that ' is a men-optimal
stable matching if there is no other stable matching p, that assigns to each man m a partner

11



weakly preferred to what p/ assigns to him, and there is at least one man that strictly prefers
1 to any other p. That is, there is no p € S(R) such that uPyp’.

Given a preference profile with indifferences R, we can define P to be a strict preference
profile obtained from R by some tie-breaking. That is, P is a preference profile in which each
agent replaces indifferences by some strict order.

Notice that there are many ways of breaking the indifferences. Then, we define L(R), as the
set of all linear orders that can be obtained from R by a tie-breaking. It is well known that
S (R) can be computed by finding all stable matchings for any associated matching market
(M, W, P), where P is obtained from R by some tie-breaking. That is

S(R) = Uperm)S(P).

See Roth and Sotomayor [17] for details.

The following example shows that the men-optimal stable matching may not be unique. It
also shows that when we choose different ways to break indifferences and apply the deferred
acceptance algorithm with men offering, we may obtain a stable matching that is not men-
optimal on the original preference profile R.

Example 2 Let M = {mq,mg, mg,my}, W = {wy, ws, ws,wys} and the preference profile R be
such that

Ry, wy, [wa, ws] . Ry, = ms, [my,ma).
Ry, : wy, wy. Ry, : [ma,my].
Ry : wy, wy. Ry i [ma, my].
Ry, o [we, ws]. R, : ma2, ms.

S(R) = {p, pa; p13, j1a} s given by:

0100 0010
1000 1000

y 2 — . M2 .

" Tlooo 1|7 " Tlooo 1|
0010 0100
0010 0100
000 1 000 1

M3 Iy 17 S

T"T11 00007 " Tl100 0
0100 0010

Notice that the men-optimal stable matching is not unique. The matchings p1 and ps are
men-optimal stable matchings.
Let us consider a tie-breaking such that the strict profile P associated is as follows:

P, 1wy, we, ws. P, 1 ms,my, mo.
P, wy,wy. Py, :my,my.
Pt wy, wy. Py, i my,my.
P, : wa, ws. Py, : ma,ms.

Then, the set of stable matchings for the preference profile P is: S(P) = {us, 14} and the men-
optimal stable matching for the preference profile P is us, but this matching is not a men-optimal
stable one for the original market (M, W, R).

Next, to find an optimal stable matching, we use linear programming tools. Roth et al. [18]

present a linear program in which, the constraints are the inequalities (1)—(5). They introduce
an objective function such that the optimal solutions of the linear program (LP) are precisely

12



the extreme points of the convex polytope Cg(py. That is, the stable matchings are the integer
solutions of the following linear program:

LP max > T
(i,j)€A
st : r € Cy(p).

Observe that using McVitie and Wilson’s Theorem [16], the number of couples matched
in each stable matching is the same. Therefore, the incidence vectors have the same amount
of entries equal to one. Hence, all stable matchings generate the same value of the objective
function. So, this linear program does not distinguish among any stable matching.

To compute a men-optimal stable matching for the marriage market with indifferences
(M, W, R), we present a new linear program with weights in the objective function, which
depends on men’s preferences.”

Given a preference profile R, for each pair (m,w) € M x W, we define a weight a,,, € R
that satisfies the following conditions:

1. G > Qo When wPw'.

2. Qpw = Qupy When wi,w'.

We denote by LPS the following linear program:
LPS max Z QG T 5
(i,j)€A
st:  x € Cypy.

In Section 3, we show that the convex polytope Cg(r) can have fractional stable matchings
as extreme points. The following example shows that the solution for LPS can be a stable
fractional matching.

Example 3 Continuing with Example 1: Consider the following associated weight matrixz for
the preference R is:

2 21
a=|2 2 1
2 11
The linear program LPS is:

max 21‘11 + 21’12 + 13 -+ 2%21 + 21’22 + 93 + 2.1731 + T32 + 33
stix € CS(R)-

The value of the objective function for the stable matching 1 is 5.

1 00
=010
0 01

Nevertheless, consider the value of the objective function at the stable fractional matching

1 1
2 7
1 1
202

It is also equal to 5. So, there are at least two solutions, one integral and one fractional, that
have the same value of the objective function.

"Symmetrically, we can define these weights depending on women’s preferences.
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The previous example shows that, to reach a men-optimal stable matching we need to define
the following integer linear program,

IPS max Z Q; T4 4
(1,5)€A
st: x € CS(R): T e {0, 1}.

The following proposition is used in the proof of Theorem 3.

Proposition 1 Let (M, W, R) be a marriage market with indifferences. Let py and po be two
stable matchings such that py Pyrpie. Then,

Z aj,ix?; > Z aj,ﬂ%-

(,7)eMxW (i,)EMxW

Lemma 5 If py Ry, for some m € M, then
D Ty 2 D QT
JjEW JEW
Moreover, if there exists m € M such that py Py, pi2, then
D QT > D Oy
jEW JEW

Proof.
For the marriage market with indifferences (M, W, R), let uy and uy be stable matchings.
Given m € M such that

"

w' = p(m) R pia(m) = w”,

using the definition of «,, ,,, we have
TRy > Ay - (13)

It also holds that

2% H2
Z Qi j Ty j = Qe and Z U Ty i = -
JEW JEW

Therefore, condition (13) assures that
w1 2
Z O, jTm j 2 Z Qi Lm,js
jew jew

giving us the desired property.
For the case when there is m € M such that py P, s, the proof is analogous to the above.

O
Proof of Proposition 1.
If pq Pprps, for all m € M, it holds that
p1 R o
and by Lemma 5, we have that for all m € M
D gt = > ke (14)

JEW JEW
and there is at least one m’ € M such that

1 P .
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By Lemma 5, we have

D Gl 5> D Qg ST . (15)
jew jew

Therefore, conditions (14) and (15) imply that

| b2
DL D gty > DL ) g

ieM jEW ieM jeW
That is,
> gy > > i
(i,j)EMXW (i,))EMXW
This concludes the proof. [l

Theorem 3 Let (M, W, R) be a marriage market with indifferences. A solution for IPS is a
men-optimal stable matching.

Proof. For a marriage market with indifferences (M, W, R), let & be a solution of the integer
linear program I PS. Let i be the stable matching associated to z, (z = z#). Assume that the
stable matching z is not optimal for M. That is, there exists y/ € S(R) such that y/Pyji. By

Proposition 1, we have
, _
p fi
> gl > Y agr.

(i,j)EM =W (1,7)eMxW

Then z is not a solution for the linear program I PS.

O

If a marriage market with indifferences (M, W, R) has at least two men-optimal stable
matchings, the solution of IPS depends on the selection of the weights (). That is, for
different selections of weights on the objective function of I PS, the integer linear program may
yield different men-optimal stable matchings as solutions. For more details, see Example 4 in
the Appendix.

To compute a men-optimal strongly stable matching, let LPSS be the following linear
program. To compute a men-optimal strongly stable matching, we only use linear programming.
This is because the extreme point of the convex polytope Cgg(r) are exactly the strongly stable
matchings.

LPSS max Z Q; 55 5
(i,5)€A
st: x € CSS(R)-

Theorem 4 Let (M, W, R) be a marriage market with indifferences. A solution for LPSS is
a men-optimal strongly stable matching.

The proof is analogous to that of Theorem 3 .

4.1. Strict Preferences

The weights «; ;, defined in this Section, depend on the preferences of men (here the prefe-
rences are strict, so item (2) of definition of o does not apply)®. When preferences are strict,
we will see that the linear program LPS computes the unique men-optimal stable matching.
The following corollary characterizes the men-optimal stable matching for the marriage market
with strict preferences as the unique solution of a linear program.

82. Qmw = Qo When wlpw'.
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Corollary 1 Let (M, W, P) be a marriage market with strict preferences. The unique solution
for LPS is the incidence vector of upr. That is,

’ o 175,73
max Z Q4 jTi5 = Z Q45T 5 -
(i,j)€A (i,j)€EA

Proof. The proof that x#™ is the solution of LPS is a particular case of Theorem 3.

Now we will prove that x#* is a unique solution. To this end, assume that z#* is not the
unique optimal solution, that is, assume that z is also an optimal solution. Then, there is a
extreme point of the convex polytope (1)—(5) such that Z is the incidence vector of a stable
matching different from pj,. Denote by o# = x. Since p # pr, by the optimality of s, we
have gy Py By Proposition 1,

122.%8 H
Do it > Y e
(i,5)€A (i,5)eA

That is, z* is not an optimal solution of LPS. This proves that x#» is the unique solution of
LPS.
O

For a marriage market with strict preferences (M, W, P), the men-optimal stable matching is
always unique, unlike the marriage market with indifferences (M, W, R); so, the solution of the
LPS does not depend on the selection of the weights. If we define 3; ; as the weight associated

to the preferences of women, the linear program that maximizes >  f;,;x;; computes the
(i,5)€A

incidence vector of py,. From the optimality results obtained by Gale and Shapley [8] and

Knuth [12], par (uw) is the preferred stable matching for men (women) and also the less

preferred stable matching for women (men). In this way, the linear programs with the objective

functions “min Y. oy x;;.°nd “min  Y° [ jz; jcompute the incidence vector of py and iy,
(i,5)€A (i.5)eA
respectively. Notice that this does not happen when we allow for indifferences in preferences.

See Example 5 in the Appendix.
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Appendix

The following example shows how the selection of weights influence the optimal solution
reached.

Example 4 Let M = {my,ms}, W = {wq, wq, w3, ws} and the preference profile R:

R, ¢ [wy,ws] , ws, wy. Ry, [my,ma].
R, : wy, w3, wo. Ry, : ma.

Ry, : ma.

Ry, :my

S (R) = {1, p2} is given by

1 000 00 1
H o pe _
! <0010>x <10 0)'
Both matchings are men-optimal.
Consider two different selections of weights:

(3321 L (3 3 21
““\3120) %% 13 1020 0)"

If we compute the I PS, the solution will be a men-optimal stable matching for any selection
of weights. Despite this, the solution of IPS with the weights o ; will be the stable matching
p1. Meanwhile, the solution of IPS* with the weights o ; will be the stable matching jiz. So,
the solution depends on the selection of the weights.

0
0

The following example shows that for a marriage market with indifferences, if we change
the linear program from a maximization problem to a minimization problem, the new linear
program does not compute one of the women-optimal stable matchings.

Example 5 Let M = {mq,mg,ms}, W = {wy,wy, w3} and the preference profile R be such

that
le = [w1>w2] , W3- Rw1 = mq, Mg, M3,
RmQ = [wlan] , W3- ng = [m17m27m3] .
Rm3 = Wi, W2, W3. Rw3 = mi, Mo, Ms3.
S(R) = {pa, pta, pi3} is given by

1 00 010 1 00

=101 0|, 2" = 10 0], 2" = 0 0 1
0 0 1 0 0 1 010

Notice that ps is the unique women-optimal stable matching.
Consider the selection of weights:

2 21
a=| 2 2 1
30 20 1
If we compute the IPS, (minimization)
I1PS min Z QG 55 4

(i,5)€A
st: xeC* xe{01}.

The solutions of IPS are the stable matchings py and sy, which are not woman-optimal.
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