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h?27i BM 2[mBHB#`BmK»

*�bBH/� G�bbQ /2 H� o2;�

lMBp2`bBiv Q7 i?2 "�b[m2 *QmMi`v

Pb+�` oQHBD

"2M :m`BQM lMBp2`bBiv

62/2`B+Q q2BMb+?2H#�mK

lMBp2`bB/�/ hQ`+m�iQ .B h2HH� �M/ *PLA*1h

CmHv 3- kyky

�#bi`�+i

q2 BM+Q`TQ`�i2 i?27i BM � T�`iB�H 2[mBHB#`BmK KQ/2HX h?Bb KQ/2H �HHQrb mb iQ T2`@

7Q`K TQbBiBp2 �M/ MQ`K�iBp2 �M�HvbBb mbBM; i`�/BiBQM�H J�`b?�HHB�M iQQHb- �b r2HH �b iQ

Q#i�BM `2bmHib i?�i /Q MQi ?BM;2 QM bT2+B}+ T�`�K2i`B+ bT2+B}+�iBQMbX q2 �M�Hvx2 i?2

KQ/2HǶb BKTHB+�iBQMb mM/2` irQ b+2M�`BQb- QM2 BM r?B+? �HH 7�+iQ`b Q7 T`Q/m+iBQM �`2

bm#D2+i iQ i?27i- �M/ �MQi?2` BM r?B+? QMHv }M�H ;QQ/b �`2 bi2�H�#H2X

C1G *H�bbB}+�iBQM MmK#2`b, .dk- .d9- >kj- E9kX

»1K�BH �//`2bb2b, +�bBH/�XH�bbQ/2H�p2;�!2?mX2bc QpQHBD!#;mX�+XBHc 7r2BMb+?2H#�mK!mi/iX2/mX h?Bb `2@
b2�`+? r�b bmTTQ`i2/ #v i?2 Ab`�2H a+B2M+2 6QmM/�iBQM U`2b2�`+? ;`�Mi NekfRNVX G�bbQ /2 H� o2;� �M/ oQHBD
�HbQ i?�MF i?2 aT�MBb? JBMBbi2`BQ /2 1+QMQKő� v *QKT2iBiBpB/�/ UT`QD2+i SA.kyRN@Ryd8jN:"@AyyV �M/ i?2
:Q#B2`MQ o�b+Q UT`QD2+i AhRjed@RNV 7Q` `2b2�`+? bmTTQ`iX

R



R AMi`Q/m+iBQM

1�`Hv 2+QMQKB+ i?BMF2`b r2`2 r2HH �r�`2 Q7 i?2 T`2p�H2M+2 Q7 +`BK2- i?27i BM T�`iB+mH�`- BM bQ@
+B2ivX 6Q` BMbi�M+2- S�`2iQ URNdRV mM2[mBpQ+�HHv bi�i2b i?�i ǳi?2 2zQ`ib Q7 K2M �`2 miBHBx2/ BM
irQ /Bz2`2Mi r�vb, i?2v �`2 /B`2+i2/ iQ i?2 T`Q/m+iBQM Q` i`�Mb7Q`K�iBQM Q7 2+QMQKB+ ;QQ/b-
Q` 2Hb2 iQ i?2 �TT`QT`B�iBQM Q7 ;QQ/b T`Q/m+2/ #v Qi?2`bXǴ GBF2rBb2- CX aX JBHH UR393V r`Bi2b
ǳBi Bb H�K2Mi�#H2 iQ i?BMF ?Qr � ;`2�i T`QTQ`iBQM Q7 �HH 2zQ`ib �M/ i�H2Mib BM i?2 rQ`H/ �`2
2KTHQv2/ BM K2`2Hv M2mi`�HBxBM; QM2 �MQi?2`Ǵ �M/ +H�BKb i?�i i?2 `QH2 Q7 ;Qp2`MK2Mi Bb ǳiQ
`2/m+2 i?Bb r`2i+?2/ r�bi2 iQ i?2 bK�HH2bi �KQmMiǴX >Qr2p2`- T2`?�Tb 2t+2Ti 7Q` i�t�iBQM-
�Mv �TT`QT`B�iBQM �+iBpBiv Bb �#b2Mi 7`QK i?2 `2�HK Q7 i?2 q�H`�bB�M KQ/2H- r?B+? Bb i?2
+2Mi`�H KQ/2H BM 2+QMQKB+bX PMHv �i i?2 2M/ Q7 i?2 RNeyǶb- /B/ 2+QMQKBbib #2;BM iQ 7Q`K�HHv
�M�Hvx2 i?2 bm#D2+i Q7 +`BK2- i?2 b2KBM�H `272`2M+2 #2BM; "2+F2` URNe3VX h?2 }`bi KQ/2Hb
7Q+mb2/ QM i?2 /2+BbBQM@K�FBM; T`Q+2bb Q7 � `�iBQM�H TQi2MiB�H +`BKBM�H- �M/ �Hi?Qm;? i?2
�;;`2;�i2 #2?�pBQ` Q7 2+QMQKB+ �;2Mib Bb K�/2 Kmim�HHv +QMbBbi2Mi i?`Qm;? i?2 �/DmbiK2Mi
Q7 i?2 `2H2p�Mi 2M/Q;2MQmb p�`B�#H2b- i?2v /Q MQi T2`72+iHv }i i?2 bi�M/�`/ q�H`�bB�M KQ/2H-
Ub22 1?`HB+? URNNeV 7Q` �M Qp2`pB2rVX h?2`2 Bb � `2H�i2/ bi`�M/ Q7 HBi2`�im`2 i?�i /2�Hb rBi?
+QM~B+i- r?Qb2 b2KBM�H B/2�b +�M #2 i`�+2/ #�+F iQ >��p2HKQ URN89V �M/ >B`b?H2B72` URN33VX
h?Bb HBi2`�im`2 �/QTib � ;�K2 i?2Q`2iB+ �TT`Q�+? iQ +QM~B+i �M/ �TT`QT`B�iBQM �M/ Bb `2H�i2/
iQ i?2 p�bi HBi2`�im`2 QM +QMi2bibXR �M 2�`Hv ;2M2`�H 2[mBHB#`BmK KQ/2H i?�i BM+Q`TQ`�i2b
�TT`QT`B�iBQM Bb :`QbbK�M URNN9VXk h?2 T�T2` i?�i #2bi }ib i?2 q�H`�bB�M KQ/2H Bb .�H "Ʀ
�M/ .�H "Ʀ UkyRRVX Ai BMi`Q/m+2b �TT`QT`B�iBQM �+iBpBiB2b BM i?2 +2H2#`�i2/ ktk T`Q/m+iBQM
KQ/2H �M/ �M�Hvx2b- �KQM; Qi?2` i?BM;b- i?2 2z2+i Q7 +?�M;2b BM i?2 2tQ;2MQmb QmiTmi T`B+2b
�M/ BM i?2 7�+iQ` 2M/QrK2Mib QM i?2 H2p2H Q7 +`BK2X h?2 �mi?Q`b �HbQ BMp2biB;�i2 i?2 2z2+i
Q7 i�t- bm#bB/B2b- �M/ i`�/2 TQHB+B2b QM +`BK2X

S`QT2`iv i?27i Bb � T2`p�bBp2 T?2MQK2MQM BM �HH bQ+B2iB2bX AM i?2 la- iQ K2MiBQM QM2-

RLQi�#H2 2t�KTH2b BM+Hm/2 aF�T2`/�b URNNkV �M/ :�`}MF2H URNNyVX 6Q` � p2`v i?Q`Qm;? Qp2`pB2r- b22
:�`}MF2H �M/ aF�T2`/�b UkyydVX

kPi?2` KQ/2Hb i?�i �HHQr 7Q` �TT`QT`B�iBQM �+iBpBiB2b �`2 "m`/2ii- G�;Qb- �M/ q`B;?i Ukyyj- kyy9V- ŞK@
`Q?Q`QĴHm- J2`HQ- �M/ _mT2`i UkyyyV- :QMx�H2x UkyydV- :�HB�MB- *`mx- �M/ hQ``2Mb UkyR3V �M/ :�HB�MB-
C�BiK�M- �M/ q2BMb+?2H#�mK UkykyVX

k



i?2 6"A 2biBK�i2b i?�i T`QT2`iv +`BK2 BM kyR3 `2bmHi2/ BM HQbb2b Q7 0ReX9 #BHHBQMX �Hi?Qm;?
i?2`2 Bb � p�bi i?2Q`2iB+�H HBi2`�im`2 i?�i �M�Hvx2b +`BK2- i?2`2 �`2 p2`v 72r T�T2`b i?�i /Q
bQ rBi?BM � 7mHH q�H`�bB�M KQ/2HX h?2 Tm`TQb2 Q7 i?Bb T�T2` Bb iQ mM+Qp2` i?2 BKTHB+�iBQMb Q7
i?Bb KQ/2H QM+2 Bi Bb �K2M/2/ iQ �HHQr i?2 TQbbB#BHBiv Q7 i?27iX AM Q`/2` iQ �++QKTHBb? i?Bb-
r2 BMi`Q/m+2 i?27i BMiQ i?2 bi�M/�`/ T�`iB�H 2[mBHB#`BmK KQ/2H- r?B+? Bb T2`?�Tb i?2 K�BM
iQQH BM 2+QMQKB+b 7Q` /2bB;MBM; r2HH@7QmM/2/ i?2Q`B2b �M/ 7Q` Q#i�BMBM; i2bi�#H2 BKTHB+�iBQMbX
AM i?2 rQ`/b Q7 6`B2/K�M URN88V- Bi Bb � TQr2`7mH ǳ2M;BM2 7Q` �M�HvxBM; +QM+`2i2 T`Q#H2KbXǴ
6m`i?2`KQ`2- i?Bb KQ/2H 2M�#H2b mb iQ T2`7Q`K TQbBiBp2 �M/ MQ`K�iBp2 �M�HvbBb mbBM; i`�@
/BiBQM�H J�`b?�HHB�M iQQHb �M/ iQ Q#i�BM `2bmHib i?�i /Q MQi ?BM;2 QM bT2+B}+ T�`�K2i`B+
bT2+B}+�iBQMbX AM i?Bb T�T2`- r2 �HHQr �;2Mib iQ /2pQi2 iBK2 iQ i?27i- i?2 `2im`Mb Q7 r?B+?
/2T2M/ QM i?2 2+QMQKv@rB/2 +`BK2 H2p2H �M/ QM i?2 r2�Hi? i?�i Bb bm#D2+i iQ i?27iX 6`QK
i?2 BM/BpB/m�H i?B27Ƕb TQBMi Q7 pB2r- ?2 +�MMQi �z2+i i?2 H2p2H Q7 +`BK2 �M/ i?2 r2�Hi? bm#D2+i
iQ i?27i Bb � +QKKQM `2bQm`+2X q2 �HbQ �HHQr 7Q` i?2 TQbbB#BHBiv Q7 TQHB+2 T`Qi2+iBQM- r?B+?
+�M #2 2Bi?2` Tm#HB+ Q` T`Bp�i2X q2 bim/v i?2 2tBbi2M+2 �M/ mMB[m2M2bb Q7 i?2 +QKT2iBiBp2
2[mBHB#`BmK- �M/ �M�Hvx2 i?2 M�im`2 Q7 Bib BM2{+B2M+vX

Ai im`Mb Qmi i?�i i?2 `2bmHib /2T2M/ QM i?2 r2�Hi? i?�i Bb bm#D2+i iQ i?27iX A7 i?2 bi2�H�#H2
r2�Hi? +QMbBbib Q7 i?2 BM/BpB/m�HbǶ BMBiB�H 7�+iQ` 2M/QrK2Mib- i?2M � +QKT2iBiBp2 2[mBHB#`BmK
2tBbib �M/ Bb mMB[m2X �b 2tT2+i2/- i?2 2[mBHB#BmK �HHQ+�iBQM Bb MQi 2{+B2Mi �M/ � S�`2iQ
BKT`Qp2K2Mi +�M #2 �+?B2p2/ #v K2�Mb Q7 �M BM+`2�b2 BM QmiTmiX �HbQ- i?2 T`QpBbBQM Q7
Tm#HB+ TQHB+2 `2/m+2b i?2 H2p2H Q7 +`BK2X A7 r2 �HHQr 7Q` T`Bp�i2 TQHB+2 T`Qi2+iBQM r2 Q#i�BM
i?�i �Hi?Qm;? i?2 +QKT2iBiBp2 2[mBHB#`BmK Bb BM2{+B2Mi- +QM/BiBQM�H QM i?2 H2p2H Q7 i?27i BM
i?2 2+QMQKv- i?2 �HHQ+�iBQM Q7 TQHB+2 T`Qi2+iBQM Bb QTiBK�HX

q?2M i?2 r2�Hi? bm#D2+i iQ i?27i Bb i?2 ;`Qbb /QK2biB+ T`Q/m+i- ?Qr2p2`- M�K2Hv- r?2M
QMHv T`Q/m+2/ ;QQ/b +�M #2 biQH2M- KQbi Q7 i?2 �#Qp2 `2bmHib MQ HQM;2` ?QH/X AM T�`iB+mH�`-
� +QKT2iBiBp2 2[mBHB#`BmK K�v MQi 2tBbi- �M/ i?�i r?2M Bi /Q2b- Bi K�v MQi #2 mMB[m2X
1[mBHB#`BmK �HHQ+�iBQMb �`2 ;2M2`�HHv BM2{+B2Mi #mi BM+2MiBp2b iQ QmiTmi T`Q/m+iBQM �`2 MQi
M2+2bb�`BHv S�`2iQ BKT`QpBM;X �HbQ- BM+`2�b2b BM TQHB+2 T`Qi2+iBQM K�v H2�/ iQ �M BM+`2�b2
BM +`BK2X 6BM�HHv- mMH2bb i?2 T`Q/m+iBQM i2+?MQHQ;v Bb HBM2�`- 2[mBHB#`BmK T`Bp�i2 TQHB+2
T`Qi2+iBQM Bb MQ HQM;2` QTiBK�H +QM/BiBQM�H QM i?2 2[mBHB#`BmK H2p2H Q7 i?27iX

j



q2 �HbQ BMp2biB;�i2- rBi?BM i?2 b+2M�`BQ BM r?B+? �HH 7�+iQ` 2M/QrK2Mib �`2 bm#D2+i iQ
i?27i- i?2 TQbbB#BHBiv Q7 2[mBHB#`B� BM r?B+? irQ Q` KQ`2 `2;BQMb +Q2tBbi rBi? /Bz2`2Mi H2p2Hb Q7
+`BK2 �M/ TQHB+2 T`Qi2+iBQM- �M/ BM r?B+? i?2 i�t `�i2b �`2 /2i2`KBM2/ #v K�DQ`Biv pQiBM;X
AM T�`iB+mH�`- r2 b?Qr i?�i r?2M i�t `�i2b �`2 +QMbi`�BM2/ iQ #2 T`QTQ`iBQM�H- `2;BQMb pQi2
iQ bmTTHv i?2 QTiBK�H H2p2H Q7 TQHB+2 T`Qi2+iBQM �M/ i?2 2+QMQKv Bb ivTB+�HHv MQi b2;`2;�i2/
#v BM+QK2X

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX a2+iBQM k BMi`Q/m+2b i?2 #�bB+ /2}MBiBQMb Q7 �M 2+QMQKv
rBi? i?27iX a2+iBQM j /2p2HQTb i?2 KQ/2H BM r?B+? i?2 r?QH2 BMBiB�H 2M/QrK2Mi Bb bm#D2+i iQ
i?27iX a2+iBQM 9 +QMbB/2`b i?2 +�b2 r?2`2 i?2 bi2�H�#H2 r2�Hi? +QMbBbib Q7 T`Q/m+2/ ;QQ/bX
a2+iBQM 8 +QM+Hm/2bX

k h?2 KQ/2H

h?2 T`BKBiBp2b Q7 i?2 KQ/2H �`2 i?2 7QHHQrBM;X h?2`2 Bb � }`K i?�i i`�Mb7Q`Kb H�#Q` BMiQ �
+QMbmKTiBQM ;QQ/- r?B+? rBHH #2 ?2M+27Q`i? `272``2/ iQ �b T2�Mmib- �++Q`/BM; iQ i?2 i2+?@
MQHQ;v T = {(−Z,Q) : 0 ≤ c(Q) ≤ Z} , r?2`2 c : R+ → R+ Bb i?2 +Qbi 7mM+iBQM- r?B+? Bb
�bbmK2/ iQ #2 +QMp2tX h?2`2 Bb � +QMiBMmmK Q7 �;2Mib I = [0, 1]X 1�+? �;2Mi i ∈ I Bb +?�`@
�+i2`Bx2/ #v � [m�bBHBM2�` miBHBiv 7mM+iBQM ui(xi,mi) = φi(xi) +mi- �M BMBiB�H 2M/QrK2Mi Q7
H�#Q` ωi- �M/ � b?�`2 θi Q7 i?2 }`KǶb T`Q}ibX 6Q` bBKTHB+Biv- r2 �bbmK2 i?�i i?2 +QMbmKTiBQM
b2i Bb A_+ × A_- M�K2Hv BM/BpB/m�Hb +�M +QMbmK2 M2;�iBp2 �KQmMib Q7 H2Bbm`2X 6m`i?2`- r2
�bbmK2 i?�i φi Bb bi`B+iHv BM+`2�bBM;- +QM+�p2- �M/ i?�i limx→∞ φ′

i(x) = 0X
AM/BpB/m�Hb- �T�`i 7`QK +QMbmKBM; T2�Mmib �M/ H2Bbm`2- /2pQi2 bQK2 iBK2 iQ i?27i �M/

K�v Q#i�BM bQK2 TQHB+2 T`Qi2+iBQM- r?B+? Bb K2�bm`2/ BM mMBib Q7 iBK2X � #mM/H2 7Q` BM/B@
pB/m�H i Bb i?mb � 7Qm`@imTH2 (xi,mi, yi, ti) ∈ A_+ × A_ × A_+ × A_+ r?Qb2 +QKTQM2Mib �`2 i?2
�KQmMib Q7 T2�Mmib- H2Bbm`2- iBK2 /2pQi2/ iQ i?27i- �M/ TQHB+2 T`Qi2+iBQMX

6Q` �Mv `2�H 7mM+iBQM f /2}M2/ QM [0, 1]- r2 rBHH bQK2iBK2b r`Bi2
∫
f 7Q`

∫ 1

0 fi diX �;@
;`2;�i2 UQ` T2` +�TBi�V p�Hm2b �`2 /2MQi2/ #v +�TBi�H H2ii2`bX AM T�`iB+mH�`- i?2 T2` +�TBi�
�KQmMi Q7 `2bQm`+2b BM i?2 2+QMQKv Bb Ω =

∫
ω- i?2 T2` +�TBi� +QMbmKTiBQM Q7 H2Bbm`2 Bb

M =
∫
m- i?2 +`BK2 H2p2H Bb Y =

∫
y- �M/ i?2 �p2`�;2 TQHB+2 T`Qi2+iBQM Bb T =

∫
tX q2

9



�bbmK2 i?�i i?2 �;2Mib BM [0, 1] �`2 i?2 bQH2 QrM2`b Q7 i?2 }`K,
∫
θ = 1X

A7 BM/BpB/m�H i /2pQi2b yi mMBib Q7 iBK2 iQ i?27i ?2 ;2ib � b?�`2 yi/Y Q7 i?2 #QQivX SQHB+2
T`Qi2+iBQM K�v #2 Tm#HB+ Q` T`Bp�i2- #2BM; Tm#HB+ r?2M ti Bb /2+B/2/ #v i?2 ;Qp2`MK2Mi
�M/ T`Bp�i2 r?2M Bi Bb /2+B/2/ #v �;2Mi iX q?2M TQHB+2 T`Qi2+iBQM Bb Tm#HB+- Bi Bb mbm�HHv
�HHQ+�i2/ mMB7Q`KHv �+`Qbb BM/BpB/m�HbX >Qr2p2`- Tm#HB+ TQHB+2 T`Qi2+iBQM K�v p2`v r2HH #2
/Bb+`BKBM�iQ`vX q?2M Tm#HB+- TQHB+2 T`Qi2+iBQM Bb }M�M+2/ #v K2�Mb Q7 +QKTmHbQ`v i�t�iBQMX
q?2M T`Bp�i2- Bi Bb Tm`+?�b2/ pQHmMi�`BHv #v i?2 +QMbmK2`b i?2Kb2Hp2bX

�b BM .�H "Ʀ �M/ .�H "Ʀ UkyRRV- i?2`2 Bb �M �TT`QT`B�iBQM i2+?MQHQ;v /2b+`B#2/ #v
A : R2

+ → [0, 1]X h?2 p�Hm2 A(Y, ti) Bb i?2 T`QTQ`iBQM Q7 BM/BpB/m�H iǶb bi2�H�#H2 BM+QK2
i?�i ;2ib biQH2M r?2M i?2 +`BK2 H2p2H Bb Y �M/ 2MDQvb ti mMBib Q7 TQHB+2 T`Qi2+iBQMX q2 +�HH
A(Y, ti) i?2 2t+Bb2 `�i2 �bbQ+B�i2/ rBi? Y �M/ tiX q2 �bbmK2 i?�i A(0, ti) = 0- i?�i A Bb
BM+`2�bBM; �M/ bi`B+iHv +QM+�p2 BM Bib }`bi �`;mK2Mi- /2+`2�bBM; �M/ bi`B+iHv +QMp2t BM Bib
b2+QM/ �`;mK2Mi- �M/ i?�i A12 < 0- M�K2Hv i?2 K�`;BM�H 2t+Bb2 `�i2 Q7 +`BK2 Bb /2+`2�bBM;
BM TQHB+2 T`Qi2+iBQMXj h?2b2 �bbmKTiBQMb BKTHv i?�i

A1(Y, ti) <
A(Y, ti)

Y

�M/ i?�i limY→0 A(Y, ti)/Y = A1(0, ti)X L�K2Hv- i?2 K�`;BM�H 2t+Bb2 `�i2 Bb HQr2` i?�M
i?2 �p2`�;2 2t+Bb2 `�i2X q2 /2MQi2 #v a(Y, ti) i?2 �p2`�;2 2t+Bb2 `�i2- rBi? i?2 2ti2MbBQM
a(0, ti) = A1(0, ti)X Ai Bb i?2 T`QTQ`iBQM Q7 r2�Hi? biQH2M T2` mMBi Q7 iBK2 /2pQi2/ iQ i?27iX Ai
7QHHQrb 7`QK Qm` �bbmKTiBQMb i?�i a(Y, ti) Bb /2+`2�bBM; BM #Qi? Bib �`;mK2Mib- �M/ +QMp2t
BM Bib b2+QM/ �`;mK2MiX q2 bmKK�`Bx2 i?2 /�i� Q7 i?2 2+QMQKv #v E = 〈(φ,ω, θ), c, A〉X

q2 /2MQi2 i?2 b2i Q7 #mM/H2b #v X X � 72�bB#H2 �HHQ+�iBQM +QMbBbib Q7 � T`Q/m+iBQM TH�M
(−Z,Q) ∈ T �M/ � 7mM+iBQM (x,m, y, t) : [0, 1] → X i?�i �bbB;Mb � #mM/H2 iQ 2�+? �;2Mi-
bm+? i?�i

RX
∫
x = Q-

kX
∫
m+ Z +

∫
y +

∫
t = ΩX

jq2 /2MQi2 #v A1 �M/ A2 i?2 T�`iB�H /2`Bp�iBp2b Q7 A rBi? `2bT2+i iQ Bib }`bi �M/ b2+QM/ �`;mK2MibX
�HbQ Ak!- 7Q` k, ! = 1, 2- bi�M/ 7Q` i?2 +Q``2bTQM/BM; b2+QM/ /2`Bp�iBp2bX

8



� 72�bB#H2 �HHQ+�iBQM Bb 2{+B2Mi B7 i?2`2 Bb MQ �Hi2`M�iBp2 72�bB#H2 �HHQ+�iBQM i?�i +�M
K�F2 �HH �;2Mib #2ii2` QzX :Bp2M Qm` �bbmKTiBQMb QM i?2 BM/BpB/m�HbǶ +QMbmKTiBQM b2i �M/
T`272`2M+2b- �M �HHQ+�iBQM Bb 2{+B2Mi B7 Bi K�tBKBx2b- �KQM; i?2 72�bB#H2 �HHQ+�iBQMb- i?2 bQ+B�H
r2H7�`2- M�K2Hv- i?2 �p2`�;2 miBHBiv- W (x,m) =

∫ 1

0 ui(xi,mi) di- Q7 i?2 BM/BpB/m�HbX
AM i?2 M2ti irQ b2+iBQMb r2 BMi`Q/m+2 �M/ �M�Hvx2 i?2 +QKT2iBiBp2 2[mBHB#`BmK 7Q` �M

2+QMQKv rBi? i?27iX h?2v /Bz2` BM ?Qr i?2 r2�Hi? bm#D2+i iQ i?27i Bb /2}M2/X AM a2+iBQM j-
i?2 bi2�H�#H2 r2�Hi? +QMbBbib Q7 i?2 r?QH2 7�+iQ` 2M/QrK2MiX AM a2+iBQM 9- BM +QMi`�bi-
QMHv 2�`M2/ BM+QK2 +�M #2 biQH2MX h?�i Bb- iBK2 /2pQi2/ iQ H2Bbm`2 +�MMQi #2 �HB2M�i2/X
aT2+B}+�HHv- ;Bp2M � T`B+2 Q7 T2�Mmib p- i?2 }`KǶb T`Q}ib �`2 Π = pQ−Z- �M/ BM/BpB/m�H iǶb
b?�`2 BM i?2b2 T`Q}ib Bb πi = θiΠX q?2M �HH r2�Hi? Bb bm#D2+i iQ i?27i- BM/BpB/m�H iǶb bi2�H�#H2
r2�Hi? Bb (ωi + πi) �M/ i?2 �;;`2;�i2 bi2�H�#H2 r2�Hi? Bb (Ω+Π)X q?2M- �Hi2`M�iBp2Hv- QMHv
2�`M2/ BM+QK2 Bb bm#D2+i iQ i?27i BM/BpB/m�H iǶb bi2�H�#H2 r2�Hi? Bb (ωi + πi − mi) �M/ i?2
�;;`2;�i2 bi2�H�#H2 r2�Hi? Bb (Ω+ Π−M)X

j �HH r2�Hi? +�M #2 biQH2M

AM i?Bb b2+iBQM- r2 �bbmK2 i?�i �HH r2�Hi? +�M #2 biQH2MX q2 }`bi `2bi`B+i �ii2MiBQM iQ
i?2 +�b2 r?2`2 i?2`2 Bb MQ TQHB+2 T`Qi2+iBQMX hQ bBKTHB7v MQi�iBQM- r2 rBHH ?2M+27Q`i? H2i
A(Y ) = A(Y, 0)- a(Y ) = a(Y, 0)- 2i+X

jXR *QKT2iBiBp2 2[mBHB#`BmK

q?2M �HH r2�Hi? +�M #2 biQH2M- BM/BpB/m�H iǶb #m/;2i b2i Bb ;Bp2M #v

{(xi, yi,mi) : pxi +mi + yi ≤ (1− A(Y ))(ωi + πi) + yia(Y )(Ω+ Π)}

>Bb /BbTQb�#H2 BM+QK2 +QMbBbib Q7 i?2 7`�+iBQM Q7 ?Bb r2�Hi? i?�i ?�b MQi #22M biQH2M �M/ i?2
T`Q+22/b Q7 ?Bb �TT`QT`B�iBQM �+iBpBiB2bX LQi2 i?�i i?2 +QMbmK2` i�F2b MQi QMHv i?2 T`B+2 p

Q7 T2�Mmib �b ;Bp2M- #mi i?2 +`BK2 H2p2H Y �M/ i?2 `2im`Mb iQ +`BK2 a(Y )(Ω+ Π) �b r2HHX

h?2 +QM+2Ti Q7 +QKT2iBiBp2 2[mBHB#`BmK Bb i?2 mbm�H QM2X

e



.2}MBiBQM R � +QKT2iBiBp2 2[mBHB#`BmK +QMbBbib Q7 � 72�bB#H2 �HHQ+�iBQM 〈(x∗, y∗,m∗), (−Z∗, Q∗)〉

�M/ � T`B+2 p- bm+? i?�i

RX (−Z∗, Q∗) ∈ T K�tBKBx2 T`Q}ib ;Bp2M pX

kX 6Q` 2�+? i ∈ [0, 1]- (x∗
i , y

∗
i ,m

∗
i ) K�tBKBx2b iǶb miBHBiv ;Bp2M ?Bb #m/;2iX

*?�`�+i2`Bx�iBQM Q7 i?2 2[mBHB#`BmKX 6Q` bBKTHB+Biv- �M/ bBM+2 r2 r�Mi iQ 7Q+mb
QM i?27i- r2 MQr +?�`�+i2`Bx2 i?2 +QKT2iBiBp2 �HHQ+�iBQMb i?�i �bbB;M BMi2`BQ` +QMbmKTiBQM
#mM/H2bX �bbmK2 i?�i 〈(x∗, y∗,m∗), (−Z∗, Q∗)〉 �M/ p +QMbiBimi2 bm+? � +QKT2iBiBp2 2[mB@
HB#`BmKX h?2M (−Z∗, Q∗) Kmbi b�iBb7v i?2 M2+2bb�`v U�M/ bm{+B2MiV +QM/BiBQMb 7Q` T`Q}i
K�tBKBx�iBQM,

p = c′(Q) �M/ Z = c(Q).

�HbQ- 7Q` �HH i ∈ [0, 1]- (x∗
i , y

∗
i ,m

∗
i ) Kmbi b�iBb7v i?2 }`bi Q`/2` +QM/BiBQMb 7Q` miBHBiv K�tB@

KBx�iBQM,

φ′
i(x) = p i ∈ [0, 1]

1 ≥ a(Y )(Ω+ Π) rBi? 2[m�HBiv B7 Y > 0 URV

px+ y +m = (1− A(Y ))(ω + π) + ya(Y )(Ω+ Π)

6BM�HHv- i?2 �HHQ+�iBQM Kmbi #2 72�bB#H2,
∫

x = Q

M + Z + Y = Ω

*QM/BiBQM URV Bb � x2`Q@T`Q}i +QM/BiBQM 7Q` �TT`QT`B�iBQM �+iBpBiB2bX Ai b�vb i?�i BM 2[mB@
HB#`BmK- B7 i?2`2 Bb i?27i- BM/BpB/m�Hb �`2 BM/Bz2`2Mi #2ir22M �HHQ+�iBM; �M �//BiBQM�H mMBi Q7
iBK2 iQ H2Bbm`2 Q` iQ bi2�HBM;X P#b2`p2 i?�i +QM/BiBQM URV BKTHB2b i?�i

Y ∗ = A(Y ∗)(Ω+ Π∗).

AM Qi?2` rQ`/b- BM 2[mBHB#`BmK i?2 iBK2 bT2Mi bi2�HBM; 2[m�Hb i?2 p�Hm2 Q7 i?2 biQH2M ;QQ/bX
6Q` i?�i `2�bQM- Bi Bb DmbiB}2/ iQ +�HH Y ∗ i?2 H2p2H Q7 i?27i Q` Q7 UT`QT2`ivV +`BK2X

d



Ai Bb `QmiBM2 iQ +?2+F i?�i BM Q`/2` iQ }M/ �M 2[mBHB#`BmK- Bi Bb 2MQm;? iQ bQHp2

p = c′(Q) UkV

φ′
i(x) = p i ∈ [0, 1] UjV
∫

x = Q U9V

1 ≥ a(Y )(Ω+ Π) rBi? 2[m�HBiv B7 Y > 0 U8V

h?2 2[mBHB#`BmK T`Q/m+iBQM TH�M �M/ T`B+2 �`2 /2i2`KBM2/ #v +QM/BiBQMb UkĜ9V �M/ i?2`2@
7Q`2- ;Bp2M Qm` �bbmKTiBQMb �#Qmi T`272`2M+2b �M/ i2+?MQHQ;v- �`2 mMB[m2X 6m`i?2`KQ`2- i?2v
�`2 BM/2T2M/2Mi Q7 i?2 �TT`QT`B�iBQM i2+?MQHQ;v �M/ �+iBpBivX *QMb2[m2MiHv- bQ Bb i?2 2[mB@
HB#`BmK H2p2H Q7 T`Q}ib Π∗X :Bp2M i?2 2[mBHB#`BmK �;;`2;�i2 r2�Hi?- (Ω+Π∗)- i?2 2[mBHB#`BmK
H2p2H Q7 i?27i Y ∗ Bb +?�`�+i2`Bx2/ #v 2[m�iBQM U8VX h?2`27Q`2- ;Bp2M i?�i a(Y ) Bb +QMiBMmQmb-
/2+`2�bBM;- �M/ +QMp2`;2b iQ y �b Y ;Q2b iQ BM}MBiv- �M �TTHB+�iBQM Q7 i?2 BMi2`K2/B�i2 p�Hm2
i?2Q`2K H2�/b iQ i?2 7QHHQrBM;X

P#b2`p�iBQM R � +QKT2iBiBp2 2[mBHB#`BmK 2tBbib �M/ Bb mMB[m2X A7 a(0) ≤ 1/(Ω + Π∗)- i?2
2[mBHB#`BmK H2p2H Q7 +`BK2 Bb yX A7 a(0) > 1/(Ω+Π∗) i?2 2[mBHB#`BmK H2p2H Q7 +`BK2 Bb TQbBiBp2X

h?2 2[mBHB#`BmK Bb HQ+�HHv bi�#H2 BM i?2 b2Mb2 i?�i bK�HH T2`im`#�iBQMb Q7 i?2 H2p2H Q7 i?27i
mMH2�b? 7Q`+2b i?�i `2im`M Bi iQ i?2 2[mBHB#`BmK H2p2HX AM/22/- B7 Y < Y ∗- i?2M bBM+2 a Bb
/2+`2�bBM;- i?2 `2im`Mb iQ i?27i �`2 ?B;?2` i?�M R- �M/ i?mb BM/m+2 �M BM+`2�b2 BM i?27iX
aBKBH�`Hv- B7 Y > Y ∗- i?2 `2im`Mb iQ i?27i �`2 HQr2` i?�M R- �M/ BM/m+2 � /2+`2�b2 BM i?27iX

q?2M TQbBiBp2- i?2 �KQmMi- Y ∗- Q7 +`BKBM�H �+iBpBiv Bb Tm`2 r�bi2 #2+�mb2 Bi /Q2b MQi
T`Q/m+2 �Mvi?BM;c Bi QMHv i`�Mb72`b `2bQm`+2b 7`QK pB+iBKb iQ i?B2p2bX JQ`2Qp2`- 2p2M 7`QK
i?2 pB2rTQBMi Q7 i?2 i?B2p2b i?2`2 Bb iQQ Km+? +`BKBM�H �+iBpBivX A7 i?2v r�Mi2/ iQ BM+`2�b2
A(Y )(Ω+Π∗)−Y - M�K2Hv i?2 #QQiv i?�i Bb BM 2t+2bb Q7 i?2 +`BKBM�H 2zQ`i- i?2v rQmH/ +?QQb2
� +`BK2 H2p2H HQr2` i?�M Y ∗X hQ b22 i?Bb- MQi2 i?�i bBM+2 a(Y ) Bb /2+`2�bBM; BM Y - #v U8V r2
?�p2 i?�i a(Y )(Ω + Π∗) > 1 7Q` �HH 0 < Y < Y ∗- r?B+? BKTHB2b i?�i A(Y )(Ω + Π∗) − Y >

0 = A(Y ∗)(Ω + Π∗) − Y ∗ 7Q` �HH 0 < Y < Y ∗X L�K2Hv �HH i?2 i?B2p2b- �M/ +QMb2[m2MiHv
2p2`v#Q/v- +QmH/ #2 K�/2 #2ii2` Qz #v bBKTHv `2/m+BM; i?2 H2p2H Q7 +`BK2X
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h?2 �#Qp2 /Bb+mbbBQM b?Qrb i?�i i?2`2 �`2 72�bB#H2 �HHQ+�iBQMb i?�i +�M K�F2 �HH BM/B@
pB/m�Hb #2ii2` QzX >Qr2p2`- i?2b2 �HHQ+�iBQMb K�v MQi #2 2M7Q`+2�#H2 #v � bQ+B�H TH�MM2`X
AM/22/- r?2`2�b � bQ+B�H TH�MM2` rQmH/ #2 �#H2 iQ +QMi`QH i?2 QmiTmi H2p2H- ?2 rQmH/ MQi #2
�#H2 iQ bBKmHi�M2QmbHv /B+i�i2 i?2 H2p2H Q7 +`BK2 bBM+2 i?2 H2p2H Q7 +`BK2 Bb /2i2`KBM2/ #v i?2
i?B2p2b i?2Kb2Hp2bX q2 rBHH MQr b?Qr- ?Qr2p2`- i?�i � bQ+B�H TH�MM2` +�M 2M7Q`+2 � 72�bB#H2
�HHQ+�iBQM i?�i K�F2b �HH �;2Mib #2ii2` QzX

A7 r2 HQQF +HQb2Hv �i 2[m�iBQM U8V r2 b22 i?�i �Mv TQHB+v i?�i `2/m+2b i?2 bi2�H�#H2 r2�Hi?-
rBHH �HbQ `2/m+2 i?2 H2p2H Q7 +`BK2X PM2 bm+? TQHB+v rQmH/ #2 iQ +QKK�M/ i?2 }`K iQ T`Q/m+2
� [m�MiBiv Q i?�i Bb H�`;2` i?�M i?2 2[mBHB#`BmK [m�MiBiv Q∗X

P#b2`p�iBQM k G2i 〈(x(Q),m(Q), y(Q)), (−Z(Q), Q)〉 #2 i?2 2[mBHB#`BmK �HHQ+�iBQM r?2M
i?2 }`K Bb +QKK�M/2/ iQ T`Q/m+2 Q- �M/ H2i p(Q) #2 i?2 2[mBHB#`BmK T`B+2 �M/ W (Q) =
∫
(φ(x(Q)) +m(Q)) #2 i?2 +Q``2bTQM/BM; bQ+B�H r2H7�`2X h?2M W ′(Q∗) > 0X L�K2Hv- bi�`i@

BM; 7`QK i?2 2[mBHB#`BmK H2p2H Q7 QmiTmi- � bHB;?i BM+`2�b2 BM T`Q/m+iBQM BM+`2�b2b bQ+B�H
r2H7�`2X

S`QQ7 , a22 �TT2M/BtX !

h?2 B/2� Q7 i?2 T`QQ7 Bb �b 7QHHQrbX ai�`iBM; 7`QK i?2 +QKT2iBiBp2 2[mBHB#`BmK- � bK�HH
BM+`2�b2 BM QmiTmi H2�/b iQ � /2+`2�b2 BM T`B+2 �M/ T`Q}ibX h?2 �//BiBQM�H QmiTmi H2�/b iQ �M
BM+`2�b2 BM i?2 bmK Q7 miBHBiB2b i?�i Bb +QKTH2i2Hv Qzb2i #v i?2 BM+`2�b2 BM +Qbi bBM+2 �i i?2
2[mBHB#`BmK K�`;BM�H miBHBiB2b �`2 2[m�H iQ K�`;BM�H +QbiX h?2`27Q`2- r?2i?2` Q` MQi bQ+B�H
r2H7�`2 BM+`2�b2b /2T2M/b QM r?2i?2` Q` MQi i?2 +`BK2 H2p2H ;Q2b /QrMX "v i?2 x2`Q@T`Q}i
+QM/BiBQM 7Q` �TT`QT`B�iBQM �+iBpBiB2b- +`BK2 rBHH ;Q /QrM B7 �M/ QMHv B7 r2�Hi? ;Q2b /QrM-
r?B+? Bi /Q2b /m2 iQ i?2 /2+`2�b2 BM T`Q}ibX q2 i?2`27Q`2 +QM+Hm/2 i?�i r2H7�`2 +�M #2
BM+`2�b2/ #v BM+`2�bBM; QmiTmiX

jXk Sm#HB+ TQHB+2

amTTQb2 MQr i?�i i?2 ;Qp2`MK2Mi H2pB2b � T2`bQM�HBx2/ i�t t̂i �M/ i?�i i?2 iQi�H i�t T =
∫
t̂

Bb �HHQ+�i2/ iQ +`BK2 T`2p2MiBQMX h?�i Bb- t̂i Bb i?2 iBK2 i?�i BM/BpB/m�H i +QMi`B#mi2b iQ i?2

N



Tm#HB+ TQHB+2 2zQ`i- �M/ T Bb i?2 T2` +�TBi� H2p2H Q7 Tm#HB+ TQHB+2 T`Qi2+iBQMX aBM+2 Tm#HB+
TQHB+2 Bb �bbmK2/ iQ #2 2MDQv2/ 2[m�HHv #v �HH BM/BpB/m�Hb- T Bb i?2 �+im�H iBK2 /2pQi2/ iQ
T`Qi2+iBM; BM/BpB/m�H iǶb r2�Hi?X

h?2 /2}MBiBQM Q7 � +QKT2iBiBp2 2[mBHB#`BmK Bb i?2 b�K2 �b #27Q`2- 2t+2Ti i?�i MQr i?2
#m/;2i Q7 BM/BpB/m�H i +QMbBbib Q7 �HH i?2 i`BTH2b (xi,mi, yi) i?�i b�iBb7v

pxi +mi + yi + t̂i ≤ (1− A(Y, T ))(ωi + πi) + yia(Y, T )(Ω+ Π)

h?2 2[mBHB#`BmK �HHQ+�iBQM Bb biBHH +?�`�+i2`Bx2/ #v 2[m�iBQMb UkĜ8V rBi? i?2 T`QpBbQ i?�i
a(Y ) Bb MQr `2TH�+2/ #v a(Y, T )X h?2 b�K2 �`;mK2Mi �b #27Q`2 b?Qrb i?�i i?2`2 Bb � mMB[m2
2[mBHB#`BmK- r?B+? rBHH 2t?B#Bi TQbBiBp2 H2p2Hb Q7 +`BK2 B7 a(0, T ) > 1/(Ω+Π∗)X AM i?Bb +�b2-
i?2 2[mBHB#`BmK H2p2H Q7 `2/Bbi`B#miBp2 �+iBpBiv Bb BKTHB+BiHv /2}M2/ #v

Y ∗(T ) = A(Y ∗(T ), T )(Ω+ Π∗)

"v i?2 BKTHB+Bi 7mM+iBQM i?2Q`2K-

Y ∗′(T ) =
(Ω+ Π∗)A2(Y ∗(T ), T )

1− (Ω+ Π∗)A1(Y ∗(T ), T )
. UeV

:Bp2M i?�i A2 < 0 �M/ i?�i (Ω + Π∗)A1(Y ∗(T ), T ) < (Ω + Π∗)A(Y ∗(T ), T )/Y ∗(T ) = 1- r2
Q#i�BM i?2 7QHHQrBM;X

P#b2`p�iBQM j q?2M TQbBiBp2- i?2 2[mBHB#`BmK H2p2H Q7 i?27i Y ∗(T ) Bb /2+`2�bBM; BM T X

h?2`2 Bb � p�bi HBi2`�im`2 i?�i �BKb iQ B/2MiB7v � +�mb�H 2z2+i Q7 TQHB+2 QM +`BK2X q?2M TQHB+2
T`Qi2+iBQM Bb K2�bm`2/ #v Qp2`�HH TQHB+2 K�MTQr2` U�b BKTHB+BiHv �bbmK2/ BM P#b2`p�iBQM jV
i?2 2pB/2M+2 Bb KBt2/X >Qr2p2`- r?2M +?�M;2b BM TQHB+2 T`Qi2+iBQM `2~2+i +?�M;2b BM TQHB+2
/2THQvK2Mib KQ`2 +QMpBM+BM; 2pB/2M+2 ?�b #22M 7QmM/ i?�i +`BK2 `2bTQM/b iQ TQHB+2X9

h?2 QTiBK�H i�t H2p2H Bb i?2 QM2 i?�i BM/m+2b �M 2[mBHB#`BmK rBi? i?2 K�tBKmK TQbbB#H2
bQ+B�H r2H7�`2X AM i?2 T`2b2Mi +QMi2ti- bBM+2 M2Bi?2` i?2 i�t MQ` i?2 H2p2H Q7 i?27i �z2+i

96Q` � MQM@2t?�mbiBp2 HBbi Q7 T�T2`b QM i?Bb Bbbm2- b22 J�`p2HH �M/ JQQ/v URNNeV- G2pBii URNNd- kyykV-
1p�Mb �M/ Pr2Mb UkyydV- .B h2HH� �M/ a+?�`;`Q/bFv Ukyy9V- EHB+F �M/ h�#�``QF Ukyy8V- �M/ .`�+�- J�+?BM-
�M/ qBii UkyRRVX

Ry



i?2 QmiTmi K�`F2i- i?2 QTiBK�H i�t Bb i?2 QM2 i?�i KBMBKBx2b Y ∗(T ) + T X aBM+2 i?�i 7Q` �HH
T > Y ∗(0)- r2 ?�p2 i?�i Y ∗(T )+T > Y ∗(0)- �M/ bBM+2 Y ∗(T )+T Bb +QMiBMmQmb- Bi �ii�BMb Bib
KBMBKmK BM [0, Y ∗(0)]X h?2`27Q`2- i?2 QTiBK�H i�t Bb r2HH /2}M2/ �M/ b�iBb}2b Y ∗′(T ) ≥ −1-
rBi? 2[m�HBiv B7 T > 0X JQ`2 bT2+B}+�HHv- Bi b�iBb}2b

(Ω+ Π∗)A2(Y ∗(T ), T )

1− (Ω+ Π∗)A1(Y ∗(T ), T )
≥ −1 rBi? 2[m�HBiv B7 T > 0. UdV

h?Bb +QM/BiBQM Bb �HbQ bm{+B2Mi B7 Y ∗(T ) Bb +QMp2tX L22/H2bb iQ b�v- i?2 QTiBK�H H2p2H Q7
Tm#HB+ TQHB+2 /Q2b MQi M2+2bb�`BHv H2�/ iQ x2`Q +`BK2 �M/ +H2�`Hv /2T2M/b QM (Ω+ Π∗)X

Ai rQmH/ #2 BMi2`2biBM; iQ +QKT�`2 i?2 QTiBK�H H2p2H Q7 Tm#HB+ TQHB+2 rBi? i?2 QM2 T`272``2/
#v 2�+? BM/BpB/m�HX AM/BpB/m�H iǶb T`272``2/ H2p2H Q7 Tm#HB+ TQHB+2 Bb i?2 QM2 i?�i KBMBKBx2b
i?2 r2�Hi? i?�i Bb biQH2M 7`QK ?BK THmb i?2 i�t i?�i ?2 T�vbX *QMb2[m2MiHv- T`272`2M+2b Qp2`
Tm#HB+ TQHB+2 T`Qi2+iBQM /2T2M/ QM ?Qr Bi Bb }M�M+2/X

�bbmK2 i?�i Tm#HB+ TQHB+2 Bb }M�M+2/ #v K2�Mb Q7 T`QTQ`iBQM�H BM+QK2 i�t�iBQM- BX2X-
t̂i = τ(ωi+π∗

i ) r?2`2 τ = T/(Ω+Π∗)X h?2M- BM/BpB/m�H iǶb T`272``2/ H2p2H Q7 TQHB+2 T`Qi2+iBQM
Bb i?2 H2p2H T i?�i KBMBKBx2b A(Y ∗(T ), T )(ωi + π∗

i ) + (T/(Ω+Π∗))(ωi + π∗
i )X JmHiBTHvBM; #v

i?2 +QMbi�Mi (Ω+Π∗)/(ωi+π∗
i ) �M/ i�FBM; BMiQ �++QmMi i?�i A(Y ∗(T ), T )(Ω+Π∗) = Y ∗(T )-

r2 Q#i�BM i?�i i?Bb H2p2H Bb i?2 QM2 i?�i KBMBKBx2b Y ∗(T ) + T X h?�i Bb- �HH �;2Mib T`272` i?2
bQ+B�HHv QTiBK�H H2p2H Q7 Tm#HB+ TQHB+2X hQ bmKK�`Bx2-

P#b2`p�iBQM 9 q?2M Tm#HB+ TQHB+2 Bb }M�M+2/ #v T`QTQ`iBQM�H BM+QK2 i�t�iBQM- BM/BpB/m�Hb
mM�MBKQmbHv T`272` i?2 bQ+B�HHv QTiBK�H H2p2H Q7 TQHB+2 T`Qi2+iBQMX

h?2 7QHHQrBM; 2t�KTH2 BHHmbi`�i2b i?2 +QM+2Tib BMi`Q/m+2/ bQ 7�`X

1t�KTH2 R �bbmK2 i?�i ωi = 9(1 + i)2 �M/ i?�i i?2 �TT`QT`B�iBQM i2+?MQHQ;v Bb ;Bp2M #v
A(Y, T ) = Y

(1+T )(1+Y ) X amTTQb2 i?�i i?2 T`Q/m+iBQM i2+?MQHQ;v b�iBb}2b +QMbi�Mi `2im`Mb iQ
b+�H2 �M/ i?mb T`Q}ib �`2 y BM 2[mBHB#`BmKX h?2M-

(Ω+ Π∗) =

∫
9(1 + i)2 = 21

h?2 x2`Q@T`Q}i +QM/BiBQM 7Q` �TT`QT`B�iBQM �+iBpBiB2b Bb ;Bp2M #v

1 =
21

(1 + T )(1 + Y )

RR



�M/ i?2 2[mBHB#`BmK H2p2H Q7 +`BK2 Bb

Y ∗(T ) = max{20− T

1 + T
, 0}

h?2 QTiBK�H H2p2H Q7 TQHB+2 T2` +�TBi� Bb ;Bp2M #v T̂ =
√
21−1 = 3.58258- �M/ i?2 �bbQ+B�i2/

QTiBK�H H2p2H Q7 +`BK2 Bb Ŷ =
√
21− 1 = 3.58258X

jXj S`Bp�i2 TQHB+2

amTTQb2 MQr i?�i i?2`2 Bb MQ Tm#HB+ TQHB+2 #mi QM2 +�M ?B`2 T`Bp�i2 TQHB+2X �Hi2`M�iBp2Hv-
QM2 +�M bT2M/ bQK2 iBK2 T`Qi2+iBM; ?Bb QrM r2�Hi?X :Bp2M � H2p2H Y Q7 +`BK2- B7 BM/BpB/m�H
i bT2M/b ti QM T`Bp�i2 TQHB+2- i?2 T`QTQ`iBQM Q7 ?Bb r2�Hi? i?�i ;2ib biQH2M Bb A(Y, ti)X

h?2 /2}MBiBQM Q7 � +QKT2iBiBp2 2[mBHB#`BmK Bb i?2 b�K2 �b #27Q`2- 2t+2Ti i?�i MQr i?2
#m/;2i Q7 BM/BpB/m�H i +QMbBbib Q7 �HH i?2 #mM/H2b (xi,mi, yi, ti) i?�i b�iBb7v

pxi +mi + yi + ti ≤ (1− A(Y, ti))(ωi + πi) + yi

∫
a(Y, t)(ω + π).

GBF2 #27Q`2- i?2 BM/BpB/m�H i�F2b �b ;Bp2M i?2 T`B+2 p- i?2 H2p2H Q7 +`BK2 Y - �M/ i?2 `2im`M
iQ i?27i

∫
a(Y, t)(ω + π)X h?2 2[mBHB#`BmK T`B+2 �M/ [m�MiBiv �`2 biBHH +?�`�+i2`Bx2/ #v

2[m�iBQMb UkĜ9VX h?2 2[mBHB#`BmK �HHQ+�iBQM Q7 T`Bp�i2 TQHB+2- t∗- �M/ i?2 2[mBHB#`BmK H2p2H
Q7 i?27i- Y ∗- �`2 MQr +?�`�+i2`Bx2/ #v i?2 7QHHQrBM; +QM/BiBQMb UbBM+2 A Bb +QMp2t BM t- i?2
M2+2bb�`v +QM/BiBQMb 7Q` miBHBiv K�tBKBx�iBQM �`2 �HbQ bm{+B2MiV,

1 + (ωi + πi)A2(Y, ti) ≥ 0, rBi? 2[m�HBiv B7 ti > 0 i ∈ [0, 1] U3V
∫

a(Y, ti)(ωi + πi) ≤ 1, rBi? 2[m�HBiv B7 Y > 0 UNV

*QM/BiBQM U3V BKTHB+BiHv /2}M2b BM/BpB/m�H iǶb /2K�M/ ti(Y ) 7Q` T`Bp�i2 TQHB+2 �b � 7mM+iBQM
Q7 +`BK2 H2p2HX Ai +�M #2 +?2+F2/ i?�i ;Bp2M Qm` �bbmKTiBQMb QM A- r?2M ti(Y ) > 0- r2 ?�p2
i?�i t′i(Y ) > 0X L�K2Hv- i?2 ?B;?2` i?2 +`BK2 `�i2- i?2 ?B;?2` i?2 T`272``2/ H2p2H Q7 T`Bp�i2
TQHB+2 T`Qi2+iBQMX 6m`i?2`- bBM+2 A(0, ti) = 0 7Q` �HH ti ≥ 0- r2 ?�p2 i?�i ti(0) = 0X L�K2Hv-
r?2M i?2`2 Bb MQ +`BK2- i?2 BM/BpB/m�H /Q2b MQi /2K�M/ TQHB+2 T`Qi2+iBQMX �HH i?Bb- �HQM;
rBi? i?2 7�+i i?�i a(Y, ti(Y )) Bb /2+`2�bBM; BM Y �M/ +QMp2`;2b iQ y �b Y ;Q2b iQ BM}MBiv-
�HHQrb mb iQ +QM+Hm/2 i?2 7QHHQrBM;X

Rk



P#b2`p�iBQM 8 �M 2[mBHB#`BmK rBi? T`Bp�i2 TQHB+2 2tBbib �M/ Bb mMB[m2X A7 a(0, 0) ≤ 1/(Ω+

Π∗)- i?2 2[mBHB#`BmK H2p2H Q7 +`BK2 Bb yX A7 a(0, 0) > 1/(Ω+Π∗) i?2 2[mBHB#`BmK H2p2H Q7 +`BK2
Bb TQbBiBp2X

GBF2 #27Q`2- i?2`2 Bb iQQ Km+? +`BKBM�H �+iBpBiv 2p2M 7`QK i?2 i?B2p2bǶ TQBMi Q7 pB2rX
AM/22/- bBM+2

∫
a(Y, ti(Y ))(ωi+π∗

i ) Bb /2+`2�bBM; BM Y - r2 ?�p2 i?�i
∫
a(Y, ti(Y ))(ωi+π∗

i ) >
∫
a(Y ∗, ti(Y ∗))(ωi + π∗

i ) = 1 7Q` �HH Y < Y ∗X h?2`27Q`2-
∫
A(Y, ti(Y ))(ωi + π∗

i ) − Y > 0 =
∫
A(Y ∗, ti(Y ∗))(ωi+π∗

i )−Y ∗ 7Q` �HH Y < Y ∗X h?Bb K2�Mb i?�i
∫
A(Y, ti)(ωi+π∗

i )−Y - M�K2Hv
i?2 i?B2p2bǶ M2i #2M2}i 7`QK �TT`QT`B�iBQM �+iBpBiB2b +QmH/ #2 BM+`2�b2/ #v /2+`2�bBM; i?2
H2p2H Q7 +`BKBM�H �+iBpBivX h?�i Bb- i?2 /2+`2�b2 BM i?2 `2r�`/b iQ +`BK2 /m2 iQ i?2 `2/m+iBQM
BM +`BKBM�H �+iBpBiv Bb KQ`2 i?�M +QKT2Mb�i2/ #v i?2 BM+`2�b2 BM i?2b2 `2r�`/b `2bmHiBM;
7`QK i?2 BM/m+2/ HQr2` TQHB+2 T`Qi2+iBQM THmb i?2 iBK2 b�p2/ #v i?2 i?B2p2bX

jXjXR PTiBK�H �HHQ+�iBQM Q7 T`Bp�i2 TQHB+2

q2 MQr BMp2biB;�i2 r?2i?2` i?2 +QKT2iBiBp2 2[mBHB#`BmK �HHQ+�i2b T`Bp�i2 TQHB+2 2{+B2MiHvX
h?2 QTiBK�H �HHQ+�iBQM Q7 T`Bp�i2 TQHB+2 KBMBKBx2b iQi�H r�bi2X L�K2Hv Bi bQHp2b

min
Y,t

Y +

∫
t

bXiX 1 ≥
∫

a(Y, ti)(ωi + π∗
i ) rBi? 2[m�HBiv B7 Y > 0

Ai +�M #2 b22M i?�i bBM+2 a Bb /2+`2�bBM; BM Bib b2+QM/ �`;mK2Mi- �Mv bQHmiBQM iQ i?Bb T`Q#H2K
b�iBb}2b i?2 +QMbi`�BMi rBi? 2[m�HBivX q2 +�M bQHp2 i?Bb T`Q#H2K BM irQ bi2TbX 6B`bi- r2 bQHp2
7Q` i?2 QTiBK�H �HHQ+�iBQM Q7 TQHB+2 `2bQm`+2b ;Bp2M �M �`#Bi`�`v H2p2H Q7 +`BK2- �M/ i?2M r2
bQHp2 7Q` i?2 QTiBK�H H2p2H Q7 +`BK2X aT2+B}+�HHv- i?2 QTiBK�H �HHQ+�iBQM Q7 TQHB+2 T`Qi2+iBQM
;Bp2M � H2p2H Q7 +`BK2 Y Bb i?2 bQHmiBQM iQ

V (Y ) = min
t

∫
t URyV

bXiX 1 =

∫
a(Y, ti)(ωi + π∗

i )

�M/ i?2 QTiBK�H H2p2H Q7 +`BK2 bQHp2b

min
Y

Y + V (Y ).

Rj



S`Q#H2K URyV Bb 2[mBp�H2Mi iQ

min
t

∫
t

bXiX k′
i = a(Y, ti)(ωi + π∗

i )

k0 = 0

k1 = 1

h?2 �bbQ+B�i2/ >�KBHiQMB�M Bb H(ti, ki,λi, Y ) = ti + λia(Y, ti)(ωi + π∗
i )- �M/ i?2 M2+2bb�`v

+QM/BiBQMb 7Q` � bQHmiBQM �`2

1 + λi(ωi + π∗
i )a2(Y, ti) ≥ 0 rBi? 2[m�HBiv B7 ti > 0 URRV

λ′
i = 0 URkV

k′
i = a(Y, ti)(ωi + π∗

i ) URjV

k0 = 0, k1 = 1. UR9V

Ai 7QHHQrb 7`QK URRĜRkV i?�i λi /Q2b MQi /2T2M/ QM i �M/ i?�i λi ≥ 0X �b � `2bmHi- ;Bp2M
i?�i a(Y, ti) Bb +QMp2t BM i?2 b2+QM/ �`;mK2Mi- i?2 �#Qp2 +QM/BiBQMb �`2 �HbQ bm{+B2Mi 7Q`
i?2 QTiBK�HBiv Q7 i?2 /Bbi`B#miBQM Q7 TQHB+2 T`Qi2+iBQMX

Ai �HbQ 7QHHQrb 7`QK URRV i?�i 7Q` �Mv H2p2H Q7 +`BK2 Y - i?2 QTiBK�H TQHB+2 7mM+iBQM b�iBb}2b

(ωi + π∗
i )A2(Y, ti) = (ωj + π∗

j )A2(Y, tj) 7Q` �HH i, j ∈ [0, 1] rBi? ti, tj > 0

M�K2Hv- i?2 T`QT2`iv HQbb T`2p2Mi2/ #v �M �//BiBQM�H mMBi Q7 TQHB+2 T`Qi2+iBQM Bb BM/2T2M/2Mi
Q7 r?QK i?Bb �//BiBQM�H mMBi Bb �HHQ+�i2/ iQX h?Bb K2�Mb i?�i Bi Bb M2p2` QTiBK�H iQ �HHQ+�i2
TQHB+2 2zQ`i 2[m�HHv mMH2bb BM+QK2b �`2 2[m�HX AM 7�+i- `B+?2` T2QTH2 b?QmH/ #2 �HHQ+�i2/
?B;?2` TQHB+2 T`Qi2+iBQMX

AMbT2+iBM; 2[m�iBQMb U3ĜNV- r?B+? +?�`�+i2`Bx2 i?2 +QKT2iBiBp2 2[mBHB#`BmK- r2 b22 i?�i
i?2 +QKT2iBiBp2 T`Bp�i2 TQHB+2 �HHQ+�iBQM t∗i - �HQM; rBi? λi = Y ∗ �HbQ b�iBb}2b +QM/BiBQMb URRĜ
R9V r?2M i?2 H2p2H Q7 +`BK2 Bb }t2/ iQ #2 �i i?2 +QKT2iBiBp2 H2p2H Y ∗X 6m`i?2`KQ`2- t∗i

Bb i?2 QMHv /Bbi`B#miBQM Q7 TQHB+2 T`Qi2+iBQM i?�i bQHp2b URyV 7Q` Y = Y ∗X hQ b22 i?Bb-
MQi2 i?�i 7Q` 2�+? λ > 0- i?2`2 Bb � mMB[m2 /Bbi`B#miBQM t i?�i b�iBb}2b URRVX h?Bb t Bb

R9



BM+`2�bBM; BM λ- r?B+? BKTHB2b i?�i-
∫
a(Y ∗, ti(λ))(ωi + π∗

i ) Bb /2+`2�bBM; BM λX h?Bb K2�Mb
i?�i

∫
a(Y ∗, ti(λ))(ωi + π∗

i ) = 1 ?�b �i KQbi QM2 bQHmiBQMX amKKBM; mT,

P#b2`p�iBQM e :Bp2M i?2 +QKT2iBiBp2 +`BK2 H2p2H Y ∗- i?2 QMHv QTiBK�H �HHQ+�iBQM Q7 TQHB+2
T`Qi2+iBQM Bb i?2 +QKT2iBiBp2 QM2X

S`Bp�i2 TQHB+2 2t2`ib � TQbBiBp2 2ti2`M�HBivc Bi `2/m+2b i?2 `2im`Mb iQ i?27i- r?B+? BM/m+2b
T2QTH2 iQ bT2M/ H2bb iBK2 bi2�HBM; 7`QK i?2 r?QH2 TQTmH�iBQMX h?Bb 2ti2`M�HBiv Bb MQi i�F2M
BMiQ �++QmMi #v i?2 BM/BpB/m�H �M/- �b � `2bmHi- i?2 +QKT2iBiBp2 H2p2H Q7 +`BK2 Bb MQi ;HQ#�HHv
QTiBK�HX AM 7�+i- r2 +�M b?Qr i?2 7QHHQrBM;X

P#b2`p�iBQM d �i i?2 +QKT2iBiBp2 2[mBHB#`BmK- i?2 H2p2H Q7 +`BK2 Bb iQQ ?B;?X L�K2Hv- i?2
iQi�H r�bi2 +QmH/ #2 `2/m+2/ #v BM+`2�bBM; bT2M/BM; QM TQHB+2 T`Qi2+iBQM- i?2`2#v `2/m+BM;
+`BK2X

S`QQ7 , Ai Bb 2MQm;? iQ b?Qr i?�i −V ′(Y ∗) < 1X AM/22/- i?2 p�Hm2 Q7 −V ′(Y ∗) Bb i?2
�//BiBQM�H bT2M/BM; QM TQHB+2 `2[mB`2/ iQ `2/m+2 +`BK2 #v QM2 bK�HH mMBiX A7 �i i?2 2[mBHB#`BmK
r2 ?�/ −V ′(Y ∗) < 1- i?2`2 rQmH/ #2 iQQ Km+? +`BK2c `2/m+BM; i?2 iBK2 bT2Mi QM +`BK2 #v
QM2 mMBi +Qbib H2bb i?�M QM2 mMBiX h?2 G�;`�M;B�M �bbQ+B�i2/ rBi? T`Q#H2K URyV Bb

L =

∫ (
ti − λi(1− a(Y, ti)(ωi + π∗

i )).

"v i?2 2Mp2HQT2 i?2Q`2K

V ′(Y ∗) =

∫
λ∗A1(Y

∗, t∗i )(ωi + π∗
i )

=

∫
Y ∗A1(Y

∗, t∗i )(ωi + π∗
i )

=

∫
A1(Y

∗, t∗i )(ωi + π∗
i )−

∫
a(Y ∗, t∗i )(ωi + π∗

i )

≥
∫

A1(Y
∗, t∗i )(ωi + π∗

i )− 1

> −1

r?2`2 r2 ?�p2 mb2/ i?2 7�+i i?�i r?2M i?2 H2p2H Q7 +`BK2 Bb i?2 +QKT2iBiBp2 QM2- λ∗ = Y ∗X !

R8



A7 i?2 2t+Bb2 `�i2 a(Y, ti) Bb +QMp2t- i?2M i?2 7mM+iBQM V Bb +QMp2t �b r2HHX AM i?�i +�b2- i?2
QTiBK�H H2p2H Q7 +`BK2 Ŷ Bb HQr2` i?�M i?2 +QKT2iBiBp2 H2p2HX AM Q`/2` iQ BM/m+2 BM/BpB/m�Hb
iQ �+[mB`2 i?2 QTiBK�H H2p2H Q7 TQHB+2 T`Qi2+iBQM- i?2 ;Qp2`MK2Mi +QmH/ bm#bB/Bx2 i?2 +Qbi Q7
TQHB+2 #v K2�Mb Q7 � [m�MiBiv bm#bB/v Q7 s = (λ̂− Ŷ )/λ̂- r?2`2 λ̂ Bb i?2 p�Hm2 Q7 i?2 +Qbi�i2
p�`B�#H2 r?2M i?2 H2p2H Q7 +`BK2 Bb i?2 QTiBK�H QM2X8 AMi2`2biBM;Hv- �M BM+QK2 bm#bB/v Q7
σ = λ̂ − 1 UbQ i?�i r2�Hi? #2+QK2b λ̂(ωi + πi)V /Q2b MQi �+?B2p2 i?2 QTiBK�H H2p2H Q7 +`BK2
�M/ T`Bp�i2 TQHB+2 T`Qi2+iBQM #2+�mb2 Bi �HbQ BM+`2�b2b i?2 bi2�H�#H2 r2�Hi? rBi? i?2 `2bmHiBM;
2M?�M+2/ BM+2MiBp2b iQ i?27iX

h?2 7QHHQrBM; 2t�KTH2 BHHmbi`�i2b i?2 2[mBHB#`BmK �M/ 2{+B2Mi �HHQ+�iBQM r?2M i?2`2 Bb
T`Bp�i2 TQHB+2X

1t�KTH2 k *QMbB/2` i?2 2+QMQKv /2b+`B#2/ BM 1t�KTH2 R- r?2`2 i?2 �TT`QT`B�iBQM i2+?@
MQHQ;v Bb ;Bp2M #v A(Y, ti) =

Y
(1+ti)(1+Y ) X q2 MQr +�H+mH�i2 Bib +QKT2iBiBp2 2[mBHB#`BmKX h?2

miBHBiv K�tBKBxBM; H2p2H Q7 T`Bp�i2 TQHB+2- B7 TQbBiBp2- b�iBb}2b i?2 }`bi@Q`/2` +QM/BiBQM

1− 9(i+ 1)2Y

(ti + 1)2(Y + 1)
= 0

r?B+? vB2H/b � /2K�M/ Q7 TQHB+2 T`Qi2+iBQM ;Bp2M #v

ti(Y ) = max{
3(1 + i)

√
Y (Y + 1)

Y + 1
− 1, 0}.

h?2 +QM/BiBQM Q7 x2`Q@T`Q}i�#BHBiv Q7 +`BK2 Bb

1 =
9
√

Y (Y + 1)

2Y (Y + 1)

r?B+? vB2H/b Y ∗ = 4.02769 �M/ t∗i = 1.68513 + 2.68513 iX
q2 MQr +�H+mH�i2 i?2 QTiBK�H TQHB+2 �HHQ+�iBQM +QM/BiBQM�H QM � TQbBiBp2 H2p2H Y Q7 +`BK2X
hQ �pQB/ +Q`M2` bQHmiBQMb- r2 �bbmK2 i?�i Y ≤ 25/2X h?2 QTiBK�H TQHB+2 �HHQ+�iBQM b�iBb}2b
i?2 M2+2bb�`v +QM/BiBQM URRV- r?B+? bBM+2 a(Y, ti) Bb +QMp2t Bb �HbQ bm{+B2Mi- �M/ r?B+? BM
Qm` +�b2 #2+QK2b

1− 9(1 + i)2λ

(ti + 1)2(Y + 1)
= 0

8AM i?Bb +�b2- bBM+2 i?2 T`B+2 Q7 � mMBi Q7 TQHB+2 T`Qi2+iBQM Bb R- � [m�MiBiv bm#bB/v �M/ �M �/@p�HQ`2K
bm#bB/v �KQmMi iQ i?2 b�K2 i?BM;X

Re



�M/ vB2H/b

ti =
3(1 + i)

√
λ(Y + 1)

Y + 1
− 1.

q2 Kmbi �HbQ ?�p2 i?�i
∫
a(Y, ti)(ωi + πi) = 1- r?B+? ;Bp2b

λ(Y ) =
81

4(Y + 1)
.

am#biBimiBM; #�+F BMiQ i?2 7Q`KmH� Q7 ti r2 Q#i�BM i?�i

t̂i(Y ) =
25 + 27i− 2Y

2(Y + 1)
.

LQi2 i?�i r?2M i?2 H2p2H Q7 i?27i Bb i?2 2[mBHB#`BmK QM2- M�K2Hv r?2M Y = Y ∗- i?2 QTiBK�H
�HHQ+�iBQM Q7 TQHB+2 T`Qi2+iBQM Bb �HbQ i?2 2[mBHB#`BmK QM2,

t̂i(Y
∗) = 1.68513 + 2.68513 i = t∗i .

h?2 QTiBK�H H2p2H Q7 i?27i KBMBKBx2b iQi�H r�bi2- r?B+? Bb ;Bp2M #v

Y +

∫
t̂i(Y ) =

77 + 4Y 2

4(Y + 1)
.

*QMb2[m2MiHv- i?2 QTiBK�H H2p2H Q7 +`BK2 �M/ i?2 �bbQ+B�i2/ T`Bp�i2 TQHB+2 �HHQ+�iBQM �`2

Ŷ = 3.5, t̂i = 2 + 3i.

aBM+2 λ(Ŷ ) = λ̂ = 9/2- r2 Q#i�BM i?�i � bm#bB/v QM T`Bp�i2 TQHB+2 T`Qi2+iBQM Q7 s = (λ̂ −

Ŷ )/λ̂ = 2/9 rBHH vB2H/ �M 2[mBHB#`BmK rBi? i?2 QTiBK�H H2p2H Q7 +`BK2X

jX9 oQiBM; 2[mBHB#`BmK

AM i?Bb b2+iBQM- r2 BMi`Q/m+2 i?2 MQiBQM Q7 � pQiBM; 2[mBHB#`BmKX aBM+2 BM/BpB/m�H T`272`2M+2b
Qp2` H2p2Hb Q7 TQHB+2 T`Qi2+iBQM /2T2M/ QM i?2 i�t `2;BK2- /Bz2`2Mi i�t `2;BK2b H2�/ iQ
/Bz2`2Mi 2[mBHB#`B�X � pQiBM; 2[mBHB#`BmK- mM/2` � ;Bp2M i�t `2;BK2- +QMbBbib Q7 � +QKT2iBiBp2
2[mBHB#`BmK BM r?B+? BM/BpB/m�Hb �`2 T�`iBiBQM2/ BMiQ ;`QmTb- 2�+? QM2 `2bB/BM; BM � /Bz2`2Mi
`2;BQM rBi? Bib QrM +`BK2 H2p2H �M/ Bib QrM H2p2H Q7 Tm#HB+ TQHB+2 T`Qi2+iBQMX AM bm+? �M

Rd



2[mBHB#`BmK- MQ#Q/v r�Mib iQ H2�p2 ?Bb `2;BQM �M/- 7m`i?2`KQ`2- i?2 H2p2H Q7 TQHB+2 T`Qi2+iBQM
Bb T`272``2/ #v � K�DQ`Biv Q7 `2bB/2Mib iQ �Mv Qi?2` H2p2H- ;Bp2M i?2 T`2p�BHBM; i�t `2;BK2X

>2`2 r2 `2bi`B+i �ii2MiBQM iQ i?2 `2;BK2 Q7 T`QTQ`iBQM�H BM+QK2 i�t�iBQMX 6Q`K�HHv- ;Bp2M
� T�`iBiBQM Q7 i?2 BM/BpB/m�Hb P = {R1, . . . , RK} BMiQ K MQM2KTiv ;`QmTb rBi? �bbQ+B�i2/
T2`@+�TBi� H2p2Hb Q7 Tm#HB+ TQHB+2 Tk 7Q` 2�+? ;`QmT k = 1, . . . , K- � 72�bB#H2 �HHQ+�iBQM +QMbBbib
Q7 �M �bbB;MK2Mi Q7 #mM/H2b (x, y,m) �M/ � T`Q/m+iBQM TH�M (−Z,Q) bm+? i?�i

RX
∫
x = Q-

kX
∫
m+ Z +

∫
y +

∑K
k=1

∫
Rk

Tk = Ω-

jX
∫
Rk

τk(ω + π) =
∫
Rk

TkX

h?2 BMi2`T`2i�iBQM Bb �b 7QHHQrbX h?2 BM/BpB/m�Hb �`2 T�`iBiBQM2/ BMiQ /Bz2`2Mi ;`QmTb �M/
`2bB/2 BM /Bz2`2Mi `2;BQMbX 1�+? `2;BQM k b2ib � H2p2H Tk Q7 Tm#HB+ TQHB+2 r?B+? i?2 `2bB/2Mib
}M�M+2 #v K2�Mb Q7 BM+QK2 i�t�iBQMX h?2 bBx2 Q7 ;`QmT k Bb µk =

∫
Rk

1X h?2 r2�Hi? T2`
+�TBi� BM `2;BQM k Bb (Ωk + Πk) r?2`2 Ωk =

∫
Rk

ω/µk �M/ Πk =
∫
Rk

π/µkX h?2 +`BK2 `�i2 BM
`2;BQM Rk Bb Yk =

∫
Rk

y/µkX
:Bp2M � T`B+2 Q7 T2�Mmib- � H2p2H Q7 +`BK2 Yk- �M/ TQHB+2 T`Qi2+iBQM Tk- i?2 #m/;2i Q7 �

`2bB/2Mi i Q7 `2;BQM k Bb

{(xi,mi, yi) : pxi +mi + yi + τk(ωi + πi) ≤ (1−A(YRk
, Tk))(ωi + πi) + yia(Yk, Tk)(Ωk +Πk)}.

� pQiBM; 2[mBHB#`BmK rBi? T`QTQ`iBQM�H i�t�iBQM +QMbBbib Q7 � T�`iBiBQM Q7 i?2 BM/BpB/m�Hb
P = {R1, . . . , RK} rBi? �bbQ+B�i2/ H2p2H Q7 Tm#HB+ TQHB+2 T1, . . . TK - � 72�bB#H2 �HHQ+�iBQM
(x∗, y∗,m∗) �M/ T`Q/m+iBQM TH�M (−Z∗, Q∗)- �M/ � T`B+2 p bm+? i?�i

RX (Z∗, Q∗) K�tBKBx2 T`Q}ib ;Bp2M pX

kX 6Q` 2�+? i ∈ Rk- (x∗
i , y

∗
i ,m

∗
i ) K�tBKBx2b ?Bb miBHBiv ;Bp2M ?Bb #m/;2iX

jX _2bB/2Mib Q7 `2;BQM Rk /Q MQi T`272` iQ KQp2 iQ Qi?2` `2;BQMbX

9X :Bp2M T`QTQ`iBQM�H i�t�iBQM- i?2 H2p2H Q7 Tm#HB+ TQHB+2 T`Qi2+iBQM Tk Bb T`272``2/ #v �
K�DQ`Biv Q7 `2bB/2Mib BM Rk iQ �Mv Qi?2` H2p2HX

R3



*QM/BiBQMb URĜkV �`2 i?2 T`Q}i �M/ miBHBiv K�tBKBxBM; +QM/BiBQMb- r?B+? �HQM; rBi? i?2
T2�Mmi K�`F2i +H2�`BM; +QM/BiBQM /2i2`KBM2 i?2 2[mBHB#`BmK T`B+2- p- T`Q/m+iBQM TH�M-
(−Z∗, Q∗)- �M/ +Q``2bTQM/BM; T`Q}ib- Π∗- r?B+?- �b MQi2/ 2�`HB2`- �`2 BM/2T2M/2Mi Q7 i?2
�TT`QT`B�iBQM i2+?MQHQ;v �M/ �+iBpBivX h?2v �HbQ b2i i?2 +QM/BiBQM i?�i i?2 2[mBHB#`BmK H2p2H
Q7 i?27i BM `2;BQM k Kmbi b�iBb7v,

1 ≥ a(Y ∗
k (Tk), Tk)(Ωk + Π∗

k), rBi? 2[m�HBiv B7 Y ∗
k (Tk) > 0.

*QM/BiBQM j b�vb i?�i- ;Bp2M i?2 i�t `�i2b �M/ +`BK2 H2p2Hb Q7 i?2 p�`BQmb `2;BQMb- BM/BpB/m�Hb
/Q MQi r�Mi iQ 2KB;`�i2 7`QK i?2B` QrM `2;BQMXe h?Bb +QM/BiBQM K2�Mb i?�i 2�+? BM/BpB/m�H
`2bB/2b BM i?2 `2;BQM r?2`2 ?Bb /BbTQb�#H2 BM+QK2 Bb ?B;?2biX �Hi2`M�iBp2Hv- r?2`2 i?2 BM+QK2
2t+Bb2/ #v i?2 i?B2p2b �M/ #v i?2 ;Qp2`MK2Mi Bb HQr2biX lM/2` i?2 `2;BK2 Q7 T`QTQ`iBQM�H
i�t�iBQM- +QM/BiBQM j `2/m+2b iQ

A(Yk, Tk) + τk = A(Yk′ , Tk′) + τk′ 7Q` �HH k, k′.

6BM�HHv- +QM/BiBQM 9 b�vb i?�i i?2 i�t `�i2 BM 2�+? `2;BQM Bb � *QM/Q`+2i rBMM2` ;Bp2M i?2
`2bB/2MibǶ T`272`2M+2b Qp2` i�t `�i2bX AM i?2 +�b2 Q7 T`QTQ`iBQM�H i�t�iBQM- i?Bb +QM/BiBQM
K2�Mb i?�i i?2 H2p2H Q7 Tm#HB+ TQHB+2 BM 2�+? `2;BQM Bb i?2 `2;BQMǶb bQ+B�HHv QTiBK�H QM2 Ub22
P#b2`p�iBQM 9VX

Ai 7QHHQrb 7`QK i?2 �#Qp2 /Bb+mbbBQM i?�i i?2`2 2tBbi 2[mBHB#`BmK T�`iBiBQMb rBi? MQ BM+QK2
b2;`2;�iBQM BM r?B+? i?2 2+QMQKv@rB/2 QTiBK�H i�t `�i2 Bb �TTHB2/ iQ 2p2`v `2;BQMX 6Q`K�HHv-

P#b2`p�iBQM 3 �Mv T�`iBiBQM {R1, . . . , RK} bm+? i?�i �HH i?2 K2�M r2�Hi?b �`2 2[m�H-
M�K2Hv- (Ω1 + Π∗

1) = · · · = (ΩK + Π∗
K) = (Ω + Π∗)- �M/ bm+? i?�i 2�+? `2;BQMǶb H2p2H Q7

Tm#HB+ TQHB+2 Bb i?2 2+QMQKv@rB/2 QTiBK�H QM2- Bb �M 2[mBHB#`BmK T�`iBiBQM rBi? T`QTQ`iBQM�H
i�t�iBQMX

h?2`2 K�v- ?Qr2p2`- #2 MQM@i`BpB�H 2[mBHB#`B� rBi? T`QTQ`iBQM�H i�t�iBQM- �b i?2 7QHHQrBM;
2t�KTH2 BHHmbi`�i2bX

eA7 i?2 T�`iBiBQM +QMbBbib Q7 � bBM;H2 ;`QmT- i?Bb +QM/BiBQM Bb bmT2`~mQmbX

RN



1t�KTH2 j �bbmK2 i?�i ωi = 16 i �M/ i?�i i?2 �TT`QT`B�iBQM i2+?MQHQ;v Bb ;Bp2M #v
A(Y, T ) = Y

(1+4T )(1+Y ) X amTTQb2 i?�i i?2 T`Q/m+iBQM i2+?MQHQ;v b�iBb}2b +QMbi�Mi `2im`Mb
iQ b+�H2 �M/ i?mb T`Q}ib �`2 y BM 2[mBHB#`BmKX �b � `2bmHi- 7Q` �Mv `2;BQM R - i?2 T2` +�TBi�
r2�Hi? Bb

ΩR =
1

µ(R)

∫

R

16 i

h?2 x2`Q@T`Q}i +QM/BiBQM 7Q` �TT`QT`B�iBQM �+iBpBiB2b Bb

1 =
ΩR

(1 + 4T )(1 + Y )

�M/ i?2 2[mBHB#`BmK H2p2H Q7 +`BK2 Bb

YR(T ) =
ΩR − 1− 4T

1 + 4T

lbBM; UdV- i?2 QTiBK�H H2p2H Q7 TQHB+2 T2` +�TBi� Bb TR =
√
ΩR/2 − 1/4- �M/ i?2 �bbQ+B�i2/

QTiBK�H H2p2H Q7 +`BK2 Bb YR =
√
ΩR/2 − 1X *QMbB/2` MQr � T�`iBiBQM R1 = [1/32, 15/32)-

R2 = [0, 1/32) ∪ [15/32, 1]X h?2 �p2`�;2 r2�Hi?b Q7 2�+? `2;BQM �`2 Ω1 = 4 �M/ Ω2 = 100/9X
*QMb2[m2MiHv- i?2 +Q``2bTQM/BM; QTiBK�H TQHB+2 �M/ +`BK2 `�i2b �`2

Y1 = 0 T1 = 3/4 Y2 = 2/3 T2 = 17/2

r?B+? `2bmHib BM i?2 7QHHQrBM; 2t+Bb2 `�i2b,

A(Y1, T1) = 0 A(Y2, T2) = .06

aBM+2 BM+QK2 Bb i�t2/ T`QTQ`iBQM�HHv- r2 ?�p2 i?�i

τ1 =
T1

Ω1
= .1875 τ2 =

T2

Ω2
= .1275

aBM+2 A(Y1, T1)+ τ1 = A(Y2, T2)+ τ2- r2 +QM+Hm/2 i?�i ({R1, R2} , {τ1, τ2}) Bb �M 2[mBHB#`BmK
T�`iBiBQMX

9 PMHv 2�`M2/ BM+QK2 +�M #2 biQH2M

q2 MQr �bbmK2 i?�i H2Bbm`2 +�MMQi #2 biQH2MX h?�i Bb- BM/BpB/m�H iǶb bi2�H�#H2 r2�Hi? Bb
(ωi + πi − mi) �M/ i?2 �;;`2;�i2 bi2�H�#H2 r2�Hi? Bb (Ω + Π − M)X q2 `2BMi`Q/m+2 i?2

ky



2[mBHB#`BmK +QM+2Tib- }`bi r?2M i?2`2 Bb MQ TQHB+2 T`Qi2+iBQM- �M/ H�i2` r?2M i?2`2 Bb Tm#HB+
�M/ T`Bp�i2 TQHB+2 T`Qi2+iBQMX

9XR *QKT2iBiBp2 2[mBHB#`BmK

�++Q`/BM; iQ Qm` �bbmKTiBQMb- ;Bp2M � T`B+2 Q7 T2�Mmib p BM/BpB/m�H iǶb #m/;2i b2i Bb ;Bp2M
#v

{(xi,mi, yi) : pxi + yi ≤ (1− A(Y ))(ωi + πi −mi) + yia(Y )(Ω+ Π−M)}

�b #27Q`2- i?2 T�`�K2i2`b i?�i i?2 BM/BpB/m�H i�F2b �b ;Bp2M �`2 i?2 T`B+2 p- i?2 +`BK2 `�i2
Y - �M/ i?2 `2im`Mb iQ i?27i- r?B+? MQr �`2 a(Y )(Ω+Π−M)X LQi2 i?�i i?2 `2H�iBp2 T`B+2 Q7
T2�Mmib UBM i2`Kb Q7 H2Bbm`2V 7�+2/ #v i?2 +QMbmK2`b Bb p/(1−A(Y ))X h?Bb Bb bQ #2+�mb2 7Q`
2p2`v mMBi Q7 iBK2 i?�i i?2v /2pQi2 iQ rQ`F- A(Y ) Bb biQH2M �M/ i?2`27Q`2 QMHv (1 − A(Y ))

+�M #2 mb2/ iQ Tm`+?�b2 T2�MmibX 1[mBp�H2MiHv- � +QMbmK2` r?Q r�Mib iQ #`BM; ?QK2 QM2
mMBi Q7 T2�Mmib M22/b iQ #mv 1/(1−A(Y )) mMBib #2+�mb2 � T`QTQ`iBQM A(Y ) Q7 i?2K rBHH #2
biQH2MX

aBM+2 7Q` 2�+? BM/BpB/m�H i ?Bb b?�`2 Q7 i?2 #QQiv Bb T`QTQ`iBQM�H iQ yi- r2 +�M 2[mBp�H2MiHv
�bbmK2 i?�i M2Bi?2` H2Bbm`2 MQ` i?2 iBK2 bT2Mi bi2�HBM; +�M #2 biQH2MX AM/22/- ?Bb #m/;2i +�M
#2 2[mBp�H2MiHv r`Bii2M �b

{(xi,mi, yi) : pxi ≤ (1− A(Y ))(ωi + πi −mi − yi) + yia(Y )(Ω+ Π−M − Y )} .

h?�i Bb- i?2 r2�Hi? �p�BH�#H2 iQ BM/BpB/m�H i 7Q` T2�Mmi +QMbmKTiBQM Bb i?2 bmK Q7 irQ i2`KbX
PM2 Bb i?2 T�`i Q7 ?Bb H2;BiBK�i2 BM+QK2 i?�i ?�b MQi #22M biQH2M �M/ i?2 Qi?2` Bb i?2 b?�`2
Q7 ?Bb M2B;?#Q`bǶ H2;BiBK�i2 BM+QK2 i?�i ?2 biQH2X q2 rBHH ?2M+27Q`i? +�HH ωi − πi −mi − yi

�;2Mi i′s M2i bi2�H�#H2 r2�Hi? �M/ Ω− Π−M − Y i?2 M2i bi2�H�#H2 r2�Hi?X
h?2 /2}MBiBQM Q7 � +QKT2iBiBp2 2[mBHB#`BmK Bb- Kmi�iBb Kmi�M/Bb- i?2 QM2 BMi`Q/m+2/ BM

a2+iBQM jXRX
*?�`�+i2`Bx�iBQM Q7 i?2 2[mBHB#`BmKX q2 MQr +?�`�+i2`Bx2 i?2 +QKT2iBiBp2 �HHQ+�@

iBQMb i?�i �bbB;M BMi2`BQ` +QMbmKTiBQM #mM/H2bX �bbmK2 i?�i 〈(x∗,m∗, y∗), (−Z∗, Q∗)〉 �M/
p +QMbiBimi2 bm+? � +QKT2iBiBp2 2[mBHB#`BmKX h?2M (−Z∗, Q∗) b�iBb}2b i?2 M2+2bb�`v U�M/

kR



bm{+B2MiV +QM/BiBQMb 7Q` T`Q}i K�tBKBx�iBQM,

p = c′(Q) �M/ Z = c(Q).

�HbQ- (x∗
i ,m

∗
i , y

∗
i ) b�iBb}2b i?2 }`bi@Q`/2` +QM/BiBQMb 7Q` miBHBiv K�tBKBx�iBQM,

φ′
i(xi) =

p

1− A(Y )
i ∈ [0, 1] UR8V

1 ≥ a(Y )(Ω+ Π−M) rBi? 2[m�HBiv B7 Y > 0 UReV

px+ y = (1− A(Y ))(ω + π −m) + ya(Y )(Ω+ Π−M) URdV

6BM�HHv- i?2 �HHQ+�iBQM Kmbi #2 72�bB#H2,d
∫

x = Q UR3V

M + Z + Y = Ω URNV

P#b2`p2 i?�i BM 2[mBHB#`BmK A(Y ∗) < 1X h?Bb 7QHHQrb 7`QK +QM/BiBQM UR8VX
*QM/BiBQM UReV Bb � x2`Q@T`Q}i +QM/BiBQM 7Q` �TT`QT`B�iBQM �+iBpBiB2bX Ai b�vb i?�i BM 2[mB@

HB#`BmK 2Bi?2` i?27i /Q2bMǶi T�v �M/ MQ#Q/v 2M;�;2b BM +`BK2- Q` BM/BpB/m�Hb �`2 BM/Bz2`2Mi
#2ir22M �HHQ+�iBM; �M �//BiBQM�H mMBi Q7 iBK2 iQ H2Bbm`2 Q` iQ bi2�HBM;X aT2+B}+�HHv- B7 �M
BM/BpB/m�H bT2M/b QM2 �//BiBQM�H mMBi Q7 iBK2 QM i?27i- ?2 ;Bp2b mT QM2 mMBi Q7 H2Bbm`2X AM
Qi?2` rQ`/b- i?2 QTTQ`imMBiv +Qbi Q7 i?27i Bb RX PM i?2 Qi?2` ?�M/- i?2 #2M2}i Q7 i?�i b�K2
mMBi Q7 iBK2 /2pQi2/ iQ i?27i Bb Bib b?�`2 BM i?2 biQH2M r2�Hi?- a(Y )(Ω + Π − M)X A7 i?Bb
b?�`2 Bb H2bb i?�M QM2- MQ#Q/v r�Mib iQ 2M;�;2 BM i?27iX PMHv r?2M i?Bb b?�`2 Bb QM2- rBHH �M
BM/BpB/m�H /2pQi2 T�`i Q7 ?Bb iBK2 iQ i?27iX LQi2 i?�i i?2 �;;`2;�i2 r2�Hi? bm#D2+i iQ i?27i
+QMbB/2`2/ BM +QM/BiBQM UReV Bb i?2 ;`Qbb bi2�H�#H2 r2�Hi?- M�K2Hv i?2 QM2 i?�i BM+Hm/2b i?2
iBK2 bT2Mi bi2�HBM;X h?�i Bb- BM i?2B` +�H+mH�iBQM Q7 i?2 K�`;BM�H #2M2}i Q7 i?27i- i?2 i?B2p2b
BM+Hm/2 MQi QMHv i?2 BM+QK2 H2;BiBK�i2Hv 2�`M2/ #mi �HbQ i?2 QM2 �+[mB`2/ #v bi2�HBM;X q2
rBHH /Bb+mbb i?Bb TQBMi H�i2`X

AMi2;`�iBM; URdV �M/ mbBM; UR3V r2 b22 i?�i BM 2[mBHB#`BmK

pQ∗ + Y ∗ = (Ω+ Π∗ −M∗). UkyV

dAM 7�+i- #v q�H`�bǶb H�r- +QM/BiBQM RN Bb `2/mM/�MiX

kk



L�K2Hv- i?2 ;`Qbb bi2�H�#H2 r2�Hi? 2[m�Hb i?2 bmK Q7 i?2 :.S �M/ i?2 p�Hm2 Q7 i?2 biQH2M
;QQ/bX q2 �HbQ ?�p2 i?�i

Y ∗ = A(Y ∗)(Ω+ Π∗ −M∗). UkRV

h?Bb 2[m�HBiv Bb i`BpB�HHv b�iBb}2/ B7 Y ∗ = 0- �M/ B7 Y ∗ > 0- Bi 7QHHQrb 7`QK UReVX "mi mbBM;
2[m�iBQMb UkyĜkRV r2 Q#i�BM i?�i i?2 p�Hm2 Q7 i?2 biQH2M ;QQ/b Bb

Y ∗ =
A(Y ∗)

1− A(Y ∗)
pQ∗. UkkV

lbBM; UkyV �M/ UkkV r2 +�M b22 i?�i �i i?2 2[mBHB#`BmK H2p2H Q7 +`BK2- i?2 ;`Qbb bi2�H�#H2
r2�Hi? +�M #2 r`Bii2M �b i?2 bmK Q7 irQ +QKTQM2Mib,

Ω+ Π∗ −M∗ = pQ∗ +
A(Y ∗)

1− A(Y ∗)
pQ∗.

PM2 +QKTQM2Mi Bb i?2 p�Hm2 Q7 i?2 T2�Mmib �+im�HHv T`Q/m+2/X h?2 Qi?2` Bb i?2 p�Hm2 Q7 i?2
biQH2M T2�Mmib- r?2`2 biQH2M T2�Mmib �`2 +QmMi2/ �b K�Mv iBK2b �b i?2v �`2 biQH2MX AM/22/-

Ω+ Π∗ −M∗ = pQ∗ +
A(Y ∗)

1− A(Y ∗)
pQ∗

= pQ∗ + A(Y ∗)pQ∗ + A(Y ∗)2pQ∗ + · · ·

L�K2Hv- i?2 ;`Qbb bi2�H�#H2 r2�Hi? +QMbB/2`2/ BM +QM/BiBQM UReV +QMbBbib Q7 #Qi? i?2 BM+QK2
H2;BiBK�i2Hv 2�`M2/ �M/ BHH2;BiBK�i2Hv 2�`M2/X _272``BM; iQ 2[m�iBQM UkkV- r2 b22 i?�i �b BM
i?2 T`2pBQmb b2+iBQM- i?2 2[mBHB#`BmK iBK2 /2pQi2/ iQ i?27i 2[m�Hb i?2 p�Hm2 Q7 i?2 biQH2M
;QQ/bX 6Q` i?Bb `2�bQM- Y ∗ Bb �TiHv `272``2/ iQ �b i?2 H2p2H Q7 +`BK2X

9Xk 1tBbi2M+2

Ai Bb `QmiBM2 iQ +?2+F i?�i BM Q`/2` iQ }M/ �M BMi2`BQ` 2[mBHB#`BmK- Bi Bb 2MQm;? iQ bQHp2

p = c′(Q) UkjV

φ′
i(xi) =

p

1− A(Y )
i ∈ [0, 1] Uk9V

a(Y )

1− A(Y )
p

∫
x ≤ 1 rBi? 2[m�HBiv B7 Y > 0 Uk8V

∫
x = Q UkeV

kj



PM+2 i?Bb bvbi2K Bb bQHp2/- i?2 `2K�BMBM; p�`B�#H2b �`2 Q#i�BM2/ #v K2`2 bm#biBimiBQMX
G2i xd

i : A_+ → A_+ #2 i?2 /2K�M/ 7mM+iBQM Q7 BM/BpB/m�H i �b � 7mM+iBQM Q7 i?2 2z2+iBp2
`2H�iBp2 T`B+2 Q7 T2�Mmib pd = p/(1 − A(Y ))X h?�i Bb- xd

i (p
d) bQHp2b φ′

i(xi) = pdX �HbQ H2i
Xd =

∫
xd
i #2 i?2 �;;`2;�i2 /2K�M/ �b � 7mM+iBQM Q7 i?2 2z2+iBp2 `2H�iBp2 T`B+2 Q7 T2�MmibX

aBKBH�`Hv- H2i Qs : A_+ → A_+ #2 i?2 bmTTHv 7mM+iBQM Q7 T2�MmibX L�K2Hv- Qs(p) bQHp2b
c′(Q) = pX h?2M- i?2 2[mBHB#`BmK +QM/BiBQMb +�M #2 r`Bii2M �b

Xd(
p

1− A(Y )
) = Qs(p) UkdV

a(Y )

1− A(Y )
pQs(p) ≤ 1 rBi? 2[m�HBiv B7 Y > 0 Uk3V

6B;m`2 R /2TB+ib i?2 2[mBHB#`BmK BM i?2 T2�Mmi K�`F2iX �b +�M #2 b22M- i?27i ?�b � bBKBH�`
2z2+i iQ i?�i Q7 �M �/ p�HQ`2K i�t Q7 A(Y ∗)/(1−A(Y ∗))X Ai BMi`Q/m+2b � r2/;2 #2ir22M i?2
2z2+iBp2 T`B+2 T�B/ #v i?2 +QMbmK2`b �M/ i?2 QM2 `2+2Bp2/ #v i?2 }`KX h?2 /Bz2`2M+2 Bb i?2
p�Hm2 Q7 i?2 T2�Mmib #2BM; biQH2M r?2M QM2 2M/b mT �+[mB`BM; QM2 mMBi Q7 T2�MmibX >Qr2p2`-
bBM+2 i?2 p�Hm2 Q7 i?2 biQH2M T2�Mmib 2[m�Hb i?2 p�Hm2 Q7 i?2 iBK2 bT2Mi QM �TT`QT`B�iBQM
�+iBpBiB2b- i?Bb p�Hm2 mHiBK�i2Hv /BbbBT�i2bX

A(Y ∗)
1−A(Y ∗)pX

∗

=

Y ∗
p

p
1−A(Y ∗)

X∗ = Q∗

6B;m`2 R, h?2 T2�Mmi K�`F2iX

1[m�iBQM UkdV BKTHB+BiHv /2}M2b p �b � 7mM+iBQM Q7 Y X G2i p(Y ) /2MQi2 i?Bb 7mM+iBQMX

k9



�HbQ H2i X(Y ) = Xd( p(Y )
1−A(Y )) /2MQi2 i?2 �bbQ+B�i2/ �;;`2;�i2 /2K�M/X Ai +�M #2 +?2+F2/

i?�i p(Y ) Bb MQM@BM+`2�bBM; �M/ i?�i X(Y ) Bb bi`B+iHv /2+`2�bBM;X �b � `2bmHi- p(Y )X(Y ) Bb
bi`B+iHv /2+`2�bBM;X J�FBM; mb2 Q7 p(Y ) �M/ X(Y )- i?2 2[mBHB#`BmK +QM/BiBQMb �`2 `2/m+2/
iQ,

a(Y )

1− A(Y )
p(Y )X(Y ) ≤ 1 rBi? 2[m�HBiv B7 Y > 0. UkNV

h?�i Bb- i?2 `2im`Mb iQ i?27i �b � 7mM+iBQM Q7 i?2 +`BK2 H2p2H r?2M i?2 T2�Mmi K�`F2i Bb BM
2[mBHB#`BmK b?QmH/ #2 R- mMH2bb i?2 +`BK2 H2p2H Bb y- BM r?B+? +�b2 Bi b?QmH/ MQi 2t+22/ RX

�b QTTQb2/ iQ i?2 +�b2 Q7 a2+iBQM j- �M 2[mBHB#`BmK Bb MQi ;m�`�Mi22/ iQ 2tBbi �b i?2
7QHHQrBM; 2t�KTH2 BHHmbi`�i2bX

1t�KTH2 9 *QMbB/2` �M 2+QMQKv r?2`2 +QMbmK2`b ?�p2 � +QKKQM miBHBiv 7mM+iBQM ;Bp2M
#v φi(x) = 1−1/x- i?2 +Qbi 7mM+iBQM Bb c(Q) = 4Q- �M/ i?2 �TT`QT`B�iBQM i2+?MQHQ;v Bb ;Bp2M
#v A(Y ) = 1 − e−Y X :Bp2M i?2 HBM2�` i2+?MQHQ;v- i?2 2[mBHB#`BmK T`B+2 Kmbi #2 p(Y ) = 4-
�M/ i?2`27Q`2 r2 ?�p2 i?�i X(Y ) =

√
1− A(Y )/2X >2M+2- BM 2[mBHB#`BmK r2 ?�p2 i?�i

p(Y )X(Y ) = 2
√

1− A(Y )X Ai +�M #2 +?2+F2/ i?�i

a(Y )

1− A(Y )
=





1 Y = 0

eY −1
Y Y > 0

�b � `2bmHi- i?2 `2im`Mb iQ +`BK2 �b � 7mM+iBQM Q7 Y Bb

a(Y )

1− A(Y )
p(Y )X(Y ) =





2 Y = 0

2 eY/2−e−Y/2

Y Y > 0

r?B+? Bb ;`2�i2` i?�M R 7Q` �HH Y ≥ 0X q2 +QM+Hm/2 i?�i i?Bb 2+QMQKv ?�b MQ 2[mBHB#`BmKX

AM i?Bb KQ/2H- �M 2[mBHB#`BmK Bb HQ+�HHv bi�#H2 B7 i?2 `2im`Mb iQ i?27i a(Y )
1−A(Y )p(Y )X(Y )

�`2 /2+`2�bBM; �i i?2 2[mBHB#`BmK H2p2H Q7 i?27iX q?2M �M 2[mBHB#`BmK /Q2b 2tBbi- Bi K�v #2
M2Bi?2` mMB[m2 MQ` bi�#H2X h?2 7QHHQrBM; 2t�KTH2 BHHmbi`�i2b i?Bb TQBMiX

1t�KTH2 8 *QMbB/2` �M 2+QMQKv r?2`2 +QMbmK2`b ?�p2 � +QKKQM miBHBiv 7mM+iBQM /2}M2/
QM [0, 10] ;Bp2M #v φi(x) = x(10− x/2)- i?2 +Qbi 7mM+iBQM Bb c(Q) = Q/20- �M/ i?2 �TT`QT`B@
�iBQM i2+?MQHQ;v Bb ;Bp2M #v A(Y ) = 1 − e−Y X :Bp2M i?2 HBM2�` i2+?MQHQ;v- i?2 2[mBHB#`BmK
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T`B+2 Kmbi #2 p(Y ) = 1/20X h?2`27Q`2-

X(Y ) = max{10− p(Y )

1− A(Y )
, 0}

= max{10− 1

20e−Y
, 0}.

�M/- ?2M+2- BM 2[mBHB#`BmK r2 ?�p2 i?�i

p(Y )X(Y ) = max{1
2
− 1

400e−Y
, 0}.

Ai +�M #2 +?2+F2/ i?�i
a(Y )

1− A(Y )
=





1 Y = 0

eY −1
Y Y > 0

�b � `2bmHi- i?2 `2im`Mb iQ +`BK2 �b � 7mM+iBQM Q7 Y Bb

a(Y )

1− A(Y )
p(Y )X(Y ) =






199/400 Y = 0

−(eY −200)(eY −1)
400Y 0 < Y ≤ ln(200)

0 Y > ln(200)

r?B+? BMi2`b2+ib R �i Y = 1.28 �M/ Y = 5.24X q2 +QM+Hm/2 i?�i i?Bb 2+QMQKv ?�b i?`22
2[mBHB#`B�X PM2- rBi? MQ i?27i- QM2 rBi? Y = 1.28- �M/ QM2 rBi? Y = 5.24X PMHv i?2 }`bi
�M/ i?B`/ 2[mBHB#`� �`2 HQ+�HHv bi�#H2X

P#b2`p�iBQM N � bm{+B2Mi +QM/BiBQM 7Q` i?2 2tBbi2M+2 Q7 �M 2[mBHB#`BmK Bb i?�i i?2 `2@
im`Mb iQ i?27i- a(Y )

1−A(Y )p(Y )X(Y )- #2 H2bb i?�M R 7Q` bQK2 Y X h?Bb +QM/BiBQM ?QH/b B7
limY→∞

a(Y )
1−A(Y ) = 0X 6Q` 2t�KTH2- B7 A Bb #QmM/2/ �r�v 7`QK R- �M 2[mBHB#`BmK 2tBbibX

A7- 7m`i?2`KQ`2- a(Y )
1−A(Y ) Bb MQM@BM+`2�bBM;- i?2 2[mBHB#`BmK Bb mMB[m2X

S`QQ7 , A7 a(Y )
1−A(Y )p(Y )X(Y ) < 1 7Q` �HH Y - i?2M Y ∗ = 0 b�iBb}2b i?2 2[mBHB#`BmK +QM/B@

iBQM UkNVX Pi?2`rBb2- B7 i?2`2 Bb bQK2 Y - 7Q` r?B+? i?Bb BM2[m�HBiv /Q2b MQi ?QH/- i?2M #v �M
�TTHB+�iBQM Q7 i?2 BMi2`K2/B�i2 p�Hm2 i?2Q`2K i?2`2 Kmbi #2 � Y ∗ 7Q` r?B+? +QM/BiBQM UkNV
?QH/b rBi? 2[m�HBivX h?2 `2bi Q7 i?2 T`QQ7 7QHHQrb 7`QK i?2 7�+i i?�i p(Y )X(Y ) Bb /2+`2�bBM;
BM Y X

!

ke



9Xj AM2{+B2M+v Q7 i?2 2[mBHB#`BmK

A7 i?2 2[mBHB#`BmK H2p2H Q7 i?27i Bb y- i?2M Bi +QBM+B/2b rBi? i?2 2[mBHB#`BmK Q7 � bi�M/�`/
2+QMQKv BM r?B+? i?27i Bb MQi �HHQr2/ �M/ i?2`27Q`2 Bi Bb 2{+B2MiX aBM+2 r2 �`2 BMi2`2bi2/ BM
2[mBHB#`B� rBi? TQbBiBp2 i?27i- BM i?Bb b2+iBQM r2 �bbmK2 i?�i i?2 2[mBHB#`BmK H2p2H Q7 i?27i Bb
TQbBiBp2X 6m`i?2`KQ`2- r2 �bbmK2 i?�i i?2`2 Bb � mMB[m2 2[mBHB#`BmK �M/ i?2`27Q`2

a(Y )

1− A(Y )
p(Y )X(Y ) > 1 7Q` �HH Y < Y ∗. UjyV

AM i?Bb +�b2- Bi Bb +H2�` i?�i i?2 K�`F2i 2[mBHB#`BmK Bb BM2{+B2MiX h?2`2 �`2 irQ `2�bQMb 7Q`
i?Bb BM2{+B2M+vX 6B`bi- i?2 2[mBHB#`BmK +QM/BiBQMb UkjĜk9V BKTHv i?�i i?2 K�`;BM�H miBHBiv Q7
T2�Mmib Bb ?B;?2` i?�M Bib K�`;BM�H +Qbi- �M/ ?2M+2 BM 2[mBHB#`BmK i?2`2 Bb mM/2`T`Q/m+iBQM
�M/ mM/2`+QMbmKTiBQM Q7 T2�MmibX a2+QM/- �b BM i?2 T`2pBQmb b2+iBQM- i?2 �KQmMi Y ∗ Q7
+`BKBM�H �+iBpBiv Bb Tm`2 r�bi2c Bi K2`2Hv i`�Mb72`b `2bQm`+2b 7`QK pB+iBKb iQ i?B2p2bX "mi
2p2M rQ`b2- 7Q` i?2 i?B2p2b �b r2HH i?2`2 Bb iQQ Km+? +`BKBM�H �+iBpBivX LQi2 i?�i r?2M i?2
+`BK2 H2p2H Bb Y - �M/ i�FBM; BMiQ �++QmMi UkRV �M/ UkkV- i?2 `2bmHiBM; #QQiv Bb i?2 p�Hm2 Q7
i?2 biQH2M ;QQ/b,

A(Y ) (Ω+ Π−M) =
A(Y )

1− A(Y )
p(Y )X(Y ).

A7 i?2 i?B2p2b- �b � mMBQM- r�Mi2/ iQ K�tBKBx2 A(Y )
1−A(Y )p(Y )X(Y ) − Y - +QM/BiBQM�H QM +QM@

bmK2`b +?QQbBM; i?2B` +QMbmKTiBQM #mM/H2b (xi,mi) QTiBK�HHv- M�K2Hv i?2 #QQiv BM 2t+2bb
Q7 i?2B` +`BKBM�H 2zQ`i- i?2v rQmH/ +?QQb2 � +`BKBM�H H2p2H i?�i Bb HQr2` i?�M i?2 2[mBHB#@
`BmK QM2X h?Bb 7QHHQrb 7`QK UjyV- r?B+? BKTHB2b i?�i 7Q` �HH 0 < Y < Y ∗- r2 ?�p2 i?�i
A(Y )

1−A(Y )p(Y )X(Y ) − Y > 0 = A(Y ∗)
1−A(Y ∗)p(Y

∗)X(Y ∗) − Y ∗- r?2`2 i?2 2[m�HBiv 7QHHQrb 7`QK i?2
/2}MBiBQM Q7 2[mBHB#`BmKX h?mb- �Mv H2p2H 0 < Y < Y ∗ �ii�BMb � #2ii2` `2bmHi 7Q` i?2 i?B2p2b-
K2�MBM; i?�i 2p2`v#Q/v +QmH/ #2 K�/2 #2ii2` Qz #v bBKTHv `2/m+BM; i?2 H2p2H Q7 +`BK2X

q2 ?�p2 b22M i?�i i?2`2 �`2 72�bB#H2 �HHQ+�iBQMb i?�i +�M K�F2 �HH BM/BpB/m�Hb #2ii2` QzX
>Qr2p2`- i?2b2 �HHQ+�iBQMb K�v MQi #2 2M7Q`+2�#H2 #v � bQ+B�H TH�MM2`- #2+�mb2 ?2 rQmH/
MQi #2 �#H2 iQ BKTH2K2Mi �`#Bi`�`v +QK#BM�iBQMb Q7 QmiTmi �M/ +`BK2 H2p2HbX h?2 �#Qp2
/Bb+mbbBQM- ?Qr2p2`- bm;;2bib i?�i �Mv iQQH- bm+? �b � [m�MiBiv bm#bB/v- i?�i BM/m+2b � bHB;?i
BM+`2�b2 BM i?2 T`Q/m+iBQM �M/ +QMbmKTiBQM Q7 T2�Mmib rQmH/ #2 r2H7�`2 BKT`QpBM;X q2 rBHH

kd



p -

1 - A Y

Q*

Xd

Qs

p

p-σ

Quantity

Price

6B;m`2 k, h?2 2[mBHB#`BmK H2p2H Q7 +`BK2 rBi? � [m�MiBiv bm#bB/vX

MQr b22 i?�i i?Bb Bb MQi �Hr�vb i?2 +�b2X q?BH2 bQK2iBK2b- � bm#bB/v QM T2�Mmib BM/m+2b
�M BM+`2�b2 BM bQ+B�H r2H7�`2- i?2`2 �`2 BMbi�M+2b r?2M � i�t QM T2�Mmib Bb i?2 �TT`QT`B�i2
TQHB+vX 6m`i?2`KQ`2- Bi Bb TQbbB#H2 i?�i M2Bi?2` � i�t MQ` � bm#bB/v +�M H2�/ iQ � r2H7�`2
BKT`Qp2K2MiX

q?2M � ;Qp2`MK2Mi BKTQb2b � [m�MiBiv bm#bB/v σ QM T2�Mmib- i?2 `2H2p�Mi 2[mBHB#`BmK
+QM/BiBQMb #2+QK2

Xd(
p− σ

1− A(Y )
) = Qs(p) UjRV

a(Y )

1− A(Y )
(p− σ)Qs(p) = 1 UjkV

6B;m`2 k /2TB+ib bm+? �M 2[mBHB#`BmKX h?2 `2bmHiBM; H2p2H Q7 +`BK2 Bb `2T`2b2Mi2/ #v i?2
b?�/2/ �`2�X

� [m�MiBiv bm#bB/v rBHH BKT`Qp2 bQ+B�H r2H7�`2 B7 Bib bQ+B�H K�`;BM�H #2M2}i Bb ?B;?2` i?�M
Bib bQ+B�H K�`;BM�H +QbiX h?2 bQ+B�H K�`;BM�H #2M2}i Bb i?2 K�`;BM�H miBHBiv Q7 T2�MmibX h?2
bQ+B�H K�`;BM�H +Qbi Q7 i?2 bm#bB/v ?�b irQ +QKTQM2MibX PM2 Bb i?2 K�`;BM�H T`Q/m+iBQM
+Qbi �M/ i?2 Qi?2` Bb i?2 �//BiBQM�H +`BK2 H2p2H- Y ′- BM/m+2/ #v i?2 bm#bB/vX aBM+2- �i i?2
2[mBHB#`BmK- i?2 K�`;BM�H miBHBiv Q7 T2�Mmib Bb p

1−A(Y ) - �M/ i?2 K�`;BM�H +Qbi Q7 T2�Mmib Bb p-
� [m�MiBiv bm#bB/v Bb r2H7�`2@BKT`QpBM; B7 �M/ QMHv B7

A(Y )

1− A(Y )
pQ′ > Y ′.
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�i i?2 +QKT2iBiBp2 2[mBHB#`BmK- ?Qr2p2`- i?Bb +QM/BiBQM /Q2b MQi M2+2bb�`BHv ?QH/X aT2+B7@
B+�HHv- r?BH2 � bK�HH BM+`2�b2 BM QmiTmi H2�/b iQ �M BM+`2�b2 BM BM/BpB/m�HbǶ miBHBiv i?�i Bb
?B;?2` i?�M i?2 �//BiBQM�H T`Q/m+iBQM +Qbi- Bi �HbQ H2�/b iQ � +?�M;2 BM i?2 H2p2H Q7 +`BK2
i?�i K�v Qzb2i i?2 �bbQ+B�i2/ BM+`2�b2 BM bQ+B�H bm`THmbX h?2 7QHHQrBM; 2t�KTH2 BHHmbi`�i2b
i?Bb TQBMiX

1t�KTH2 e *QMbB/2` �M 2+QMQKv r?2`2 φi(x) = x(6 − x/d)- c(Q) = Q2/2- �M/ A(Y ) =

Y/(1 + Y )- r?2`2 d ∈ [1, 4]X h?2 T2�Mmi bmTTHv 7mM+iBQM Bb- i?2`27Q`2- ;Bp2M #v Q(p) = pX A7
i?2`2 Bb � [m�MiBiv bm#bB/v σ QM T2�Mmib- �;;`2;�i2 /2K�M/ Bb

Xd(
p− σ

1− A(Y )
) = 3d− p− σ

2(1− A(Y ))

Ai +�M #2 +?2+F2/ i?�i i?2 T`B+2- [m�MiBiv- �M/ +`BK2 H2p2H i?�i b�iBb7v 2[mBHB#`BmK +QM/B@
iBQMb UjRĜjkV �`2

p(σ) = Q(σ) =
1

2

(
σ +

√
σ2 + 4

)

Y (σ) =
d
(
−
√
σ2 + 4 + σ + 12

)
− 2

(√
σ2 + 4 + σ

)

d
(√

σ2 + 4− σ
) .

AM T�`iB+mH�`- r?2M i?2`2 Bb MQ bm#bB/v- i?2 2[mBHB#`BmK T`B+2- [m�MiBiv �M/ +`BK2 H2p2Hb �`2

p∗ = 1, X∗ = Q∗ = 1, Y ∗ = 5− 2

d
.

aQ+B�H r2H7�`2 Bb
(d+ 2)

√
σ2 + 4 + (2− 3d)σ

2d
(√

σ2 + 4− σ
) .

Ai +�M #2 +?2+F2/ i?�i r?2M d = 2- bQ+B�H r2H7�`2 /Q2b MQi /2T2M/ QM σX �b � `2bmHi- MQ
bm#bB/v +�M BKT`Qp2 bQ+B�H r2H7�`2X q?2M d < 2 � bK�HH TQbBiBp2 bm#bB/v BKT`Qp2b r2H7�`2-
�M/ r?2M d > 2- � bK�HH [m�MiBiv i�t BKT`Qp2b r2H7�`2X

9X9 Sm#HB+ TQHB+2

lM/2` i?2 `2;BK2 Q7 Tm#HB+ TQHB+2- � H2p2H Q7 T`Qi2+iBQM ti = T Bb �HHQ+�i2/ mMB7Q`KHv �+`Qbb
BM/BpB/m�Hb �M/ Bb }M�M+2/ #v � T2`bQM�HBx2/ +QKTmHbQ`v +QMi`B#miBQM t̂i bm+? i?�i

∫
t̂ = T X

kN



q2 �bbmK2 i?�i- HBF2 H2Bbm`2- BM/BpB/m�HbǶ i�t T�vK2Mib �`2 MQi bm#D2+i iQ i?27iX h?2`27Q`2-
BM/BpB/m�H iǶb #m/;2i b2i Bb MQr

{
(xi,mi, yi) : pxi + yi ≤ (1− A(Y, T ))(ωi + πi − t̂i −mi) + yia(Y, T )(Ω+ Π− T −M)

}

h?2 T�`�K2i2`b i?�i i?2 BM/BpB/m�H i�F2b �b ;Bp2M �`2 i?2 T`B+2 p- ?Bb +QMi`B#miBQM iQ TQHB+2
T`Qi2+iBQM t̂i- i?2 +`BK2 `�i2 Y - �M/ i?2 `2im`Mb iQ i?27i a(Y, T )(Ω+ Π−M − T )X

� +QKT2iBiBp2 �HHQ+�iBQM +QMbBbib Q7 � 72�bB#H2 �HHQ+�iBQM 〈(x∗,m∗, y∗, T ), (−Z∗, Q∗)〉 �M/
� T`B+2 p- bm+? i?�i

RX S`Q/m+iBQM TH�M (−Z∗, Q∗) K�tBKBx2b T`Q}ib ;Bp2M pX

kX 6Q` 2�+? i ∈ [0, 1]- (x∗
i ,m

∗
i , y

∗
i ) K�tBKBx2 miBHBiv ;Bp2M ?Bb #m/;2i b2iX

q2 +�M b22 i?�i � +QKT2iBiBp2 2[mBHB#`BmK rBi? Tm#HB+ TQHB+2 T �M/ i�t b+?2/mH2 t̂ Bb 2[mBp@
�H2Mi iQ � +QKT2iBiBp2 2[mBHB#`BmK rBi? MQ TQHB+2 BM i?2 2+QMQKv

〈(
φ,ω − t̂, θ

)
, c, A(·, T )

〉
X

6m`i?2`KQ`2- ;Bp2M T - �M/ 2t+2Ti 7Q` 2[mBHB#`BmK H2Bbm`2 m∗- i?2 i�t b+?2/mH2 t̂ /Q2b MQi
�z2+i i?2 2[mBHB#`BmK Qmi+QK2X �b � `2bmHi- i?2 2[mBHB#`BmK Bb biBHH +?�`�+i2`Bx2/- Kmi�iBb
Kmi�M/Bb- #v +QM/BiBQMb UkjĜkeV- Q`- 2[mBp�H2MiHv- #v +QM/BiBQMb UkdĜk3VX AM T�`iB+mH�`- i?2
2[mBHB#`BmK H2p2H Q7 i?27i Bb BKTHB+BiHv /2}M2/ #v

Xd(
p

1− A(Y, T )
) = Qs(p) UjjV

a(Y, T )

1− A(Y, T )
pQs(p) ≤ 1 rBi? 2[m�HBiv B7 Y > 0 Uj9V

�b QTTQb2/ iQ i?2 KQ/2H BM a2+iBQM j- i?2 2[mBHB#`BmK H2p2H Q7 +`BK2 Bb MQi M2+2bb�`BHv
/2+`2�bBM; BM i?2 TQHB+2 H2p2HX h?2 `2�bQM Bb i?�i- Qi?2` i?BM;b #2BM; 2[m�H- KQ`2 TQHB+2
`2/m+2b +`BK2- r?B+? BM/m+2b BM/BpB/m�Hb iQ rQ`F �M/ T`Q/m+2 KQ`2- r?B+? Bib2H7 BM+`2�b2b
+`BK2X aBM+2- BM 2[mBHB#`BmK- i?2 p�Hm2 Q7 i?2 biQH2M ;QQ/b 2[m�Hb i?2 H2p2H Q7 +`BK2- Bi K�v
r2HH #2 i?�i �M BM+`2�b2 BM Tm#HB+ TQHB+2 T`Qi2+iBQM H2�/b iQ �M BM+`2�b2 BM i?2 p�Hm2 Q7 i?2
�TT`QT`B�i2/ ;QQ/bX

�Hi?Qm;? 2[mBHB#`BmK i?27i Bb MQi M2+2bb�`BHv /2+`2�bBM; BM TQHB+2 T`Qi2+iBQM- �i i?2 QT@
iBK�H H2p2H Q7 TQHB+2 T`Qi2+iBQM Bi /Q2b /2+`2�b2X �b K2MiBQM2/ #27Q`2- i?2 QTiBK�H H2p2H

jy



Q7 Tm#HB+ TQHB+2 Bb i?2 QM2 i?�i BM/m+2b �M 2[mBHB#`BmK i?�i K�tBKBx2b bQ+B�H r2H7�`2X �M
BM+`2�b2 BM Tm#HB+ TQHB+2 T`Qi2+iBQM rBHH BM+`2�b2 bQ+B�H r2H7�`2 B7 Bib K�`;BM�H bQ+B�H #2M2}i
Bb ;`2�i2` i?�M Bib K�`;BM�H bQ+B�H +QbiX *H2�`Hv- i?Bb Bb TQbbB#H2 QMHv B7 �M BM+`2�b2 BM TQHB+2
T`Qi2+iBQM `2/m+2b +`BK2X AM i?Bb +�b2- i?2 K�`;BM�H bQ+B�H #2M2}i Bb +QKTQb2/ Q7 i?2 /2+`2�b2
BM +`BK2 �M/ Q7 i?2 K�`;BM�H miBHBiv Q7 i?2 +QMbmKTiBQM BM/m+2/ #v i?2 HQr2` +`BK2 H2p2HX
h?2 K�`;BM�H bQ+B�H +Qbi- QM i?2 Qi?2` ?�M/- Bb +QKTQb2/ Q7 i?2 K�`;BM�H +Qbi Q7 QmiTmi �M/
i?2 K�`;BM�H +Qbi Q7 TQHB+2 T`Qi2+iBQMX h�FBM; BMiQ �++QmMi i?�i BM 2[mBHB#`BmK i?2 K�`;BM�H
miBHBiv Bb p

1−A(Y ∗,T ) �M/ i?2 K�`;BM�H +Qbi Bb p- r2 +QM+Hm/2 i?�i i?2 QTiBK�H H2p2H Q7 Tm#HB+
TQHB+2 b�iBb}2b

A(Y ∗, T )p

1− A(Y ∗, T )

∂Q∗

∂T
=

∂Y ∗

∂T
+ 1.

h?2 M2ti 2t�KTH2 BHHmbi`�i2b i?2 �#Qp2 TQBMibX

1t�KTH2 d �bbmK2 i?�i φi(x) = x (10(1 + i)− x/2) �M/ i?�i i?2 �TT`QT`B�iBQM i2+?MQHQ;v
Bb ;Bp2M #v A(Y, T ) = Y

(1+T )(1+Y ) X amTTQb2 i?�i i?2 +Qbi Q7 T2�Mmib BM i2`Kb Q7 rQ`F ?Qm`b Bb
;Bp2M #v c(q) = q2/2X h?2M- BM/BpB/m�H iǶb /2K�M/- �b � 7mM+iBQM Q7 i?2 2t+Bb2 `�i2 �M/ i?2
T2�Mmi T`B+2 Bb

xd
i (

p

1− A
) = 10(1− i)− p

(1− A)

*QMb2[m2MiHv- i?2 �;;`2;�i2 /2K�M/ Bb

Xd(
p

1− A
) =

∫
x = 15− p

1− A

h?2 T2�Mmi bmTTHv 7mM+iBQM Bb ;Bp2M #v Q(p) = pX h?2`27Q`2- i?2 2[mBHB#`BmK +QM/BiBQMb UjjĜ
j9V �`2

15− p(1 + T )(1 + Y )

1 + T (1 + Y )
= p

p2

1 + T (1 + Y )
= 1

h?Bb bvbi2K Q7 2[m�iBQMb BKTHB+BiHv /2}M2 i?2 2[mBHB#`BmK H2p2H Q7 +`BK2 �M/ T`B+2 �b 7mM+iBQMb
Q7 TQHB+2 T`Qi2+iBQMX Ai +�M #2 +?2+F2/ i?�i i?2 2[mBHB#`BmK H2p2H Q7 +`BK2 Bb MQi /2+`2�bBM; BM
i?2 TQHB+2 H2p2HX aT2+B}+�HHv- 7Q` HQr H2p2Hb Q7 TQHB+2 T`Qi2+iBQM- i?2 +`BK2 `�i2 Bb BM+`2�bBM; BM
T X Ua22 6B;m`2 jVX h?2 QTiBK�H H2p2H Q7 TQHB+2 T2` +�TBi� Bb T ∗ = 6.70109- �M/ i?2 �bbQ+B�i2/
H2p2H Q7 +`BK2 Bb Y ∗ = 6.27845X

jR
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6B;m`2 j, h?2 2[mBHB#`BmK H2p2H Q7 +`BK2 �b � 7mM+iBQM Q7 TQHB+2 T`Qi2+iBQMX

9X8 S`Bp�i2 TQHB+2

amTTQb2 MQr i?�i i?2`2 Bb MQ Tm#HB+ TQHB+2 #mi QM2 +�M ?B`2 T`Bp�i2 TQHB+2 T`Qi2+iBQMX h?2
/2}MBiBQM Q7 � +QKT2iBiBp2 2[mBHB#`BmK Bb i?2 b�K2 �b #27Q`2- 2t+2Ti i?�i MQr i?2 #m/;2i Q7
BM/BpB/m�H i +QMbBbib Q7 �HH i?2 #mM/H2b (xi,mi, yi, ti) i?�i b�iBb7v

pxi + yi ≤ (1− A(Y, ti))(ωi + πi − ti −mi) + yi

∫
a(Y, t)(ω + π − t−m),

r?2`2 i?2 /�i� i?�i i?2 �;2Mi +QMbB/2`b �b ;Bp2M �`2 i?2 T`B+2 p- ?Bb b?�`2 Q7 i?2 T`Q}ib πi-
�M/ i?2 `2im`Mb iQ +`BK2

∫
a(Y, t)(ω + π − t−m)X �b � `2bmHi- i?2 2[mBHB#`BmK �HHQ+�iBQM Bb

MQr +?�`�+i2`Bx2/ #v i?2 7QHHQrBM; +QM/BiBQMb U�bbmKBM; �M BMi2`BQ` bQHmiBQMV,

c′(Q) = p Uj8V

(1− A(Y, ti)) + (ωi + πi − ti −mi)A2(Y, ti) = 0 i ∈ [0, 1] UjeV

(1− A(Y, ti))φ
′
i(xi) = p i ∈ [0, 1] UjdV

(1− A(Y, t))(ω + π − t−m) = px Uj3V
∫

a(Y, t)(ω + π − t−m) = 1 UjNV
∫

x = Q U9yV

*QM/BiBQM UjeV Bb i?2 +QM/BiBQM i?�i i?2 +?QB+2 Q7 T`Bp�i2 TQHB+2 Kmbi b�iBb7v B7 Bi Bb iQ #2
miBHBiv@K�tBKBxBM;X

jk



9X8XR PTiBK�H �HHQ+�iBQM Q7 T`Bp�i2 TQHB+2

G2i E = 〈(φ,ω, θ), c, A〉 #2 �M 2+QMQKv �M/ H2i 〈(x∗,m∗, y∗, t∗), (−Z∗, Q∗)〉 #2 � +QKT2iBiBp2
�HHQ+�iBQMX h?2 +Q``2bTQM/BM; +`BK2 H2p2H �M/ i�t +QHH2+iBQM �`2 Y ∗ =

∫
y∗ �M/ T ∗ =

∫
t∗X

6Q` i?2 `2�bQMb /Bb+mbb2/ BM i?2 T`2pBQmb b2+iBQMb- i?Bb 2[mBHB#`BmK Bb MQi 2{+B2MiX >Qr2p2`-
QM2 K�v �bF r?2i?2`- �b r�b i?2 +�b2 BM i?2 KQ/2H Q7 a2+iBQM j- i?2 �HHQ+�iBQM Q7 TQHB+2
T`Qi2+iBQM Bb 2{+B2Mi- ;Bp2M i?2 2[mBHB#`BmK H2p2H Q7 +`BK2X Ai im`Mb Qmi i?�i i?Bb Bb MQi i?2
+�b2X �b i?2 7QHHQrBM; 2t�KTH2 BHHmbi`�i2b- i?2 ;Qp2`MK2Mi +�M BKTQb2 � /Bz2`2Mi �HHQ+�iBQM
Q7 TQHB+2 T`Qi2+iBQM r?Qb2 `2bmHiBM; 2[mBHB#`BmK �ii�BMb � ?B;?2` H2p2H Q7 bQ+B�H r2H7�`2X

1t�KTH2 3 *QMbB/2` �M 2+QMQKv rBi? irQ ivT2b Q7 +QMbmK2`bX 6Q` i ∈ [0, 1/2]- i?2 miBHBiv
Q7 T2�Mmib Bb ;Bp2M #v φi(x) = x(10 − x/2)- �M/ 7Q` i ∈ (1/2, 1]- Bi Bb ;Bp2M #v φi(x) =

x(50 − x/2)X h?2 +Qbi 7mM+iBQM Bb c(Q) = Q4/42348 �M/ i?2 �TT`QT`B�iBQM i2+?MQHQ;v Bb
;Bp2M #v A(Y, ti) =

Y
(1+Y )(1+ti)

X Ai +�M #2 +?2+F2/ i?�i i?2 +QKT2iBiBp2 2[mBHB#`BmK +QMbBbib
Q7 p∗ = 2- Q∗ = 27.66- Y ∗ = 6.35 �HQM; rBi? �M �HHQ+�iBQM Q7 T2�Mmib ;Bp2M #v x∗

i = 7.52 7Q`
i ≤ 1/2 �M/ x∗

i = 47.82 7Q` i > 1/2- �M/ �M �HHQ+�iBQM Q7 T`Bp�i2 TQHB+2 T`Qi2+iBQM ;Bp2M #v
t∗i = 3.47 7Q` i ≤ 1/2 �M/ t∗i = 8.95 7Q` i > 1/2X >Qr2p2`- � bQ+B�H TH�MM2` +�M BKTQb2 Tm#HB+
#mi /Bb+`BKBM�iQ`v TQHB+2 T`Qi2+iBQM ;Bp2M #v t̂i = 3.38 B7 i ≤ 1/2 �M/ t̂i = 9.03 B7 i > 1/2 �M/
i?2 `2bmHiBM; +QKT2iBiBp2 2[mBHB#`BmK Ui?2 QM2 i?�i bQHp2b i?2 bvbi2K Q7 2[m�iBQM UjdĜ9yV
rQmH/ vB2H/ p̂ = 2- Q̂ = 27.66- Ŷ = Y ∗- �HQM; rBi? i?2 T2�Mmi �HHQ+�iBQM x̂i = 7.51 B7 i ≤ 1/2

�M/ x̂i = 47.81 B7 i > 1/2X �b r2 +�M b22- BM #Qi? 2[mBHB#`B� i?2 H2p2H Q7 +`BK2 Bb i?2 b�K2- #mi
Bi +�M #2 +?2+F2/ i?�i i?2 2[mBHB#`BmK rBi? /Bb+`BKBM�iQ`v Tm#HB+ TQHB+2 T`Qi2+iBQM �ii�BMb
� ?B;?2` H2p2H Q7 bQ+B�H r2H7�`2X

h?2 �#Qp2 2t�KTH2 b?Qrb i?�i P#b2`p�iBQM e +�MMQi #2 2ti2M/2/ iQ i?2 +�b2 BM r?B+? QMHv
T`Q/m+2/ QmiTmi +�M #2 biQH2MX >Qr2p2`- Bi +�M #2 +?2+F2/ i?�i B7 r2 KQ/B7v i?2 2t�KTH2
#v +?�M;BM; i?2 +Qbi 7mM+iBQM iQ #2 c(Q) = 2Q- r2 Q#i�BM i?2 b�K2 2[mBHB#`BmK r?B+? i?Bb
iBK2 im`Mb Qmi iQ #2 +QM/BiBQM�H 2{+B2MiX h?Bb Bb MQ �++B/2MiX �b r2 rBHH b?Qr M2ti- BM i?Bb
b2+iBQMǶb b+2M�`BQ- B7 i?2 T`Q/m+iBQM i2+?MQHQ;v Bb HBM2�`- i?2 +QKT2iBiBp2 �HHQ+�iBQM Q7 TQHB+2
T`Qi2+iBQM Bb 2{+B2Mi +QM/BiBQM�H QM +`BK2 #2BM; �i i?2 2[mBHB#`BmK H2p2HX

jj



hQ b22 i?Bb- �bbmK2 i?�i i?2 T`Q/m+iBQM i2+?MQHQ;v Bb HBM2�` �M/ H2i p = c′(Q) #2 i?2
+Q``2bTQM/BM; +QMbi�Mi K�`;BM�H +QbiX *QM/BiBQM�H QM i?2 H2p2H Q7 +`BK2 #2BM; i?2 +QKT2i@
BiBp2 QM2- Y ∗- i?2 QTiBK�H �HHQ+�iBQM Q7 T`Bp�i2 TQHB+2 K�tBKBx2b bQ+B�H r2H7�`2- ;Bp2M i?�i
i?2 Qi?2` p�`B�#H2b �`2 /2i2`KBM2/ BM 2[mBHB#`BmKX 6Q`K�HHv- Bi bQHp2b

max
t,x,m

∫
(mi + φi(xi))

bXiX (37)− (40)

q2 rBHH b?Qr i?�i i?2 +QKT2iBiBp2 �HHQ+�iBQM- 〈(x∗,m∗, y∗, t∗), (−Z∗, Q∗)〉- r?B+? b�iBb}2b
+QM/BiBQM UjdV- bQHp2b i?2 7QHHQrBM; T`Q#H2K- r?B+? Bb Q#i�BM2/ 7`QK i?2 T`2pBQmb QM2 #v
2HBKBM�iBM; i?Bb `2bi`B+iBQMX

max
t,x,m

∫
(mi + φi(xi))

bXiX 1 =

∫
a(Y ∗, t)(ω − t−m)

px = (1− A(Y ∗, t))(ω − t−m)
∫

x = Q

h?2 �#Qp2 T`Q#H2KǶb +QMbi`�BMib `2�/BHv BKTHv i?�i Ω = M + pQ+T +Y ∗X �b � `2bmHi- i?Bb
T`Q#H2K +�M #2 `2r`Bii2M �b

max
t,x

∫
(φi(xi) + ωi − pxi − ti) U9RV

bXiX k′ =
a(Y ∗, t)

1− A(Y ∗, t)
px

k0 = 0, k1 = 1

h?2 �bbQ+B�i2/ >�KBHiQMB�M Bb

H = φi(xi) + ωi − ti − pxi − λ
(
a(Y ∗, t)

px

1− A(Y ∗, t)

)

�M/ i?2 M2+2bb�`v +QM/BiBQMb 7Q` � bQHmiBQM �`2

φ′
i(xi)− p

(
1 + λ

a(Y ∗, t)

(1− A(Y ∗, t))

)
= 0 U9kV

−1− λ
A2(Y ∗, t)px

Y ∗ (1− A(Y ∗, t))2
= 0 U9jV

λ′ = 0 U99V
∫

a(Y ∗, t)
px

(1− A(Y ∗, t))
= 1 U98V

j9



LQr H2i 〈(x∗,m∗, y∗, t∗), (−Z∗, Q∗)〉 #2 � +QKT2iBiBp2 2[mBHB#`BmK �HHQ+�iBQM �HQM; rBi? λ =

Y ∗X aBM+2 p = (1 − A(Y ∗, t∗i ))φ
′
i(x

∗
i ) r2 ?�p2 i?�i +QM/BiBQM U9kV Bb b�iBb}2/X �HbQ- bBM+2

(1− A(Y ∗, t∗i )) +
px∗

i
1−A(Y ∗,t∗i )

A2(Y ∗, t∗i ) = 0- r2 ?�p2 i?�i

px∗
i

(1− A(Y ∗, t∗i ))
2
A2(Y

∗, t∗i ) = −1

�M/ +QM/BiBQM U9jV Bb b�iBb}2/ �b r2HHX aBM+2 Y ∗ Bb +QMbi�Mi- λ′ = 0 �M/ +QM/BiBQM U99V Bb �HbQ
b�iBb}2/X 6BM�HHv- #v /2}MBiBQM- +QM/BiBQM U98V Bb �HbQ b�iBb}2/ #v i?2 +QKT2iBiBp2 �HHQ+�iBQMX

q2 +QM+Hm/2 i?�i i?2 +QKT2iBiBp2 2[mBHB#`BmK b�iBb}2b i?2 M2+2bb�`v +QM/BiBQMb 7Q` �M
QTiBK�H �HHQ+�iBQM Q7 TQHB+2- +QM/BiBQM�H QM i?2 H2p2H Q7 +`BK2X q2 +�MMQi +QM+Hm/2- ?Qr2p2`-
i?�i i?2 �HHQ+�iBQM Bb QTiBK�H- #2+�mb2 i?2 M2+2bb�`v +QM/BiBQMb K�v MQi #2 bm{+B2MiX "mi
2p2M B7 i?2 �HHQ+�iBQM Q7 TQHB+2 T`Qi2+iBQM Bb +QMbi`�BM2/ 2{+B2Mi- i?2 +QKT2iBiBp2 H2p2H Q7
+`BK2 Bb MQi ;HQ#�HHv QTiBK�HX AM/22/- �M �`;mK2Mi �M�HQ;Qmb iQ i?2 QM2 mb2/ iQ T`Qp2
P#b2`p�iBQM d- b?Qrb i?�i bQ+B�H r2H7�`2 +�M #2 BM+`2�b2/ #v BM+`2�bBM; bT2M/BM; QM TQHB+2
T`Qi2+iBQM �M/ `2/m+BM; i?2 H2p2H Q7 +`BK2X h?2 `2�bQM Bb i?2 b�K2 �b i?�i Q7 i?2 b+2M�`BQ
BM a2+iBQM jX L�K2Hv- T`Bp�i2 TQHB+2 2t2`ib � TQbBiBp2 2ti2`M�HBivc Bi `2/m+2b i?2 `2im`Mb iQ
i?27i- r?B+? BM/m+2b T2QTH2 iQ bT2M/ H2bb iBK2 bi2�HBM; 7`QK i?2 r?QH2 TQTmH�iBQMX h?Bb
2ti2`M�HBiv Bb MQi i�F2M BMiQ �++QmMi #v i?2 BM/BpB/m�HX

8 *QM+Hm/BM; `2K�`Fb

q2 ?�p2 BMi`Q/m+2/ i?27i BMiQ i?2 bi�M/�`/ T�`iB�H 2[mBHB#`BmK KQ/2H Q7 �M 2+QMQKvX q2
+QMbB/2`2/ irQ KQ/2Hb i?�i /Bz2` BM i?2 FBM/ Q7 ;QQ/b i?�i �`2 bm#D2+i iQ i?27iX AM i?2 }`bi
KQ/2H- r2 �HHQr i?B2p2b iQ bi2�H 7`QK i?2 BMBiB�H 2M/QrK2Mib Q7 7�+iQ`b Q7 T`Q/m+iBQMX AM
i?2 b2+QM/ QM2- QMHv T`Q/m+2/ ;QQ/b +�M #2 biQH2MX AM T�`iB+mH�`- iBK2 /2pQi2/ iQ H2Bbm`2-
i?27i- �M/ T`QT2`iv T`Qi2+iBQM Bb MQi bm#D2+i iQ �TT`QT`B�iBQMX h?2 irQ KQ/2Hb ;2M2`�i2
/Bz2`2Mi +QM+HmbBQMbX q?BH2 BM i?2 }`bi �M 2[mBHB#`BmK 2tBbib �M/ Bb mMB[m2- BM i?2 b2+QM/
i?2`2 K�v #2 MQM@2tBbi2M+2 �M/ KmHiBTHB+Biv Q7 2[mBHB#`B�X AM #Qi? KQ/2Hb- i?27i ;2M2`�i2b
i?2 Q#pBQmb BM2{+B2M+v �bbQ+B�i2/ rBi? i?2 7�+i i?�i iBK2 bT2Mi bi2�HBM; Bb Bib2H7 � r�bi2 Q7
`2bQm`+2bX AM i?2 b2+QM/ KQ/2H- i?2`2 Bb �M �//BiBQM�H bQm`+2 Q7 BM2{+B2M+v /m2 iQ i?2 7�+i
i?�i i?27i �+ib �b � [m�MiBiv i�t i?�i BMi`Q/m+2b � r2/;2 #2ir22M i?2 +QMbmK2`bǶ K�`;BM�H
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miBHBiv �M/ i?2 }`KbǶ K�`;BM�H +Qbi Q7 T`Q/m+iBQMX h?2 irQ KQ/2Hb �HbQ /Bz2` BM i?2B` TQHB+v
`2+QKK2M/�iBQMbX q?BH2 BM i?2 }`bi QM2- � TQHB+v i?�i BM+`2�b2b QmiTmi Bb #2M2}+B�H BM i?2
b2Mb2 i?�i Bi `2/m+2b +`BK2- i?Bb Bb MQi M2+2bb�`BHv bQ BM i?2 b2+QM/ QM2X �HbQ- r?2`2�b BM i?2
}`bi KQ/2H- Tm#HB+ TQHB+2 T`Qi2+iBQM `2/m+2b +`BK2- BM i?2 b2+QM/ QM2 Bi K�v p2`v r2HH BM+`2�b2
BiX h?2 �HHQ+�iBQM Q7 T`Qi2+iBQM ;`�Mi2/ #v Tm#HB+ TQHB+2 Bb ivTB+�HHv BM2{+B2Mi bBM+2 2[m�H
T`Qi2+iBQM Bb �r�`/2/ iQ �HH BM/BpB/m�Hb- BM/2T2M/2Mi Q7 i?2B` bi2�H�#H2 r2�Hi?X �Hi?Qm;?
�HHQrBM; 7Q` T`Bp�i2 TQHB+2 /Q2b MQi BM/m+2 �M QTiBK�H H2p2H Q7 +`BK2- Bi ?�b i?2 TQi2MiB�H iQ
/Bbi`B#mi2 TQHB+2 2{+B2MiHv U+QM/BiBQM�H QM i?2 H2p2H Q7 +`BK2VX Ai im`Mb Qmi i?�i BM i?2 }`bi
KQ/2H- i?2 +QKT2iBiBp2 2[mBHB#`BmK /Q2b �HHQ+�i2 TQHB+2 T`Qi2+iBQM 2{+B2MiHv U+QM/BiBQM�H
QM i?2 H2p2H Q7 +`BK2VX AM i?2 b2+QM/ KQ/2H- ?Qr2p2`- T`Bp�i2 TQHB+2 Bb ivTB+�HHv BM2{+B2Mi-
mMH2bb i?2 i2+?MQHQ;v Q7 T2�Mmi T`Q/m+iBQM Bb HBM2�`X 6BM�HHv- rBi?BM i?2 }`bi KQ/2H- r2 ?�p2
BMp2biB;�i2/ i?2 MQiBQM Q7 � pQiBM; 2[mBHB#`BmK mM/2` T`QTQ`iBQM�H i�t�iBQMX lM/2` i?Bb i�t
`2;BK2- +QKKmMBiB2b �`2 MQi M2+2bb�`BHv +H�bbB}2/ #v BM+QK2 #`�+F2ib- #mi BM �HH Q7 i?2K- i?2
bmK Q7 i?2 2t+Bb2 �M/ i�t `�i2b �`2 i?2 b�K2X 6m`i?2`KQ`2- i?2 2[mBHB#`BmK +`BK2 i�t `�i2b
BM 2�+? +QKKmMBiv �`2 i?2 QTiBK�H QM2bX

_272`2M+2b

"2+F2`- :X URNe3V, ǳ*`BK2 �M/ TmMBb?K2Mi, �M 2+QMQKB+ �TT`Q�+?-Ǵ CQm`M�H Q7 SQHBiB+�H
1+QMQKv- deUkV- ReNĜkRdX

"m`/2ii- EX- _X G�;Qb- �M/ _X q`B;?i UkyyjV, ǳ*`BK2- BM2[m�HBiv- �M/ mM2KTHQv@
K2Mi-Ǵ �K2`B+�M 1+QMQKB+ _2pB2r- NjU8V- Rde9ĜRdddX

Ukyy9V, ǳ�M QM@i?2@DQ# b2�`+? KQ/2H Q7 +`BK2- BM2[m�HBiv- �M/ mM2KTHQvK2Mi-Ǵ
AMi2`M�iBQM�H 1+QMQKB+ _2pB2r- 98UjV- e3RĜdyeX

.�H "Ơ- 1X- �M/ SX .�H "Ơ UkyRRV, ǳqQ`F2`b- r�``BQ`b- �M/ +`BKBM�Hb, bQ+B�H +QM~B+i BM
;2M2`�H 2[mBHB#`BmK-Ǵ CQm`M�H Q7 i?2 1m`QT2�M 1+QMQKB+ �bbQ+B�iBQM- NU9V- e9eĜeddX

.B h2HH�- _X- �M/ 1X a+?�`;`Q/bFv Ukyy9V, ǳ.Q TQHB+2 `2/m+2 +`BK2\ 1biBK�i2b mbBM;
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i?2 �HHQ+�iBQM Q7 TQHB+2 7Q`+2b �7i2` � i2``Q`Bbi �ii�+F-Ǵ �K2`B+�M 1+QMQKB+ _2pB2r- N9URV-
RR8ĜRjjX

.`�+�- JX- aX J�+?BM- �M/ _X qBii UkyRRV, ǳS�MB+ QM i?2 bi`22ib Q7 GQM/QM, SQHB+2-
+`BK2- �M/ i?2 CmHv kyy8 i2``Q` �ii�+Fb-Ǵ �K2`B+�M 1+QMQKB+ _2pB2r- RyRU8V- kR8dĜ3RX

1?`HB+?- AX URNNeV, ǳ*`BK2- TmMBb?K2Mi- �M/ i?2 K�`F2i 7Q` Qz2Mb2b-Ǵ CQm`M�H Q7 1+QMQKB+
S2`bT2+iBp2b- RyURV- 9jĜedX

1p�Mb- qX LX- �M/ 1X :X Pr2Mb UkyydV, ǳ*PSa �M/ *`BK2-Ǵ CQm`M�H Q7 Sm#HB+ 1+Q@
MQKB+b- NRUR@kV- R3RĜkyRX

6`B2/K�M- JX URN88V, ǳG2QM q�H`�b �M/ ?Bb 2+QMQKB+ bvbi2K-Ǵ �K2`B+�M 1+QMQKB+ _2@
pB2r- TTX NyyĜNyNX

:�HB�MB- aX- AX GX *`mx- �M/ :X hQ``2Mb UkyR3V, ǳaiB``BM; mT � ?Q`M2ibǶ M2bi, :2Q@
;`�T?B+ /Bbi`B#miBQM Q7 +`BK2-Ǵ CQm`M�H Q7 1+QMQKB+ "2?�pBQ` � P`;�MBx�iBQM- R8k- RdĜj8X

:�HB�MB- aX- GX C�BiK�M- �M/ 6X q2BMb+?2H#�mK UkykyV, ǳ*`BK2 �M/ /m`�#H2 ;QQ/b-Ǵ
CQm`M�H Q7 1+QMQKB+ "2?�pBQ` � P`;�MBx�iBQM- Rdj- R9eĜRejX

:�`7BMF2H- JX _X URNNyV, ǳ�`KBM; �b � bi`�i2;B+ BMp2biK2Mi BM � +QQT2`�iBp2 2[mBHB#`BmK-Ǵ
�K2`B+�M 1+QMQKB+ _2pB2r- 3yURV- 8yĜe3X

:�`7BMF2H- JX _X- �M/ aX aF�T2`/�b UkyydV, ǳ1+QMQKB+b Q7 +QM~B+i, �M Qp2`pB2r-Ǵ
>�M/#QQF Q7 .272Mb2 1+QMQKB+b- k- e9NĜdyNX

:QMx{H2x- 6X JX UkyydV, ǳ1z2+iBp2 T`QT2`iv `B;?ib- +QM~B+i �M/ ;`Qri?-Ǵ CQm`M�H Q7
1+QMQKB+ h?2Q`v- RjdURV- RkdĜRjNX

:`QbbK�M- >X AX URNN9V, ǳS`Q/m+iBQM- �TT`QT`B�iBQM- �M/ H�M/ `27Q`K-Ǵ �K2`B+�M 1+Q@
MQKB+ _2pB2r- 39UjV- dy8ĜdRkX

>��p2HKQ- hX URN89V, � bim/v BM i?2 i?2Q`v Q7 2+QMQKB+ 2pQHmiBQMX LQ`i?@>QHH�M/ Sm#@
HBb?BM; *QKT�Mv �Kbi2`/�KX

jd



>B`b?H2B72`- CX URN33V, ǳh?2 �M�HviB+b Q7 +QMiBMmBM; +QM~B+i-Ǵ avMi?2b2- deUkV- kyRĜkjjX

řK`Q?Q`QįHm- �X- �X J2`HQ- �M/ SX _mT2`i UkyyyV, ǳPM i?2 TQHBiB+�H 2+QMQKv Q7
BM+QK2 `2/Bbi`B#miBQM �M/ +`BK2-Ǵ AMi2`M�iBQM�H 1+QMQKB+ _2pB2r- 9RURV- RĜkeX

EHB+F- CX- �M/ �X h�#�``QF Ukyy8V, ǳlbBM; i2``Q` �H2`i H2p2Hb iQ 2biBK�i2 i?2 2z2+i Q7
TQHB+2 QM +`BK2-Ǵ h?2 CQm`M�H Q7 G�r �M/ 1+QMQKB+b- 93URV- kedĜkdNX

G2pBii- aX .X URNNdV, ǳlbBM; 2H2+iQ`�H +v+H2b BM TQHB+2 ?B`BM; iQ 2biBK�i2 i?2 2z2+ib Q7
TQHB+2 QM +`BK2-Ǵ �K2`B+�M 1+QMQKB+ _2pB2r- 3dUjV- kdyĜkNyX

UkyykV, ǳlbBM; 2H2+iQ`�H +v+H2b BM TQHB+2 ?B`BM; iQ 2biBK�i2 i?2 2z2+ib Q7 TQHB+2 QM
+`BK2, _2THv-Ǵ �K2`B+�M 1+QMQKB+ _2pB2r- NkU9V- Rk99ĜRk8yX

J�`p2HH- hX "X- �M/ *X 1X JQQ/v URNNeV, ǳaT2+B}+�iBQM T`Q#H2Kb- TQHB+2 H2p2Hb- �M/
+`BK2 `�i2b-Ǵ *`BKBMQHQ;v- j9U9V- eyNĜe9eX

JBHH- CX aX UR393V, S`BM+BTH2b Q7 TQHBiB+�H 2+QMQKv rBi? bQK2 Q7 i?2B` �TTHB+�iBQMb iQ bQ+B�H
T?BHQbQT?vX Cq S�`F2`X

S�`2iQ- oX URNdRV, J�Mm�H Q7 TQHBiB+�H 2+QMQKvX �J E2HH2vX

aF�T2`/�b- aX URNNkV, ǳ*QQT2`�iBQM- +QM~B+i- �M/ TQr2` BM i?2 �#b2M+2 Q7 T`QT2`iv `B;?ib-Ǵ
�K2`B+�M 1+QMQKB+ _2pB2r- 3kU9V- dkyĜdjNX

� �TT2M/Bt

S`QQ7 Q7 P#b2`p�iBQM kX "v /2}MBiBQM- (p(Q), x(Q)) bQHp2b

φ′(x(Q)) = p(Q)
∫

x(Q) = Q.

Ai Bb `QmiBM2 iQ b?Qr i?�i i?2b2 +QM/BiBQMb BKTHv i?�i p′ < 0X G2iiBM; Π = p(Q)Q − c(Q)-
i?2 H2p2H Q7 +`BK2 Y (Q) =

∫
y(Q) Bb i?2 bQHmiBQM iQ i?2 2[m�iBQM

1 = a(Y )(Ω+ Π) U9eV
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aBM+2 i?2 2[mBHB#`BmK �HHQ+�iBQM b�iBb}2b
∫
m = Ω− Z − Y - �M/ Z = c(Q)- r2 ?�p2 i?�i

W (x(Q),m(Q)) =

∫
φ(x(Q)) + Ω− c (Q)− Y (Q).

�b � `2bmHi-
∂W

∂Q
=

∫
φ′(x)x′ − c′ − Y ′

aBM+2 BM 2[mBHB#`BmK- r?2M Q = Q∗- r2 ?�p2 i?�i φ′(x) = c′- �M/
∫
x′ = 1 r2 +QM+Hm/2 i?�i

∂W

∂Q
(x(Q∗),m(Q∗)) = −Y ′(Q∗),

h?�i Bb- i?2 BM+`2�b2 BM r2H7�`2 Bb 2t�+iHv i?2 /2+`2�b2 BM iBK2 /2pQi2/ iQ i?27iX AM Q`/2`
iQ +�H+mH�i2 i?Bb p�Hm2- MQi2 i?�i Y (Q) bQHp2b 2[m�iBQM U9eVX h?2`27Q`2- bBM+2 a(Y ) Bb �
/2+`2�bBM; 7mM+iBQM- Y Bb /2+`2�bBM; BM Q B7 �M/ QMHv B7 Π′ < 0X "v >Qi2HHBM;Ƕb H2KK�-
Π′ = Qp′X h?2`27Q`2- bBM+2 p′ < 0- r2 ?�p2 i?�i Π′ < 0 �M/ r2 +�M +QM+Hm/2 i?�i

∂W

∂Q
(x(Q∗),m(Q∗)) = −Y ′(Q∗) > 0.

!
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